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A. Peshier, B. Kämpfer, and G. Soff
1 Introduction 135
2 Resummation and quasiparticle models 136
3 Implications for quark stars 143

References 146

Effective Lagrangians for QCD: Duality and Exact Results 147
Francesco Sannino

1 Effective Lagrangians for QCD 147
2 Color Flavor Locked Phase 149
3 Duality made transparent in QCD 150
4 2 SC General Features and Effective Lagrangian 156
5 NonPerturbative Exact Results: Anomaly Matching Conditions 161

Acknowledgments 162

References 162

Color superconductivity and high density effective theory 165
Deog Ki Hong

1 Introduction 165
2 High Density Effective Theory 166
3 More on matching 171
4 Color superconductivity in dense QCD 172
5 Quark matter under stress 175
6 Positivity of HDET 177

References 183

Color superconducting quark matter and the interior of neutron stars 187
Micaela Oertel, and Michael Buballa

1 Introduction 187
2 The scalar color antitriplet condensate 188
3 Spin-1 condensate for a two-flavor system 189
4 Neutral quark matter 194
5 Compact stars with a color superconducting quark matter core 201

Acknowledgments 205

References 205

Superconductivity with deformed Fermi surfaces and compact stars 209
Armen Sedrakian



x SUPERDENSE QCD MATTER AND COMPACT STARS

1 Introduction 209
2 Homogeneous superconducting state 210
3 Superconducting phases with broken space symmetries 213
4 Flavor asymmetric quark condensates 219
5 Concluding remarks 221

Acknowledgments 222

References 223

Neutral Dense Quark Matter 225
Mei Huang and Igor Shovkovy

1 Introduction 225
2 Local charge neutrality: homogeneous phase 226
3 Global charge neutrality: mixed phase 234
4 Conclusion 238

References 238

Possibility of color magnetic superconductivity 241
Toshitaka Tatsumi, Tomoyuki Maruyama, and Eiji Nakano

1 Introduction 241
2 What is ferromagnetism in quark matter? 243
3 Color magnetic superconductivity 248
4 Chiral symmetry and magnetism 253
5 Summary and Concluding remarks 258

Acknowledgments 260

References 260

Magnetic Fields of Compact Stars with Superconducting Quark Cores 263
David M. Sedrakian, David Blaschke, and Karen M. Shahabasyan

1 Introduction 263
2 Free Energy 265
3 Ginzburg-Landau equations 267
4 Vortex Structure 269
5 Solution of Ginzburg-Landau Equations 271
6 The Magnetic Field Components 273
7 Summary 275

Acknowledgments 275

References 275

Thermal Color-superconducting Fluctuations in Dense
Quark Matter 277

D.N. Voskresensky
1 Introduction 277
2 Physics of pairing fluctuations 279
3 Thermodynamical potential and its mean field solution 280
4 Fluctuations of gap in self-consistent Hartree approximation 281
5 Contribution of fluctuations of gap to specific heat below Tc 283



Contents xi

6 Ginzburg – Levanyuk criterion and Ginzburg number 286
7 Fluctuations of the gap above Tc 288
8 Assumptions which we have done 289
9 Fluctuations of temperature, density, magnetic susceptibility 289
10 How gap fluctuations may manifest in heavy ion collisions 290
11 Pairing fluctuations in hybrid stars 291

Acknowledgments 294

References 294

The inner structure of hybrid stars 297
Bela Lukacs, Gergely G. Barnafoldi, and Peter Levai

1 Introduction 297
2 The Fifth Dimension 298
3 Field Equations 298
4 A Special Solution of the Field Equations 300
5 On the General Solution of the Field Equations 301
6 Matching Conditions on the Surface 302
7 The External Solution 302
8 Conclusion 303
9 Outlook 304

Acknowledgments 306

References 306

Part III Signals for Superdense QCD Matter in Compact Stars

Gamma-ray Bursts and their Central Engines 309
Stephan Rosswog

1 Introduction 309
2 Observations 309
3 The fireball model 312
4 Models for the Central Engine 313
5 Summary and Prospects 327

Acknowledgments 328

References 328

Superdense stars with a quark core 331
G. B. Alaverdyan, A. R. Harutyunyan, and Yu. L. Vartanyan

1 Introduction 331
2 Equations of state 332
3 Superdense configurations with a strange quark core. Results

and Discussion 333
4 Summary 339

Acknowledgments 340

References 340

12     Concluding 293



xii SUPERDENSE QCD MATTER AND COMPACT STARS

Diquark condensation effects on hot quark star configurations 341
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Foreword

In the early thirties of the last century Baade and Zwicky conjectured in their
studies of supernova explosions that supernovae represent a transition from
ordinary stars to compact objects, whose size is an order of magnitude smaller
than the size of a white dwarf. At that time it was already known that the atomic
nucleus consists of neutrons and it was clear that the density of the remnant
objects must be of the same order as the nuclear density. Baade and Zwicky
predicted that a supernova explosions will result in objects composed of closely
packed neutrons (neutron stars). Prior to the beginning of the second World
War (1939) a number of theoretical works by Landau, Oppenheimer, Volkoff
and Snider showed, that indeed objects could exist with sizes about 10 km and
masses about a solar mass. The density in these objects is about the nuclear
saturation density and they basically consist of neutrons with a small amount of
protons and electrons. The studies of neutron stars were subsequently stopped
most likely due to the engagement of the nuclear scientists in the development
of the nuclear bomb both in the West and the East.

After a 20 year break V. H. Ambartsumyan and G. S. Sahakian initiated an
intensive research on compact objects during the 1960s in Armenia. In their
pioneering work on compact stars they showed, that with increasing density,
hyperons appear in nuclear matter and thus a neutron star at high densities
consists predominantly of hyperons. Thus, as the density increases more and
more heavy particles become stable. After the discovery of quarks as basic
constituents of hadrons (including hyperons) the ideas of compact stars with
quark cores or stars entirely composed of quark matter were presented.

Another important result obtained by Armenian physicists during the 1960s,
is the observation that the mass of superdense objects is limited and is about
several solar masses. This conclusion made in the beginning of the 1960s,
actually proved the statement that the stars with masses above several solar
masses turn into black holes at the end of their evolution. These works have
stimulated intensive studies of black holes which are continued until now.

The problem of rotation of neutron stars in the framework of General Rela-
tivity Theory was solved before the discovery of pulsars and the important con-
tribution of the Armenian scientists in this work is well documented. With all

xv



xvi SUPERDENSE QCD MATTER AND COMPACT STARS

the theoretical work done on compact objects by the late 1960s, the fortuitous
discovery of pulsars in 1968 was both gratifying and encouraging, however
this was not a surprise to most of the practitioners in this field. The scientists
in Armenia continued contributing to the investigations of pulsars and compact
objects since then; their work includes studies of the equation of state of matter,
strong magnetic fields, superfluid and superconducting properties of neutrons
and protons in neutron stars, strange neutron stars, dynamics of pulsar rotation
and other phenomena related to superdense objects.

The organization of this conference on superdense QCD matter in compact
stars in Yerevan in 2003, the year in which the founders of the Armenian scien-
tific school V. H. Ambartsumyan and G. S. Sahakian would become 95 and 85
years old, was the homage to them and all the Armenian scientists, who have
made contributions to the investigation of superdense stellar matter.

This conference which brought together leading experts in the fields of
dense matter as well as compact star physics from the Eastern and the West-
ern hemispheres was made possible due to the support by the NATO Science
programme which is gratefully acknowledged.

David Sedrakian
Department of Physics
Yerevan State University
Yerevan, January 2004

David Blaschke
Department of Physics
Rostock University
Rostock, December 2003
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COMPACT STARS



DYNAMIC STABILITY OF COMPACT
STARS

G. S. Bisnovatyi-Kogan
Space Research Institute RAN, Moscow, Russia
and Joint Institute for Nuclear Research, Dubna, Russia

∗

gkogan@mx.iki.rssi.ru

Abstract After some historical remarks we discuss different criteria of dynamical stabil-
ity of stars and the properties of the critical states where the loss of dynamical
stability leads to a collapse with formation of a neutron star or a black hole. At
the end some observational and theoretical problems related to quark stars are
discussed.

Keywords: stellar stability, white dwarfs, neutron stars, quark stars

1. Introduction
It was first noted by S. Chandrasekhar in 1931 that the mass of a compact

star at very large densities, when electrons become relativistically degenerate,
cannot exceed a value, which is now called the Chandrasekhar limit for white
dwarfs (Chandrasekhar, 1931). After the discovery of the neutron in 1932 the
idea of the existence of neutron stars was developed. The matter in these stars
is so dense, that neutrons become relativistically degenerate, which again leads
to a maximum possible mass of a neutron star. There are two important differ-
ences between the white dwarfs and the neutron stars, which are influencing
their stability and mass limit. The neutron stars are about 6 orders of magni-
tude denser than the white dwarfs, which makes it necessary to use the general
relativity (GR) in the description of gravitation, instead of Newtonian gravity.
In GR the gravitational force is growing faster than 1/r2; this reduces the sta-
bility and decreases the mass limit. On the other hand, neutron interactions
become important at densities exceeding the nuclear one. The repulsion forces
between nucleons at large densities lead to additional stabilization against col-
lapse and increase in the limiting mass of a neutron star. The influence of the
second factor appears to be more important, so that presently the limiting mass
of a neutron star is taken about two times larger than that of the white dwarf.

∗Partial funding provided by RFBR grant 02-02-16900.

3

D. Blaschke and D. Sedrakian (eds.), Superdense QCD Matter and Compact Stars, 3–21.
C© 2006 Springer. Printed in the Netherlands.



4 SUPERDENSE QCD MATTER AND COMPACT STARS

The discovery of the quark structure of matter led to the suggestion of pos-
sible existence of quark stars, which are even more compact than neutron stars.
In the presence of indefiniteness concerning the quark structure of matter it is
not possible now to make definite statements about the existence or nonexis-
tence of stable quark stars, observational and theoretical investigations on this
topic are still in progress.

In this review I first make a historical excursus into the problem, mentioning
the results of the key works. Several criteria of stability are discussed, with
the main focus on the static criteria, and the energetic method, which permits
to obtain conclusions about the stability (sometimes approximate) in a most
simple way. Critical states of compact stars at the boundary of the dynamic
stability are considered, at which the star is becoming unstable in the process
of energy losses, and a collapse begins leading to formation of a neutron star
or a black hole. Physical processes leading to a loss of stability are discussed.
At the end some observations and theoretical problems connected with quark
stars are considered.

2. Early development of the theory of compact
stars: 1931-1965

From the theory of polytropic gravitating gas spheres with the equation of
state P = Kργ it was known (Emden, 1907), that at γ = 4/3 the equilibrium
mass has a unique value

M = 4
(

Kπ

G

)3/2

M3, (1)

where M3 = 2.01824 is a non-dimensional mass, corresponding to the poly-
tropic index n = 3, γ = 1 + 1

n . Such a star is in a neutral equilibrium at any
density. Chandrasekhar (1931) first noticed, that at large densities the electron
degeneracy is becoming ultrarelativistic with the equation of state

P =
π

4

(
3
π

)1/3

�cn4/3
e , ne =

ρ

µmp
. (2)

For some unknown reason Chandrasekhar (1931) took ”µ equal to the molecu-
lar weight, 2.5, for a fully ionized material”, corresponding to K = 3.619·1014

and obtained the limiting mass from (1) equal to 1.822·1033g= 0.91M�. Lan-
dau (1932) noticed, that for most stable nuclei: He4, C12, O16 etc. the value
of µ, which is the number of nucleons to one electron, is equal to 2, and he
obtained the realistic value of the limiting mass Mlim = 1.4M�.

Soon after the discovery of the neutron (Chadwick, 24 Feb. 1932, letter to
N. Bohr), ”Landau improvised the concept of neutron star” in discussion with
Bohr (Rosenfeld, 1974). The modern conception of the neutron star origin is
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due to Baade and Zwicky (1934), which appeared as a result of their studies
of supernova explosions. Their conclusion: ”With all reserve we advance the
view that supernovae represent the transitions from ordinary stars into neutron
stars, which in their final stages consist of extremely closely packed neutrons”,
is an example of classic astrophysical predictions, finally proved only 35 years
later after the discovery of the pulsar in the center of the Crab nebula (Lovelace
et al., 1968; Comella et al., 1969). Investigations of the properties of matter at
nuclear and larger densities expected in neutron stars were started in the papers
by Hund (1936), Landau (1938) and Gamow (1938).

The first neutron star model in GR was constructed by Oppenheimer and
Volkoff (1939). They derived the equations governing a spherically symmetric
stellar equilibrium in GR using a metric of the form

ds2 = −eν dt2 + eλ dr2 + r2(dθ2 + sin2 θ dϕ2) (3)

with equilibrium equations

dP

dr
= −G(ρ + P/c2)(m + 4πr3P/c2)

r2(1 − 2Gm/rc2)
, (4)

dm

dr
= 4πρr2, ρ = ρ0

(
1 +

E

c2

)
, ρ(R) = 0, M = m(R).

An ideal degenerate neutron gas at zero temperature was considered with en-
ergy En, pressure Pn, and rest mass density ρ0 defined as

En =
m4

nc5

24π2�3ρ
g(y) =

6.860 · 1035

ρ
g(y),

Pn =
m4

nc5

24π2�3ρ0
f(y) =

6.860 · 1035

ρ0
f(y), (5)

ρ0 =
m4

nc3

3π2�3
y3 = 6.105 · 1015y3

where

f(y) = y(2y2 − 3)
√

y2 + 1 + 3 sinh−1 y, (6)

g(y) = 3y(2y2 + 1)
√

y2 + 1 − 3 sinh−1 y, y =
pn,Fe

mnc
.

The parameters they obtained for neutron stars of different masses are listed
in Table 1. Between white dwarfs and neutron stars there is a neutronization
and a transition from normal matter with electrons and nuclei to superdense
matter consisting of neutrons and other strongly interacting particles: mesons
and hadrons. The continuous curve M(ρc) in the whole region from white
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Table 1. Total mass of the neutron star model versus its radius calculated by Oppenheimer
and Volkoff (1939).

Total mass in Solar units Radius in km

0.30 21.1
0.60 13.3
0.71 9.5
0.64 6.8
0.34 3.1

dwarfs to neutron stars was first constructed by Wheeler (1958), where only
neutrons have been considered in the superdense phase, like in Oppenheimer
and Volkoff (1939). The results of Wheeler (1958) are given in Fig. 1. The
first neutron star model with a realistic equation of state, including mesons, hy-
perons and nuclear interaction, was constructed by Cameron (1959). The fol-
lowing equilibrium reactions between strongly interacting particles have been
taken into account

n + n → n + n + 2π0 → Λ0 + Λ0 − 2(177) MeV,

p + p → p + p + 2π0 → Σ+ + Σ+ − 2(251) MeV,

Λ0 + Λ0 → Λ0 + Λ0 + π0 → Σ0 + Σ0 − 2(77) MeV,

n + n → n + p + π− → p + Σ− − 256 MeV, (7)

n + Λ0 → p + π− + Λ0 → p + Ξ− − 204 MeV,

Λ0 + Λ0 → Λ0 + Λ0 + 2π0 → Ξ0 + Ξ0 − 2(195) MeV.

The nuclear interaction was considered according to Skryme (1959), see Fig.
2. This equation of state is not perfect, because at large densities it violates
the causality principle, according to which the sound speed cannot exceed the
light speed (see Zeldovich, 1961). Neutron star models obtained by Cameron
(1959) are presented in Fig. 3. The most important result of this work was
the indication that for realistic equation of state the limiting mass of a neutron
star may exceed the Chandrasekhar mass limit for white dwarfs. Therefore,
after the loss of stability a stellar core with mass exceeding the Chandrasekhar
mass limit may stop its contraction forming a stable neutron star with enor-
mous energy output, according to Baade and Zwicky (1934). In the model of
Oppenheimer and Volkoff (1939) the collapse would not stop, because of the
low mass limit of neutron stars. Cameron (1959) obtained that models at high
densities have monotonously decreasing mass, which asymptotically tend to
a constant value. That was probably the result of crudeness of calculations,
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because the behavior of the curve M(ρc) at large densities has oscillating, and
not monotonous dependence. Such oscillations are present in the calculations
of Ambartsumyan and Saakyan (1961), who also improved physical descrip-
tion of superdense matter (Ambartsumyan and Saakyan, 1960). The nature
of the high density oscillations of mass in GR equilibrium was explained by
Dmitriyev and Kholin (1963) (see also Misner and Zapolsky, 1964). They
showed that all models beyond the first neutron star mass maximum on the
curve M(ρc) are unstable, and after each new extremum the model acquires
one new unstable mode. Later this problem was analyzed at length in the book
of Harrison et al. (1965). Detailed calculations of neutron star models with
a realistic equation of state have been carried out by Saakyan and Vartanyan
(1964).

Figure 1. The relation between central density and the mass of various degenerate star
models. Chandrasekhar’s curve is for white dwarfs with a mean molecular weight 2 of atomic
mass units. Rudkjóbing’s curve is the same except for inclusion of the relativistic spin-orbit
effects Rudkjóbing (1952). The curve labeled ”Oppenheimer and Volkoff” is for a set of neutron
star models. The solid line marked ”Wheeler” is a set of models computed with a generalized
equation of state, from Cameron (1959).

.

3. Criteria of hydrodynamic stability
The exact approach to the problem of dynamic (linear) stability is based on

the solution of the equations for small perturbations, and finding eigenvalues
and eigenfunctions of these equations. In a conservative system a variational
principle may be derived, which determines the exact value of eigenfrequency
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Figure 2. Skryme’s equation of state. The hard core modification is shown at the upper
right, and the dashed line is the equation of state for a non-relativistic Fermi gas of neutrons,
from Cameron (1959).

if the exact eigenfunction is known. In practice, even the use of an approxi-
mate linear eigenfunction often defines the eigenfrequency with a good preci-
sion. The variational principle for a spherically symmetric star in GR was first
derived by Chandrasekhar (1964) from the equations of small perturbations,
and later by Harrison et al. (1965) by variation of the potential energy of the
star. The exact method for determination of the dynamic stability of a star with
respect to adiabatic perturbations based on the sequence of static solutions was
formulated by Zeldovich (1963). He had shown, that at the extremum of the
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Figure 3. The observable and proper masses of neutron star models with non-ideal matter,
from Cameron (1959).

function M(ρc), or M(R) along the sequence with a constant entropy S one
unstable mode is added or subtracted. On the curve of cold stars in Fig. 1 the
stability is lost in the first maximum due to neutronization, or GR effects, but
it is restored in the minimum, where a stable neutron star appears. The static
criterion of stability was generalized to the case of arbitrary rotating stars with
arbitrary distribution of entropy over the star in the paper of Bisnovatyi-Kogan
and Blinnikov (1974). It was noted, that in the presence of three quantities con-
served during adiabatic oscillations, the critical points are the extrema of three
functions M(ρc)|s,j , s(ρc)|M,j , J(ρc)|M,s. Here along the sequences not only
the total values of stellar angular momentum J and entropy S should be con-
served, but also their distributions over the Lagrangian coordinate N , which is
the number of baryons inside the cylindrical radius, j(N) and s(N). Note that
in the Newtonian case a Lagrangian coordinate coincides with the Lagrangian
mass m = ρN = ρ0N , but differs from it in the GR case. Examples of an
application of the static criteria by Bisnovatyi-Kogan and Blinnikov (1974) are
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Figure 4. The dependence of the mass M on the central density for fixed entropy and angular
momentum, for isentropic models with a polytropic index n = 3.03. The angular momentum
distribution is given in Eq. (8) (left). The dependence of K on central density for fixed angular
momentum distribution, corresponding to the minimum of mass in the left figure, for isentropic
models with polytropic index n = 3.03 (right). From Bisnovatyi-Kogan and Blinnikov (1974).

represented in Fig. 4 for polytropic equation of state and angular momentum
distribution similar to the rigid rotation

P = Kρ1+1/n, K = const · es, j(m) =
5
2

J

M
[1 − (1 − m)2/3] (8)

Let us stress, that along the curve appropriate for a static criterion of stabil-
ity the rotation does not remain rigid, but only the angular momentum of each
Lagrangian loop is conserved. This means that if you have a curve of rigidly
rotating stars with a fixed total angular momentum you should construct an ad-
justed curve from each point of this curve with a constant angular momentum
of a Lagrangian loop, the maximum of which indicates loss of stability. The
rigidly rotating model is on the border of stability, when its position coincides
with the maximum of the adjusted curve. For a cold white dwarf with the
equation of state

ρ = Ax3
(
2 + a1x + a2x

2 + a3x
3
)
,

P = B
[
x
(
2x2 − 3

) (
x2 + 1

)1/2 + 3 ln
(
x +
√

1 + x2
)]

,

A = 9.82 × 105 g cm−3, B = 6.01 × 1022 erg cm−3, (9)

a1 = 1.255 × 10−2, a2 = 1.755 × 10−5, a3 = 1.376 × 10−6,

the adiabatic index is close to n = 3 at the critical point, and the eigenfunction
is close the linear one. For a homologous transformation the rigid rotation is
preserved, so that the adjusted curve for white dwarfs differs only slightly from
the curve of rigidly rotating models, see Fig. 5 (left). For a more complicated
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equation of state with highly variable adiabatic index, like in the equation of
state

ρ(H) =
1
2

ρ1

[(
H

H1

)0.3

+
(

H

H1

)10
]

, (10)

P (H) =
1
2

ρ1H1

[
(H/H1)1.3

1.3
+

(H/H1)11

11

]
;

here H is the enthalpy and the subscript 1 on physical quantities indicates that
their values are those for the rigidly rotating configurations; the value γ1 = 4

3
at ρ = ρ1 and falls off steeply when ρ > ρ1. The results of calculations
for a model with solid-body rotation and three associated series of models are
given in Fig. 5 (right). The loss of stability occurs at the point of intersec-
tion of the associated curve D with the solid-body one, this point coinciding
with the maximum on the curve D. It can be seen from Fig. 5 (right) that the
point of stability loss differs from the maximum on the solid-body curve by
almost 5% with respect to ρc. An extension of static criteria to general rela-
tivity and toroidal magnetic fields is made in the paper of Bisnovatyi-Kogan
and Blinnikov (1974). Static criteria remain valid also in the presence of phase
transitions. Variational principles and other methods of investigation of stabil-
ity in the presence of phase transitions are considered by Bisnovatyi-Kogan,
Blinnikov and Shnol (1975). The review of stellar stability methods is given in
the book of Bisnovatyi-Kogan (2002).

4. Energetic method
In the case of a complicated equation of state and entropy distribution along

the star, the static criteria are hard to apply. In this case it is more conve-
nient to use an approximate energetic method, which follows from the exact
variational principle where linear trial function is used for estimation of the
eigenfrequency. The energetic method was first applied for investigation of
stability of supermassive isentropic stars by Zeldovich and Novikov (1965)
where first GR corrections to the energy of such star have been found. This
method was generalized for arbitrary stars by Bisnovatyi-Kogan (1966). Equa-
tions, giving an approximate description of the equilibrium and determining
the critical point where stability is lost have been derived. The first equation
represents equilibrium condition, following from the first variation of the total
potential energy of star (gravitational plus internal for nonrotating stars) equal
to zero. The model with adiabatic index n = 3, γ = 4/3 is in a neutral sta-
bility with a linear eigenfunction. In application of the energetic method the
density distribution of the model is prescribed by the polytropic n = 3 dis-
tribution, ρ = ρcϕ(m/M), where m is a Lagrangian mass coordinate, and
ϕ(m/M) is connected with the Emden function corresponding to n = 3, with
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Figure 5. The dependence of the mass M on the central density for rigidly (Curve A) and
differentially (Curve B) rotating white dwarfs with the equation of state defined by Eq. (9).
The angular momentum distribution of the Curve B is that of the extremal model of Curve
A (left). The dependence of the mass M on the central density for rigidly (Curve A) and
differentially (Curves B,C and D) rotating models with the equation of state defined by Eq.
(10). The angular momentum distribution of the Curves B, C and D are those of the rigidly
rotating models of the Curve A at the points of its intersection with the Curves B, C and D. The
curve C is intersecting the Curve A in its maximum. The maximum of the Curve D coincides
with the point of intersection, which is a critical point for rigidly rotating models.(right). From
Bisnovatyi-Kogan and Blinnikov (1974).
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a linear trial function δr = αr, α=const. The equation of state is arbitrary
with the prescribed entropy distribution over the Lagrangian coordinate, and
first GR correction to the energy, including all terms ∼ R/Rg, R is stellar ra-
dius, Rg = 2GM/c2 is the gravitational radius, are taken into account. The
equilibrium equation in the approximate energetic method is:

3ρ4/3
c

∫ M

0
P

dm

ϕ
(

m
M

) − 0.639GM5/3 − 1.84
G2M7/3

c2
ρ1/3

c = 0. (11)

Under the above mentioned conditions the second variation of the energy is
also reduced to an integral relation. The zeros of this relation approximately
corresponds to the critical state of the loss of stability. We have

9ρ−5/3
c

∫ M

0

(
γ − 4

3

)
P

dm

ϕ(m/M)
− 1.84

G2M7/3

c2
= 0. (12)

These equations have been obtained by Bisnovatyi-Kogan (1966), using the
expression of the energy with the prescribed distributions of the density (Em-
den polytrope n = 3) and entropy (arbitrary) over the Lagrangian coordinate
m/M ,

ε =
∫ M

0
E(ρ, T ) dm −

∫ M

0

Gm dm

r
− 5.06

G2M3

R2c2
(13)

=
∫ M

0
E(ρ, T ) dm − 0.639GM5/3 ρ1/3

c − 0.918
GM7/3

c2
ρ2/3

c ,

dm = 4πρr2dr

by differentiation over the central density. The critical parameters of iron isen-
tropic stellar cores for masses between 5 and 1000 M� at the point of the loss
of stability have been calculated by Bisnovatyi-Kogan and Kazhdan (1966).
The dependence of the critical central density on mass is represented in Fig. 6
(Bisnovatyi-Kogan, 2002) for a wide range of masses. For low masses and high
densities the stability in the iron core is lost due to neutronization. For larger
masses the temperature in the critical point is increasing, and the stability is
lost due to iron disintegration, decreasing the adiabatic power, and making it
γ ≤ 1. At masses around 1000 M� with decreasing density and temperature,
the adiabatic power becomes less than 4/3 mainly due to pair creation, and at
further increasing of mass the effects of GR are the main reason of the loss
of stability (Zeldovich and Novikov, 1965). For large masses the dependence
ρc(M) is described by the relation

ρc,cr(M) = 2.4 × 1017 1
µ3

(
M�
M

)7/2

g cm−3, (14)
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Figure 6. Central density as a function of stellar core mass (in solar mass units) for the
critical states, from Bisnovatyi-Kogan (2002).

where µ is the molecular weight.
Models of hot isentropic neutron stars have been calculated by Bisnovat-

yi-Kogan (1968), where equilibrium between iron, protons and neutrons was
calculated, and the ratio of protons and neutrons was taken in the approxima-
tion of zero chemical potential of neutrino. The stability was checked using a
variational principle in full GR (Chandrasekhar, 1964) with a linear trial func-
tion. The results of calculations, showing the stability region of hot ”neutron”
stars are given in Fig. 7. Such stars may be called ”neutron” only by con-
vention, because they consist mainly of nucleons with almost equal number of
neutrons and protons. The maximum of the mass is about 70M�, but from
comparison of the total energies of hot neutron stars with presupernova cores
we may conclude, that only collapsing cores with masses less that 15M� have
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Figure 7. Equilibrium stable configurations on the mass M , central rest-mass density ρc

diagram for superdense isentropic stars (hatched). The stars become stable at sufficiently large
densities because of nucleon pressure, and become unstable again at larger densities due to GR
effects, from Bisnovatyi-Kogan (1968).

a chance to stop at the state of a hot neutron star, and larger masses collapse
directly to black holes.

The energetic method was generalized for rotating stars in the paper of
Bisnovatyi-Kogan, Zeldovich and Novikov (1967), and in a more precise for-
mulation by Bisnovatyi-Kogan and Ruzmaikin (1973). The density distribu-
tion remains the same, and the rotational energy term, written as a function
of the total angular momentum is added. Rotational energy of the whole star
depends on the central density as ∼ R−2 ∼ ρ2/3, like the first GR correction
term in (13). Therefore next order GR corrections ∼ R−3, which include also
GR corrections to the internal and rotational energies have been taken into ac-
count, Calculations of the second GR corrections to the energy of nonrotating
stars have been first done by Vartanyan (1972). Energetic method with two GR
corrections for rotating stars was applied for an investigation of stability of su-
permassive stars by Bisnovatyi-Kogan and Ruzmaikin (1973). It was obtained,
that for large angular momenta rotation stabilizes the star against a collapse
and prevents the formation of a black hole. It is in correspondence with the
fact, that the Kerr solution for a rotating black hole exist only for sufficiently
small angular momenta, and there are no black holes at larger values. Only ra-
diation with γ = 4/3 was taken into account in the equation of state, what led
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to the absence of equilibrium configurations at low angular momenta j. The
curves for equilibrium configurations at different j are represented in Fig. 8
on the plane: equilibrium entropy seq - x = Rg/R. The results are expressed
in non-dimensional variables and are valid for an arbitrary mass star with the
adiabatic equation of state P = K ρ4/3. The energetic method gives asymp-
totically exact results for slowly rotating supermassive stars, but even at large
j the results remain correct qualitatively.1

Figure 8. The curves seq which characterize the equilibrium entropy versus of x =
Rg

R

for different values of the angular momentum j. The broken part corresponds to nonphysical
states seq < 0. The parts of curves to the left of minima correspond to stable states, from
Bisnovatyi-Kogan and Ruzmaikin (1973).

5. Search of quark stars
At very high densities the equilibrium lowest energy state corresponds to

quarks. However because of large uncertainties in the theory the condition

1Because an approximate trial function does not give an absolute minimum of the energy functional, the
loss of stability happens, strictly speaking, ”before” the point obtained by the energetic method (EM), when
going along the sequence of decreasing entropy or angular momentum. It means, that the model is definitely
unstable at the EM critical point.
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at which the quark state becomes preferable lies in a large density interval.
Moreover, the process of transition between nucleon and quark state is also
not definite, and even at very large densities the time of this transition may be
enormously long. The idea of a possibility of quark stars was first suggested
by Ivanenko and Kurdgelaidze (1965). Depending on the theory parameters it
is possible to obtain 3 types of quark stars: strange stars (SS), which consists
of strange matter which may be stable at nuclear density with a zero pres-
sure; hybrid stars with hadronic envelope, which have a core composed of
pure quarks (QC), or have a mixed core of hadrons and quarks (MC). There
are different approaches to describe a quark matter, see Aguirre and De Paoli
(2002), Andersen and Strickland (2002), Burgio et al. (2002), Sedrakian and
Blaschke (2002), Kohri et al. (2003), Lugones and Horvath (2003), Alford
(2003), Mishustin et al. (2003). The results of calculation of hadronic (H)
and quark stellar models (SS, QC and MC) in Hard-Dense-Loop approach are
represented in Fig. 9 from Thoma et al. (2003), where one of the model pa-
rameters is changing. The free quarks exist in the state of deconfined quarks,
and the density when deconfined quarks become energetically preferable is
also rather indefinite (Berezhiani et al., 2003).

Figure 9. Mass-radius relation for pure strange quark matter stars (left) and hybrid stars
(right). G0 - G4 models of hybrid stars corresponding to different parameters of the model.
H: pure hadron star, QC: star has a quark core, MC: star has a mixed core, from Thoma et al.
(2003).

Larger scattering of the properties of quark stars is obtained by Andersen
and Strickland (2002), who used the same Hard-Dense-Loop approach, but
with wider variation of parameters. Their models of quark stars are represented
in Fig. 10.
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Figure 10. Mass-radius relation for a quark star with Λ/µ = 1.6 and Λ/µ = 1. The weak-
coupling results for the same choice of renormalization scales are shown as dashed lines, from
Andersen and Strickland (2002).

In the presence of such problems with theory, only observations could give
an answer about the possibility of existence of quark stars. Even in the presence
of theoretical indefiniteness, it is impossible to have a neutron (pure hadronic)
star with a radius smaller than about 10 kilometers. Observational discovery
of a compact star with considerably smaller radius would be an important ev-
idence that this star is not pure hadronic. Such claim was made by Drake et
al. (2002) based on the deep Chandra observations of the isolated compact
star RX J1856.5-3754. They wrote: ”We argue that the derived interstellar
medium neutral hydrogen column density of 8 × 1019 ≤ NH ≤ 1.1 × 1020

cm−2 favors the larger distance from two recent HST parallax analyses, plac-
ing RX J1856.5-3754 at ∼ 140 pc instead of ∼ 60 pc. ...’ The combined
observational evidence – a lack of spectral and temporal features, and an im-
plied radius R∞ = 3.8-8.2 km that is too small for current neutron star models
– points to a more compact object, such as allowed for quark matter equations
of state.” Subsequent analysis of observational data did not confirm this con-
clusion. Thoma et al. (2003) came to contrary result of an unusually large
value of the radius even for a neutron star: ”Combining such a X-ray spectrum
with the optical spectrum, one finds a black-body radius R∞ > 17 km, indi-
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cating a stiff equation of state, which would exclude a strange quark matter
star or even hybrid star. This is a rather conservative lower limit for the radius
since a black-body emitter is the most efficient radiator.” Similar conclusion
was made by Turolla et al. (2003): ”While a quark star may be a conceivable
option, present observations do not necessarily demand this solution and more
conventional scenarios involving a neutron star are certainly possible. Neutron
star models based on a two-temperature surface distribution can account for
both the X-ray and optical emission, giving at the same time acceptable values
for the stellar radius.” Meanwhile a new candidate for a quark (strange) star in
the X-ray source 4U 1728-34 was suggested by Bombaci (2003), and farther
discussion about this object is expected.

So far no reliable candidate for a quark (strange) star was found by ob-
servations. The theoretical predictions remain uncertain, and could explain
either the existence or nonexistence of quark stars. The solution of the intrigu-
ing problem of cosmological gamma ray burst (GRB) origin was proposed by
Berezhiani et al (2003) basing on energy production during transformation of
the neutron star into a stable quark (strange) star. This model could explain the
connection of GRB with supernovae explosions with a formation of a neutron
star, and subsequent huge energy release during transition to a state of a quark
star producing GRB. An attractive feature of this model is a possibility of ex-
planation of any time delay between SN and GRB explosions, which depends
on the transition time from hadron to quark state, and is very sensitive to para-
meters. In this model the time delay may be arbitrary long, so majority of SN
explosions in accordance with observations do not produce GRB, because this
time exceeds the cosmological Hubble time.

6. Summary
1. The formation of quark (strange) stars does not follow unambiguously

from the theory, which may be compatible either with the existence or nonex-
istence of these objects.

2. There are no firm observational contradictions to the conventional model
of the hadronic neutron star.

3. Speculations about connection of the cosmological GRB with transition
from the hadronic to quark star seems to be interesting, because they explain
connection between GRB and supernovae explosion, with arbitrary time delay
between these events, including very large, exceeding the Hubble time.
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CONSTRAINTS ON SUPERDENSEMATTER
FROM X-RAY BINARIES

M. Coleman Miller
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Abstract From the earliest measurements of the masses of binary pulsars, observations of
neutron stars have placed interesting constraints on the properties of high-density
matter. The last few years have seen a number of observational developments
that could place strong new restrictions on the equilibrium state of cold matter
at supranuclear densities. We review these astronomical constraints and their
context, and speculate on future prospects.

1. Introduction and Overview
Neutron stars are important laboratories for the physics of high-density mat-

ter. Unlike particles in relativistic heavy-ion colliders, the matter in the cores of
neutron stars has a thermal energy that is much less than its rest-mass energy.
Various researchers have speculated whether neutron star cores contain primar-
ily nucleons, or whether degrees of freedom such as hyperons, quark matter, or
strange matter are prevalent (see Lattimer & Prakash 2001 for a recent review
of high-density equations of state).

However, it is impossible to isolate the matter in the core of a neutron star
for detailed study. It is thus necessary to identify observable aspects of neutron
stars that can be, in some sense, mapped to the equation of state of high-density
material. In this review we discuss various constraints on the equation of state
from astronomical observations. We focus on observations of accreting binary
systems.

We start by listing a few of the structural aspects of neutron stars that are
affected by high-density microphysics and can be observed astronomically. We
assume that the neutron star is in dynamical equilibrium. In this list, by “mass”
we mean the gravitational mass, rather than the sum of the rest masses of the
individual particles.

Mass M , from binary orbits (extra information is available if the orbits
are relativistic; see § 3).
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Radius R, from surface emission, linear surface velocity, or orbital con-
straints. Estimates of radius have historically been fraught with system-
atic uncertainties; see § 6.

Compactness GM/Rc2, from surface redshifts or general relativistic
light deflection; see § 4 and § 5.

Dimensionless angular momentum cJ/GM2, which is potentially mea-
surable by its effects on light deflection or characteristic particle fre-
quencies in certain orbits; see § 4 and § 6.

In addition to these, there are some overall theoretical constraints. For ex-
ample, neutron stars are believed to originate via the collapse of the core of
a massive star. The rest mass of the core is close to the Chandrasekhar limit
of 1.4M� at which degeneracy pressure can no longer compete with gravity.
Thus a neutron star is constrained by having a rest mass no less than about
1.4M�; for typical equations of state, this translates into a gravitational mass
that is greater than about 1.2M� (for a more detailed model of a protoneutron
star, see, e.g., Goussard, Haensel, & Zdunik 1998).

The strength of a particular constraint depends on how precisely one can
measure the associated quantity. Lattimer & Prakash (2001) show that if the
radius is measured to within ∼ 1 km this will distinguish between several com-
peting EOS even if nothing else is known about the star. Mass measurements
alone are only constraining if the masses are fairly high. For example, a neu-
tron star with gravitational mass M = 1.4M� can be accommodated by any
existing EOS, but if M = 2.2M� and the spin is less than a few hundred Hz
then only the hardest of current EOS would survive. In addition, the indirect
nature of most observations means that one must be cautious about interpre-
tation. For example, the radius is not measured directly, but rather is inferred
through the filter of some model.

In this review, after describing accreting neutron star binary systems in § 2,
we discuss various proposed observational constraints from the least model-
dependent to the most speculative. In § 3 we talk about the status of mass
measurements from observations of radial velocity curves. In § 4 we discuss
an exciting recent observation of a surface redshift as estimated from atomic
resonance scattering features, and speculate on the prospects for future line
observations and analysis. In § 5 we examine another new development: con-
straints on neutron star parameters by the detailed profiles of regular pulses
from accreting neutron stars. In § 6 we evaluate current constraints on stellar
radius, especially from orbital frequencies. We conclude in § 7 with the opin-
ion that, although EOS with just nucleonic degrees of freedom are consistent
with all current data, exotic components are not yet excluded.
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2. Overview of Neutron Star X-ray Binaries
We now discuss the differences between neutron stars with a low-mass com-

panion (usually M < 1M�) and neutron stars with a high-mass companion
(usually M >∼ 3M�), then show that low-mass X-ray binaries (LMXBs) are
likely to provide the most important future constraints on neutron star struc-
ture. We begin with an overview of accretion and magnetic fields, because both
the field strength and type of accretion are thought to differ between LMXBs
and high-mass X-ray binaries (HMXBs). For an excellent general discussion
of accretion in binary systems, see Frank, King, & Raine (2002).

Basics of accretion and magnetic fields
Neutron stars in binaries can accrete significant amounts of mass from their

companions. This happens primarily via Roche lobe overflow if the compan-
ion star is low-mass, but primarily via accretion from a wind if the compan-
ion star is high-mass. In either case, most of the energy release is due to
accretion. This is because the accretion energy release per mass, which is
∼ GM/R ∼ 0.2c2, is much larger than the energy release from any com-
peting mechanism (e.g., fusion of hydrogen to helium releases ∼ 0.007c2 per
mass). Characteristic luminosities of accreting neutron stars span the range
of < 1033 erg s−1 to > 1038 erg s−1. If the energy is thermal and emit-
ted over most of the 4πR2 ∼ 1000 km2 area of a neutron star, then the
characteristic energy is kT ∼ 100 − 2000 eV, in the X-ray range. Various
processes such as Compton upscattering in a hot corona can cause the spec-
trum to deviate from thermal (e.g., Psaltis & Lamb 1997), but nonetheless
X-rays contain most of the luminosity of these systems. Given that these sys-
tems are primarily accretion-powered, if the accretion and emission are both
roughly isotropic then their luminosities are limited by the Eddington luminos-
ity LE ≡ 4πGMmpc/σT ≈ 1.3×1038(M/M�) erg s−1. Here G is Newton’s
constant, M is the stellar mass, mp is the mass of the proton, c is the speed
of light, and σT = 6.65 × 10−25 cm2 is the Thomson cross section for elec-
tron scattering. Above this luminosity, the radial acceleration due to radiation
is greater than the gravitational acceleration, halting accretion. This assumes
a fully ionized plasma (a good approximation at these temperatures). Strong
beaming could in principle violate this constraint (e.g., King et al. 2001).

Observations of neutron stars suggest that they have a wide range of mag-
netic field strengths, from surface fields of 107−10 G for neutron stars in LMXBs
(see below) to 1011−15 G for young neutron stars (e.g., Morris et al. 2002 for
one recent survey) and 1011−13 G for neutron stars in HMXBs (see below).
At the high temperatures of accretion disks surrounding the stars, the gas is
mostly ionized and therefore couples strongly to the field. The details of this
coupling are debated (e.g., Ghosh & Lamb 1979; Shu et al. 1994). However,
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one can make simple estimates to show that, generically, one expects that far
from the star the stellar magnetic field has little effect on the flow, but near the
star the field can be important.

To do this, consider the material stress and the magnetic stress. As an
approximation, the magnetic stress in a region with total field strength B is
TB ∼ B2. The material stress in a region of matter density ρ and speed v is
TM ∼ ρv2. How do these depend on radius? If the magnetic field is dipolar,
then B ∼ r−3, hence TB ∼ r−6. To estimate the material stresses, assume
that the matter flows in an accretion disk with a disk half-thickness h that is
a constant fraction of r. This implies that at radius r, the cross-sectional area
of a cylindrical section of the disk scales as A ∼ r2. For a geometrically thin
(h � r), optically thick disk, accretion disk theory (e.g., Shakura & Sunyaev
1973) indicates that in addition to the orbital speed vK ∼ r−1/2, there is a
sound speed cs ∼ (h/r)vK and an inward radial speed vr ∼ α(h/r)2vK ,
where α ∼ 0.01 − 1 is related to the mechanism for transport of angular
momentum (Shakura & Sunyaev 1973). For a thin disk, the total velocity is
therefore vtot ≈ vK ∼ r−1/2. In addition, if there is a constant mass flux rate
through all radii, mass continuity implies ρvrA = const, hence ρ ∝ r−3/2 and
the material stress is TM ∼ r−5/2.

Therefore, the radial dependence of the magnetic stress is much steeper than
the radial dependence of the material stress. This implies that at large distances
material stress dominates, but that close to the star the magnetic stress can be
more important (indeed, it will be for B >∼ 108 G at the surface). In detail, one
actually needs to compare specific components of the magnetic and material
stresses (primarily the rφ component; e.g., Ghosh & Lamb 1979), but the large
differences in radial dependences means that the overall picture is robust. One
implication of this picture is that disks with higher accretion rates are able to
push in closer to the star.

This comparison suggests that there will be a transition region between
materially-dominated and magnetically-dominated flow. The region inside of
which the stellar magnetic field controls the flow is called the magnetosphere.
To within a factor of 2–3, the radius at which the transition occurs is (e.g.,
Ghosh & Lamb 1979)

rM ≈ 3 × 108(Ṁ/1017 g s−1)−2/7(µ/1030 G cm3)4/7 cm . (1)

Here µ is the stellar dipole magnetic moment and Ṁ is the mass accretion rate
through the disk. For this formula we assume a purely dipolar field; higher
multipoles weaken the dependence on Ṁ because the field is effectively stiffer.

If one pictures the transition region as sharp, then in a rough sense one can
imagine the ionized gas orbiting in a disk outside the magnetosphere, but flow-
ing along field lines at the stellar angular velocity inside the magnetosphere.
Let us denote rM as the “magnetospheric radius” (understanding that there is
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no single such radius, but rather a transition zone). Suppose that the Keplerian
orbital angular velocity at this radius is ωK(rM ). Suppose also that the stellar
angular velocity is ωs. Consider a particle fixed to a field line at rM , corotating
with the star. If ωs < ωK(rM ), then the particle falls towards the star and ac-
cretes. If instead ωs > ωK(rM ), then the particle is flung outwards. Another
way of phrasing this is that there is some radius rco in the disk, the corotation
radius, at which the Keplerian angular velocity equals the stellar angular ve-
locity. If rM < rco then particles in the magnetosphere fall towards the star,
and because the matter couples to the star with a higher angular velocity than
the current stellar spin rate, the star is spun up over time. If instead rM > rco

then particles tied to field lines that corotate with the star will be pushed out-
wards, and the stellar spin rate slows down. From equation (1) we see that if
the average mass accretion rate is fixed, stars with weaker magnetic fields will
be spun up to higher frequencies.

The magnetic torque picture therefore implies the possibility of a centrifugal
barrier, or “propeller effect” (Illarionov & Sunyaev 1975). For example, imag-
ine a source that undergoes a large range of mass accretion rates (as is true
for transient sources). At a high accretion rate, rM is small and all the matter
accretes. However, at a low accretion rate, rM is large (by equation [1]), so
when the matter couples to the field it is flung out again, preventing accretion.
This simple picture may not be correct. The disk-magnetosphere boundary is
highly complex and many instabilities may be present (Stella, White, & Ros-
ner 1986). In addition, because the coupling to the field is not perfectly abrupt,
matter in the disk is more likely heated than flung out, and if cooling is efficient
then there could be a buildup of matter that occasionally dumps onto the star
(Maraschi, Traversini, & Treves 1983).

With this general introduction, we now discuss the specifics of systems with
low-mass or high-mass companions.

Low-mass X-ray binaries
Consider a neutron star in a binary with a 1M� companion. The companion

star loses very little mass to winds; for example, solar-type stars typically lose
only few×10−14 M� yr−1 (e.g., Wood et al. 2002), so there is negligible mass
transfer via this channel. The only way that significant mass can be transferred
to the neutron star is if the separation between the two is small enough that
gas on the near side of the companion is more attracted gravitationally to the
neutron star than to the companion itself. That is, mass transfer only occurs
if the companion fills its Roche lobe. If the companion and neutron star were
initially not in Roche contact, then evolutionary processes can drive them into
contact. For example, the companion could evolve into a red giant, or orbital
angular momentum could be lost (shrinking the orbit). Loss of angular mo-
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mentum is thought to occur in two main ways (see Frank et al. 2002). For
well-separated systems, the primary mechanism is magnetic braking. A star
with a wind of charged particles loses angular momentum to the wind because
the particles are forced by the magnetic field of the star to rotate at the stellar
angular velocity, hence as they move away they increase their angular momen-
tum per mass. If the companion star is tidally locked to the neutron star, then as
the companion slows down in its rotation it extracts angular momentum from
the orbit. If the companion gets close enough to the neutron star, then angular
momentum can instead be lost to gravitational radiation.

The companions are made primarily of hydrogen (or helium in some cases,
if the outer hydrogen envelope has been stripped). As hydrogen and helium
flow onto the surface of the neutron star, some of it undergoes thermonuclear
fusion. In some cases, however, hydrogen or helium can build up on the surface
without being burned completely. As investigated by many researchers, this
can lead to an ignition of the layer of fuel under certain circumstances (see
Woosley & Taam 1976; Joss 1977, 1978; Lamb & Lamb 1977, 1978; Woosley
& Wallace 1982). This ignition is unstable, so once the layer starts burning
it is completely consumed within seconds to hours, depending on the details
of the burning (see Cumming 2003 for a recent overview including the hours-
long “superbursts”). In a number of these so-called thermonuclear bursts, or
type 1 bursts, nearly coherent oscillations in the brightness are observed (for a
review in the overall context of bursts see, e.g., Strohmayer & Bildsten 2003).
These are thought to be caused by rotational modulation of the flux we receive
from a “hot spot” on the surface, and imply spin frequencies as seen at infinity
of several hundred Hertz. The high spin frequencies are consistent with these
objects being the progenitors of millisecond-period rotation-powered pulsars,
suggesting that neutron stars are spun up by the accretion.

One would also expect that fast pulsations would be observed during the
persistent accretion-powered emission, and this is indeed seen in five transient
LMXBs. For a review, see Wijnands (2003). In order of their discovery, the
five sources are SAX J1808–3658 (401 Hz; Wijnands & van der Klis 1998;
Chakrabarty & Morgan 1998), XTE J1751–305 (435 Hz; Markwardt et al.
2002), XTE J0929–314 (185 Hz; Galloway et al. 2002), XTE J1807–294
(191 Hz; Markwardt, Smith, & Swank 2003b; Markwardt, Juda, & Swank
2003a); and XTE J1814–338 (314 Hz; Markwardt et al. 2003c; Strohmayer
et al. 2003). However, the majority of LMXBs do not have detectable pulsa-
tions in their persistent emission. The reason for this is debated, but one pos-
sibility is that most LMXBs are shrouded by a corona of hot electrons with a
large enough optical depth to smear out the beamed pulsations (e.g., Titarchuk,
Cui, & Wood 2003). The lack of pulsations in most sources does suggest that
their magnetic fields are comparatively weak (B <∼ 1010 G), otherwise the flow
would be channeled relatively far from the star and pulsations would be strong.
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The weak-field hypothesis is also supported by the high spin frequencies of
these sources; from equation (1), if these sources are in magnetic spin equilib-
rium then their surface magnetic field strengths are B ∼ 108 G (Chakrabarty
et al. 2003).

The thermonuclear X-ray bursts observed from LMXBs argue strongly that
their crusts down to a density of at least ∼ 108 g cm−3 are composed of normal
nuclei. The relevant properties are (1) the time-averaged energy released in
persistent emission divided by the time-averaged energy released in bursts is
typically 20–200, consistent with the ratio of gravitational binding energy per
mass to nuclear binding energy per mass; (2) the recurrence time of ∼hours
to weeks, which is consistent with the time to build up a new fuel layer that
becomes unstable to nuclear burning; and (3) the durations of seconds to hours
seen in different types of bursts, which fits well with the expected time to
burn the layer and transport the energy from the instability region. For recent
detailed reviews, see Cumming (2003) and Strohmayer & Bildsten (2003). The
data are well-fit quantitatively in this model. Of course, this does not rigorously
exclude any other possible explanations, but it does suggest that a model in
which the compact objects are truly bare strange stars (down to zero density)
will have a very difficult time explaining these phenomena. Models in which
there is a normal crust to densities ρ � 108 g cm−3, then an abrupt transition
to strange matter at much higher densities, could be consistent with the data.

High-mass X-ray binaries
Now consider a companion star of mass 10M�. Such a star is more massive

than a neutron star, and angular momentum conservation implies that Roche
lobe mass transfer is usually unstable in these systems (see Frank et al. 2002).
However, even if the companion is out of Roche contact, it can still transfer
significant mass via a wind. High-mass main-sequence stars can have winds
that lose more than 10−6 M� per year, or ∼ 1020 g s−1. If just 1% of this falls
on the neutron star, the luminosity can be close to the Eddington luminosity.
Indeed this happens in many systems, with the key being that gravitational
focusing and self-interaction of the plasma give the neutron star an effective
cross section to the wind that is many orders of magnitude greater than its
geometric cross section.

The short lifetimes of high-mass stars means that HMXBs are not thought
to be long-lived, typically only a few million years. As a result, even at an
Eddington accretion rate of Ṁ = 1018 g s−1, only a few hundredths of a solar
mass is transferred to the neutron star. Therefore, the mass of a neutron star in
an HMXB is expected to be close to its birth mass. In contrast, LMXBs can
last for tens of millions of years and in principle accrete tenths of a solar mass.
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Many neutron stars in HMXBs are pulsars, with periods ranging from sec-
onds to minutes. The slow rotation periods suggest strong magnetic fields,
typically B ∼ 1012 G, from the arguments presented earlier, and this is corrob-
orated by the detection of features identified with electron cyclotron resonance
scattering (the first being in Her X-1; Trümper et al. 1978). The strong fields
are consistent with spindown measurements of young isolated pulsars. The
puzzle, therefore, is why LMXBs have much weaker fields. Various explana-
tions have been suggested. For example, it could be that there is a characteristic
rate of decay of neutron star magnetic fields that is independent of external fac-
tors such as accretion, and that LMXBs simply live long enough for this decay
to be significant (this would suggest that old enough isolated pulsars also ex-
perience field decay; see Geppert & Rheinhardt 2002). Alternately, accretion
could speed the decay of the field (Ruderman 1995; Konar & Bhattacharya
1999) or even bury the field (for a recent study see Cumming, Zweibel, &
Bildsten 2001), although magnetic instabilities may make it difficult to start
the burial process.

Unlike neutron stars in LMXBs, neutron stars in HMXBs do not display
thermonuclear bursts. This is understood in terms of stable versus unstable
burning (see Cumming 2003 for a review). If a neutron star has a strong mag-
netic field, accreting matter is funneled into a small patch of the star’s surface.
The effective accretion rate per area is therefore high, and hence so is the tem-
perature. At high temperatures, nuclear fusion proceeds steadily as the matter
accretes, not allowing buildup of nuclear fuel for a later flash. The lower accre-
tion rates per area in low-field neutron stars, however, can allow such buildup.

Magnetic fields revisited
For the purposes of constraining neutron star structure and gaining insight

into high-density matter, strong magnetic fields complicate analysis. The ac-
cretion flow is controlled by the field out to large radii, so emission from the
flow does not contain information about orbits near the star, and hence does
not inform us about strong gravity effects or constraints on the stellar radius.
In addition, for the field strengths inferred from neutron stars in HMXBs, even
atomic physics is influenced considerably. This can be seen by comparing
the electron cyclotron energy �ωc = �eB/mec = 11.6(B/1012 G) keV to
atomic binding energies, which are at most a few keV even for heavy elements
such as iron. This adds another unknown to the identification of spectral lines
and their interpretation. In contrast, ∼ 108 G fields such as those inferred for
neutron stars in LMXBs have negligible impact on atomic lines from iron or
other heavy elements, so more confident inferences may be made (Cottam et
al. 2002; Loeb 2003).
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Even for estimates of mass from radial velocities (see § 3), for which mag-
netic fields are irrelevant, LMXBs have advantages over HMXBs. One impor-
tant advantage is that because the active lifetimes of LMXBs are larger than
those of HMXBs, more mass can be transferred, meaning that the masses of
neutron stars in LMXBs could well be larger on average than those in HMXBs
by a few tenths of a solar mass. These higher masses are important because
many theories predict transitions to new forms of matter in the cores of neu-
tron stars when the mass gets high enough. For all of these reasons, LMXBs
are more promising than HMXBs for a variety of constraints on neutron star
structure and high density matter.

3. Radial Velocity Measurements
The most rigorous constraints on neutron star structure are derived from

mass measurements using binary orbits. Ideally, one would like to measure
the full three-dimensional velocity, but this is not possible because accreting
binaries are so small that they cannot be spatially resolved, hence motions
transverse to the line of sight are undetectable. For example, an LMXB with
a few hour orbit has a semimajor axis of <∼ 0.01 AU, meaning that even for a
relatively nearby source at 1 kpc the angular separation is <∼ 10−5 arcseconds,
far below current instrumental capability. Only the line of sight component of
the motion can be observed, using Doppler shifts. These can be measured by
periodic shifts of atomic lines (if the star observed is a white dwarf or main
sequence star) or of pulse frequency (if the star observed is a pulsar).

To understand this effect more quantitatively, consider an idealized mea-
surement of Doppler shifts from one member of a binary, call it star 1. Assume
that both objects are effectively point masses. One can measure the period P
of the orbit and the velocity semiamplitude v1 of star 1 in the direction of the
line of sight. If the two stars have masses m1 and m2 and are orbiting in a
circle with a semimajor axis a and an inclination i (such that i = 90◦ means
an orbit edge-on to our line of sight), then

P = 2π
√

a3/G(m1 + m2)
v1/ sin i = [m2/(m1 + m2)]

√
G(m1 + m2)/a .

(2)

Combining these, we can define the mass function f

f ≡ Pv3
1/(2πG) = (m2 sin i)3/(m1 + m2)2 . (3)

The mass function, which is a pure combination of observables, is a lower
limit to the possible mass of star 2; if the orbit is other than edge-on (that is,
if i < 90◦) or the observed star has m1 > 0, then m2 > f . Thus, observation
of one star constrains the mass of the other star. Note, incidentally, that in a
neutron star binary system with a high-mass companion (m1 � m2), f is low
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and it is difficult to constrain the neutron star mass strongly. If the companion
is instead low-mass (m1 � m2), then f ≈ m2 sin3 i and the only significant
uncertainty is in the inclination. Regardless of the mass of the companion, if
Doppler shifts from both stars can be observed then an measurement of the
inclination would solve the system completely.

Various methods of estimating the inclination have been suggested in the
literature. By far the most robust are applicable when the system contains
two neutron stars, one of which is a rotation-powered pulsar. Such systems
involve no mass transfer and no tidal effects, and are therefore a perfect the-
orist’s problem with two point masses. The extraordinary intrinsic stability
of rotation-powered pulsars means that a number of subtle post-Newtonian
effects can be measured (for a review see Taylor 1994), such as orbital de-
cay, precession of the pericenter, and Shapiro delay (the delay in propaga-
tion caused by passage through the warped spacetime near a massive object).
These effects involve different combinations of the masses and semimajor axis;
for example, the angle of precession of the pericenter per orbit is ∆φ ∝
G(m1 + m2)/a, and the orbital decay time due to gravitational radiation is
Tdecay ∝ a4/[m1m2(m1 + m2)](1 − e2)7/2 for eccentricity e. These effects
therefore break the degeneracies of the system and allow the measurement of
the masses of both components to high precision as well as sensitive tests of
the predictions of general relativity (see Taylor 1994).

If one of the stars in the binary is not a neutron star, then the tests become
less precise. Suppose that one observes the optical light from the companion to
a neutron star. In addition to the spectral information that allows measurement
of P and v1, one also has photometric information (e.g., the total optical flux
from the companion). The companion is distorted into a pear shape by the
gravity of the neutron star, with the point towards the neutron star. Therefore,
from the side there is more projected area and hence greater flux than from
either end. If the orbit is edge-on (i = 90◦) then the flux varies maximally; if
the orbit is face-on (i = 0◦) then there is no variation. Therefore, by modeling
the system one can estimate the inclination from the flux variations. This is
called the method of ellipsoidal light curves (Avni & Bahcall 1975).

However, one must be careful because in an LMXB the optical emission
from the accretion disk (whether in the outer, cool regions or as reprocessed
X-ray emission) can outshine the companion by a large factor. This makes
spectral lines difficult to measure and also complicates the ellipsoidal light
curve technique. The ideal systems to study are therefore transient systems,
which undergo periods of active mass transfer (often for a few weeks to a few
months) before lapsing into quiescence, where there is little to no mass trans-
fer. During quiescence, the companion is still distorted by the gravity of the
neutron star, hence the flux variations still occur, but without any contamina-
tion by the accretion disk. There is a relatively new approach similar to this that
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uses flux variations from the disk itself that has good promise for constraining
the inclination in many neutron star systems (Juett, Galloway, & Chakrabarty
2003).

Results: neutron star and white dwarf companions
As just described, the most precise measurements of masses come from

double neutron star systems. There are currently five such systems known,
three of which will coalesce due to gravitational radiation in less than the age
of the universe, ∼ 1010 yr (Taylor 1994). These three systems in particular
allow very precise measurements of the masses of the components, which are
between 1.33M� and 1.45M� (Thorsett & Chakrabarty 1999). The other
two double neutron star systems also have component masses consistent with
a canonical ∼ 1.4M�. It has been suggested that the tight grouping of masses
implies that the maximum mass of a neutron star is ∼ 1.5M� (Bethe & Brown
1995). However, it is important to remember that double neutron star systems
all have the same evolutionary pathway and thus the similar masses may simply
be the result of a narrow selection of systems.

Pulsars with white dwarf companions produce the next most robust con-
straints on mass, because white dwarfs are small enough (∼ 108−9 cm ra-
dius compared to 1010−12 cm for a main sequence star) that tidal effects are
relatively unimportant. Timing of such systems yields masses that are typi-
cally consistent with 1.4M�, within broad error bars (Thorsett & Chakrabarty
1999). However, Nice, Splaver, & Stairs (2003) recently reported that the
22 ms pulsar in the 0.26 day binary J0751+1807 may be well above this mass.
The mass function is only 10−3 M�, suggesting a low-mass white dwarf com-
panion. This system likely underwent significant mass transfer, as its eccen-
tricity is e = 3 × 10−6, which is consistent with circularization due to tidal
interactions and accretion. Orbital decay is detected, as is Shapiro delay (mar-
ginally), which suggest that M > 1.6M� at better than 95% confidence. Fur-
ther observations have the potential to refine this considerably. If so, this could
be the first indisputable case of a mass well above the usual 1.4M� quoted
for neutron stars. A high mass would be consistent with the idea that a few
tenths of a solar mass are transferred to a neutron star during the lifetime of
an LMXB. If the mass turns out to be large enough, this would place tight
constraints on the state of matter at high densities.

Results: Vela X–1
Even stronger constraints are potentially available from the high-mass X-

ray binary Vela X–1. This source contains a ∼ 20M� star, and radial velocity
variations from the star have been measured as well as periodic timing varia-
tions from X-ray pulses. The orbital period is 8.96 days and the eccentricity of
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Figure 1. Mass-radius curves for different representative high-density equations of state,
compared with gravitational mass estimates for neutron stars in different binary systems. The
mass-radius curves are all for equilibrium nonrotating stars; note that rotation only affects these
curves to second order and higher. Curves N1 and N2 are for nucleonic equations of state; N1 is
relatively soft (Friedman & Pandharipande 1981), whereas N2 includes significant three-body
repulsion (Wiringa, Fiks, & Fabrocini 1988). PC has a sharp change to a Bose-Einstein con-
densate of pions in the core when the mass reaches ≈ 1.8 M� (Pandharipande & Smith 1975).
Equations of state N1, N2, and PC are not modern (i.e., not fitted to the most current nuclear
scattering data), but are included for easy comparison to previous work on equation of state
constraints. Curve S1 is for a compact strange star (Dey et al. 1998), whereas curve S2 is for
a more standard strange star equation of state (Zdunik 2000). Curve Q is a quark matter equa-
tion of state with a Gaussian form factor and a diquark condensate (kindly provided by David
Blaschke and Hovik Gregorian). The horizontal lines are mass constraints from different bina-
ries, ranging from most certain to least certain going upwards. PSR 1913+16 has a measured
mass of 1.44 M� (e.g., Taylor 1994), PSR J0751+1807 has a 95% lower limit of 1.6 M� (Nice
et al. 2003), and Vela X-1 has a 90% lower limit of 1.75 M� if the measured radial velocities
are purely orbital (Quaintrell et al. 2003). The dashed line shows the gravitational mass corre-
sponding to a rest mass of 1.4 M� if the binding energy per mass is uniform throughout a star
and equal to its surface value. In practice, this provides a strong lower limit to the gravitational
mass (see, e.g., the numerical calculations of Cook, Shapiro, & Teukolsky 1994).
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the orbit is e ∼ 0.1. From the radial velocities measured in the lines and pulses
by Quaintrell et al. (2003), the mass ratio is Mcomp/MNS = 12.3. The min-
imum mass of the neutron star (for an edge-on orbit) is MNS = 1.88 ± 0.13.
This is a rather high mass, and is surprising because this is precisely the type
of system that could end up as a double neutron star binary, where measured
masses are all consistent with M ∼ 1.4M�.

However, Quaintrell et al. (2003) point out a potential complication. The
radial velocity measurements of the optical companion show puzzling residu-
als after the orbital motion is subtracted. Quaintrell et al. (2003) suggest that
these could be caused by non-radial oscillations in the companion star induced
by tidal forces from the neutron star. If such oscillations are in phase with the
orbit then some of the observed radial velocity might not be from the orbit at
all. This would decrease the required mass of the neutron star, potentially to
the usual 1.4M�. Such high amplitudes of oscillation seem a priori implau-
sible because they would require very high-order modes, but at the moment
one cannot rule them out rigorously (C. Hansen, personal communication). A
thorough theoretical study of non-radial oscillations in this system would go a
long way towards resolving these issues, and if such a study showed that tidally
induced oscillations are negligible then the Vela X–1 observations would place
the strongest existing constraints on high-density matter.

4. Spectral Line Profiles
Atomic line spectroscopy has provided quantitative insight into countless

astronomical objects. However, until recently, such information was unavail-
able for neutron stars. This could be because in an isolated neutron star the
heavy elements (which produce strong lines) settle out quickly, leaving be-
hind only fully ionized light elements. There was hope that accreting neutron
stars, which receive continuing supplies of heavy elements, might have observ-
able atomic lines. This hope was realized with the report (Cottam, Paerels, &
Méndez 2002) that the LMXB EXO 0748–676 displays iron resonance scat-
tering lines in the summed spectra of 28 thermonuclear X-ray bursts. These
lines imply a redshift z = 0.35, consistent with an origin at the surface of a nu-
cleonic neutron star in this system but not excluding more exotic components
(Miller 2002).

These results have motivated researchers to determine theoretically what
information could be extracted from a future high spectral resolution X-ray
satellite. For example, Özel & Psaltis (2003) show that if the redshift is es-
timated from the energy of minimum flux in the line (assuming the line is
absorption-like), then substantial systematic errors are possible in the result-
ing inference of the compactness GM/Rc2 if the star rotates rapidly. Bhat-
tacharyya, Miller, & Lamb (2003, in preparation) have begun a systematic



36 SUPERDENSE QCD MATTER AND COMPACT STARS

Figure 2. Equation of state constraints based on the surface redshift of z = 0.35 measured
for EXO 0748–676 by Cottam et al. (1998). Other lines are as in Figure 1.

study of spectral line profiles as influenced by various physical effects. These
include Doppler boosts, special relativistic beaming, gravitational redshifts,
light-bending, and frame-dragging. They find a robust estimator of the com-
pactness, using the following procedure. Suppose that the energies E1 and E2

of the red and blue limits of the line feature are identified. Calculate their
geometric mean Egm =

√
E1E2 and use it to define an effective redshift

zeff ≡ (Erest/Egm) − 1, where Erest is the rest energy of the line. Estimate
the compactness using the Schwarzschild formula

GM/Rc2 =
1
2
[
1 − 1/(1 + zeff)2

]
. (4)
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The error in this estimate compared to the equatorial value of GM/Rc2 is
always less than 4% for a spin frequency ν∗ < 600 Hz (Bhattacharyya et
al. 2003). Bhattacharyya et al. (2003) also find that future high-precision
measurements could detect a signature of frame-dragging if there are two horns
in the line profile. The ratio of the depth of the low energy (red) horn to the
depth of the high energy (blue) horn increases quickly with the increase of
a/M , but it either decreases or slowly increases with the increase of other
parameters. Hence a precise measurement of a line profile could demonstrate
the existence of frame-dragging.

5. Light Curve Profiles
Both thermonuclear burst brightness oscillations and pulsations from the

persistent accretion-powered emission in LMXBs are caused by rotational mod-
ulation of the flux from a hot spot on the star. The light curve produced by
this rotation is influenced by effects such as special relativistic aberration and
general relativistic light deflection, hence detailed observation of light curves
can produce constraints on neutron star structure. However, these effects are
imprinted primarily in harmonic ratios, so if only the fundamental of the oscil-
lation is detected (as it is in most burst oscillations), then the information con-
tent is minimal (Pechenick, Ftaclas, & Cohen 1983; Strohmayer 1992; Miller
& Lamb 1998; Braje, Romani, & Rauch 2000; Psaltis, Özel, & DeDeo 2000;
Weinberg, Miller, & Lamb 2001; Muno, Özel, & Chakrabarty 2002; Nath,
Strohmayer, & Swank 2002). Therefore, the recent report of significant har-
monic content in the millisecond pulsar XTE J1814–338 (Strohmayer et al.
2003) opens up exciting new ways to constrain neutron star structure.

Analysis of the bursts from this source is ongoing (Bhattacharyya, Strohmayer,
& Miller 2003, in preparation). As with spectral line analyses (e.g., Bhat-
tacharyya, Miller, & Lamb 2003, in preparation), one calculates model light
curves as a function of parameters such as the compactness, stellar spin fre-
quency, and emission parameters related to the hot spot and compares those
model curves with the data. Initial analysis of the bolometric light curves of
22 bursts from XTE J1814–338 indicates that, at the 90% confidence level, the
compactness GM/Rc2 is between 0.21 and 0.27. Further analysis, including
the energy-dependent light curves, will tighten these constraints.

6. Orbital Frequencies
A more model-dependent way to constrain neutron star structure has to do

with measurements of orbital frequencies in the accretion disk near the neutron
star. Suppose that the frequency of some observed phenomenon could be iden-
tified with an orbital frequency νorb, and that this phenomenon lasted many
cycles. The orbital radius Rorb is clearly greater than the stellar radius R. In
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addition, the relative stability of the orbit requires that it be outside the region
of unstable circular orbits predicted by general relativity. For a nonrotating star,
for which the exterior spacetime is described by the Schwarzschild geometry,
the radius of the innermost stable circular orbit (ISCO) is RISCO = 6GM/c2.
The constraint Rorb > R places a mass-dependent limit on the radius; for ex-
ample, for a nonrotating star R < (GM/4π2ν2

orb)
1/3 (Miller, Lamb, & Psaltis

1998). The additional constraint Rorb > RISCO places a absolute upper limit
on the mass and hence on the radius. When one considers frame-dragging ef-
fects, then the upper limits on the mass and radius are (Miller, Lamb, & Psaltis
1998)

M < 2.2 M�(1000 Hz/νorb)(1 + 0.75j)
R < 19.5 km(1000 Hz/νorb)(1 + 0.2j) .

(5)

Here j ≡ cJ/GM2 is a dimensionless spin parameter, where J is the stellar
angular momentum. If in a particular case one believes that the observed fre-
quency is in fact the orbital frequency at the ISCO, then the mass is equal to
the upper limit given above.

A strong candidate for the orbital frequency has in fact been observed from
more than twenty neutron star LMXBs, using the Rossi X-ray Timing Explorer
(RXTE). This is the phenomenon of kilohertz quasi-periodic brightness oscil-
lations. The basic phenomenon is that power density spectra of the X-ray coun-
trates from these systems show peaks with frequencies of hundreds of Hertz,
often in a pair (for a detailed review, see van der Klis 2000). In the most widely
developed models, the higher frequency of the two peaks is identified with the
orbital frequency or close to it (e.g., Miller, Lamb, & Psaltis 1998; see van der
Klis 2000 for a more general discussion of proposed models). The highest fre-
quency QPO so far detected with confidence has a frequency νQPO = 1330 Hz
(van Straaten et al. 2000), which would imply M <∼ 1.8M� and R <∼ 15 km
for a system with spin parameter j = 0.1. These constraints essentially rule
out the hardest equations of state proposed. Observations of higher frequen-
cies would be more constraining. Projection of the amplitudes of QPOs versus
their countrate suggest that a future timing mission with a ∼ 10 m2 area could
detect QPOs to a frequency of ∼ 1500 Hz or higher (M. van der Klis, per-
sonal communication). This would reduce the allowed region in the M − R
diagram significantly. It would also have strong prospects for the detection of
the signature of the ISCO if M > 1.6M� for some of these systems (as sug-
gested by the timing measurements of J0751–1807; Nice et al. 2003). Such
a detection would confirm the presence of unstable orbits, a key prediction of
strong-gravity general relativity, and allow a direct mass measurement. It is
possible that the system 4U 1820–30 has already shown such a signal (Zhang
et al. 1998), but there are complications in the spectral behavior that make this
uncertain (Méndez et al. 1999).
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Figure 3. Constraints from orbital frequencies. The 1330 Hz curve is for the highest kilo-
hertz quasi-periodic oscillation frequency yet measured (for 4U 0614+091, by van Straaten et
al. 2000). The 1500 Hz curve shows a hypothetical constraint for a higher-frequency source.
Other lines are as in Figure 1. All curves are drawn for nonrotating stars; the constraint wedges
would be enlarged slightly for a rotating star (see Miller, Lamb, & Psaltis 1998).

More speculative constraints on the radius have been proposed by Li et
al. (1999). Observations in 1998 of the accreting millisecond X-ray pulsar
SAX J1808–3658 show pulsations at 401 Hz with a relatively steady pulse
fraction and energy spectrum even as the flux from this source changed by a
factor of ∼ 100. Li et al. (1999) then argue as follows. From the spin fre-
quency we know the corotation radius Rco for a given mass. If the radius of
the magnetosphere RM is governed by equation (1), then if the mass accre-
tion rate Ṁ is proportional to the flux and the field is primarily dipolar we
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know that RM ∝ F−2/7, where F is the observed flux. If we assume further
that RM > R (to allow funneling and pulsations), and RM < Rco (to al-
low accretion and keep the energy spectrum relatively constant), then we find
R < (Fmin/Fmax)2/7Rco. The data would then imply R < 7.5 km with a very
weak dependence on stellar mass (Li et al. 1999).

If the radius is indeed this small then this result is of profound importance
because it conflicts with all standard nucleonic or hyperonic equations of state.
However, caution is necessary. The constraint RM < Rco comes from the
assumption that matter that couples to the magnetic field outside of corotation
will be flung away from the star. But as discussed in § 2, this is not necessarily
true. Instabilities at the magnetospheric interface, or cooling of matter there,
could allow accretion even if RM > Rco. Li et al. (1999) argue that this is
implausible because of the steadiness of the energy spectrum, but the spectral
formation mechanism is not well-established; for example, if it only requires
matter to get to the stellar surface, then perhaps it is irrelevant whether all the
matter flows to the surface or only a small fraction. In that case, Ṁ 
∝F and
rigorous constraints on the radius are no longer possible. In particular, when
RM >∼Rco, the accretion rate on the stellar surface may decrease rapidly as
the accretion rate at RM decreases slightly, hence the flux could change by
a large factor even if RM itself changes little. It may be that as numerical
magnetohydrodynamical codes become faster and more efficient, simulations
of this system from first principles will eventually become possible and this
issue can be resolved.

7. Summary
Equations of state involving only nucleonic matter are consistent with all

available data. Some hints of evidence for very compact stars have been pro-
posed (Li et al. 1999), which could indicate strange matter, but these are very
model-dependent at the present. Even so, exotic states such as quark matter or
strange matter are not excluded.

In just the last year, several observations have allowed new constraints on
neutron star structure: (1) a mass of M > 1.6M� (at >95% confidence)
has been measured for a neutron star (Nice et al. 2003); (2) the first surface
redshift, z = 0.35, has been detected from a neutron star (Cottam et al. 2002),
and (3) the first non-sinusoidal light curve has been measured from an accreting
millisecond neutron star (Strohmayer et al 2003). These observations, along
with many previously available data, hold out good hope for strong constraints
on high-density matter in the next few years.
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Muno, M. P., Özel, F., & Chakrabarty, D. 2002, ApJ, 581, 550
Nath, N. R., Strohmayer, T. E., & Swank, J. H. 2002, ApJ, 564, 353
Nice, D. J., Splaver, E. M., & Stairs, I. H. 2003, astro-ph/0311296
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Psaltis, D., Özel, F., & DeDeo, S. 2000, ApJ, 544, 390
Quaintrell, H. et al. 2003, A&A, 401, 313
Ruderman, M. 1995, J. Astrophys. Astr., 16, 207
Shakura, N. I., & Sunyaev, R. A. 1973, A&A, 24, 337
Shu, F., Najita, J., Ostriker, E., Wilkin, F., Ruden, S., & Lizano, S. 1994, ApJ, 429, 781
Stella, L., White, N. E., & Rosner, R. 1986, ApJ, 308, 669
Strohmayer, T. E. 1992, ApJ, 388, 138
Strohmayer, T. E., & Bildsten, L. 2003, astro-ph/0301544
Strohmayer, T. E., Markwardt, C. B., Swank, J. H., & in ’t Zand, J. J. M. 2003, ApJ, 596, L67
Taylor, J. H. 1994, Rev. Mod. Phys., 66, 711
Thorsett, S. E., & Chakrabarty, D. 1999, ApJ, 512, 288
Titarchuk, L., Cui, W., & Wood, K. 2002, ApJ, 576, L49
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Abstract We consider the dynamics of rotation of a two-component neutron star with
pinning and depinning of neutron vortices in the superfluid core. Solutions are
obtained for the spin-down relaxation rate after a sudden glitch in the rotation
rate. These solutions are compared with the observational data on the first eight
post-glitch relaxations of the Vela pulsar. It is shown that vortex pinning and
depinning between glitches and changes of the vortex number density in the su-
perfluid region during a glitch can produce postglitch relaxations with observed
parameters and time constants.

1. Introduction
The discovery of pulsars - astronomical compact objects radiating periodic

electromagnetic pulses - is one of the most significant achievements of physics
and astrophysics of the twentieth century. This discovery strongly stimulated
developments of new methods of observation of rotating compact objects in
a wide range of the electromagnetic wave spectrum - from low frequency ra-
dio waves to γ-radiation. More than 1300 radio-pulsars, i.e. neutron stars
radiating in the radio band, have been discovered to date along with a few
anomalous X-ray pulsars (AXP) and soft γ -ray repeaters (SGR) which are
associated with highly magnetized rotating neutron stars radiating X-rays. All
pulsars spin-down, i.e., the derivative of a pulsar’s period is positive:

.
p> 0.

The periods of observed pulsars are in the range from 10−3s (millisecond pul-
sars) to about 10s (AXP and SGR), and at the same time the values of

.
p are

in wide interval from 10−20s/s (millisecond pulsars) to 10−9s/s (AXP and
SGR). Several classes of rotational irregularities like glitches (macrojumps)
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and timing noise (microjumps) are superimposed on the steady state rotation
and spin-down rates of pulsars. The first glitch was observed in the Vela pulsar
PSR 0833-45 [1, 2]. The fractional changes of the period during a glitch are
about ∆p/p ∼ 10−6 − 10−9. At each glitch the decrease of pulsar’s period is
accompanied by an increase of

.
p which is of the order ∆

.
p /

.
p� 10−2 −10−3.

Other non-stationary dynamic phenomena observed in pulsars are the post-
glitch relaxations. During several months after glitches the period p and

.
p

recover mostly to their pre-glitch values. The measurements of the disconti-
nuities in pulsar rotation periods and period derivatives is a unique source of
information about the interior of these objects, where matter exists in extreme
states at densities (ρ � 1014−1015g.cm−3) and in superstrong magnetic fields
(B � 1012Gs).

The commonly accepted pulsar model is a neutron star of about one solar
mass and a radius of the order of ten kilometers. A neutron star consists of
a crust, which is about 1 km thick, and a high-density core. In the crust free
neutrons and electrons coexist with a lattice of nuclei. The star’s core consists
mainly of neutrons and a few percents of protons and electrons. The central
part of the core may contain some exotic states of matter, such as quark matter
or a pion condensate. Inner parts of a neutron star cool up to temperatures
∼ 108K in a few days after the star is formed. These temperatures are less than
the critical temperatures Tc for the superfluid phase transitions of neutrons and
protons. Thus, the neutrons in the star’s crust and the core from a superfluid,
while the protons in the core form a superconductor. The rotation of a neutron
superfluid is achieved by means of an array of quantized vortices, each carrying
a quantum of vorticity

χ0 = π�/mn (1)

where � is the Planck constant and mn is the neutron mass. The vortex array
rotates about the spin axis and mimics a rigid-body rotation of the superfluid
with angular velocity Ωs. As the superfluid neutrons are weakly coupled with
the charged component (electrons and nuclei), the superfluid component of the
star must rotate faster than the normal component. In the case of frictional
interaction between these components superfluid decelerates with the secular
spin-down of the star’s crust (observable part of the pulsar). The neutron vortex
density is proportional to the angular velocity of the superfluid component, and
therefore the radial outward motion of neutron vortices occurs when the star
slows down.

Several theories were proposed in the past to describe the postglitch relax-
ation of pulsars’ angular velocity. Each physical model considers the spin-
down of the superfluid in a different way. Alpar et al. [3, 4] suggest that the
crustal superfluid is responsible for the glitches and postglitch relaxation; they
describe the dynamical properties of the crust superfluid in terms of a thermal
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creep of neutron vortex lines. In the steady state thermally activated vortex
lines slowly creep through pinning sites; the vortex creep rate is a nonlin-
ear function of the lag between the superfluid angular velocity Ωs and that
of normal component Ωe. During a glitch all pinned vortices are unpinned,
after which superfluid component transfers gradually its angular momentum
to the normal component. The postglitch behavior of

.
Ωe is a result of the re-

establishment of the steady state of the vortex creep process.
Contrary to the model above, Jones suggests that the maximum pinning

force is small due to the vortex rigidity and a high degree of cancellation of
the elementary pinning forces [5–8]. Thus, the neutron vortices in the star’s
crust move in an approximate corotation with the neutron-drip superfluid and
are subject to a resistive force produced by interaction of vortex normal cores
with nuclear lattice. Whether the free flow or the creep regimes are realized in
the crust depends on a number of factors like the relative orientation of nuclear
and neutron vortex lattices, strength of the pinning potential, repinning time
scale, etc.

In the above discussed models of neutron star dynamics a general assump-
tion is made that the core superfluid has a negligible role in the dynamical
manifestations of pulsars. However, further investigations demonstrated that
the superfluid component in the core could be responsible for the postglitch
relaxation process. One of the most important features of the neutron-proton
superfluid mixture in the core is the effect of mutual entrainment of superfluid
components. Within an approach based on the nondissipative three-velocity
hydrodynamics adapted for neutron star core superfluid, Sedrakian [9] and
Sedrakian et al. [10] showed that due to the generation of strong magnetic
fields by the entrainment currents it is energetically favorable to form proton
vortex cluster around each neutron vortex. Then, the most effective process
that couples the superfluid and normal components is the electron scattering
from magnetized vortex clusters which carry a magnetic field of the order
of 1014Gs [11]. Subsequently Sedrakian and Sedrakian [12] formulated the
general equations of dissipative three-velocity superfluid hydrodynamics of
a rotating mixture and derived the continuity equation for vorticity, equation
of motion of vortices including forces at the boundaries, and the equation of
motion of vortex clusters. It was shown in this work that due to the strong
density dependence of the free vortex flow viscosity coefficient, the core su-
perfluid has a wide range of dynamical coupling times, which are consistent
with the observed postglitch relaxation constants [14]. In Ref. [15] the equa-
tions describing the dynamics of motion of superfluid systems with pinning
were derived. The solutions of these equations makes it possible to explain the
time-dependent behavior of the angular velocity of the Vela pulsar. It has been
shown that vortex pinning in between two consecutive jumps in the pulsar an-
gular velocity can redistribute the vortex number density so as to produce both
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the glitch and postglitch relaxation of a pulsar. The theory of nonstationary
dynamics of neutron star rotation was compared with the observed relaxations
after six glitches of the Vela pulsar [13]. It was assumed that the bulk of the
superfluid shell may be divided into several distinct superfluid regions that
respond to the jump independently. In addition, each superfluid region has
been divided into active and passive shells. In the passive shells the condition
.
Ωs=

.
Ωe has to be fulfilled, therefore these shells will not contribute to the re-

laxation process. In the active shells the condition
.
Ωs 
=

.
Ωe is satisfied, which

means that the momentum transfers from superfluid component to the normal
one becomes possible. However, such a separation of the superfluid region into
passive and active shells is rather arbitrary. It is clear that postglitch relaxation
of pulsar’s angular velocity is the manifestation of the whole superfluid region
to the normal component of the star. Hence, fits to the postglitch data using
a continuum model is necessary, where the whole spectrum of time scales is
present.

In section I we consider the dynamics of rotation of a two-component neu-
tron star and obtain the relaxation solutions for spin-down rate of the star. In
section II we compare our solutions for the relaxation process with the obser-
vation data from the Vela pulsar.

2. Relaxation solutions
Let us consider the rotational dynamics of a two-component neutron star

taking into account the pinning and depinning of neutron vortices. Equations of
motion of the superfluid and normal components have the following forms [15,
17]:

Ie
dΩe

dt
+

∂

∂t

∫
ΩsdIs = −Kext, (2)

∂Ωs

∂t
= −χ0[n − np]k(Ωs − Ωe), (3)

∂

∂r

(
r2Ωs

)
= χ0nr, (4)

∂np

∂t
=

n − np

τp
− np

τd
(5)

where Ωe, Ie and Ωs, Is are the angular velocities and the moment of inertia of
the normal and superfluid components respectively, Kext is the external torque
acting on the star, n(r) and np (r) are the densities of vortices and pinned
vortices at the point r, τp and τd are the characteristic times of pinning and
depinning processes. Here k is defined as [12]:

k =
χ0ρs/η

1 + [(χ0ρs − βχ0) /η]2
, (6)
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where ρs is the superfluid density, η and β are the longitudinal and tangential
friction coefficients between the neutron vortices and the normal component.
The star’s relaxation time, defined as τ = 1/2kΩe (0) , is a rapidly growing
function of density in the core superfluid region [13]. Accordingly, we sepa-
rate the core into two regions with essentially different relaxation time-scales
and refer to them as the active and passive regions. In the active region the
dynamical relaxation time τ is less than or of the order of the maximal char-
acteristic time of the relaxation process (for the Vela pulsar τ � 1000d). We
suppose that ∆Ω = Ωs − Ωe changes only in this region, which is responsible
for the glitch and relaxation, i.e. we have ∂∆Ω/∂t 
= 0 here. The passive
region, where τ is larger than the characteristic relaxation times, can be di-
vided into two subregions. In the first subregion we have τ � τ0, where τ0

is the spin-down time of pulsar (for Vela τ0 ≈ 104yr). Here a distribution of
neutron vortices will be established such that the normal and superfluid com-
ponents share the external torque and decelerate at the same rate. Therefore
we have

.
Ωs=

.
Ωe and ∂∆

.
Ω /∂t = 0 in this subregion. In the second subregion

τ � τ0 and the vortex distribution does not change during the spin-down time
of the star, i.e. Ωs = const and ∂∆Ω/∂t = −∂Ωe/∂t. With above-mentioned
conditions, we obtain from Eqs. (2)-(4) the following equations for ∆Ω and
Ωe:

∆Ω − ∆Ω0 = [γ2τα − ∆Ω0]
(
1 − e−t/τ

)
, (7)

.
Ωe (t) = − p0

1 + λp0

µ∫
0

[γ2τα − ∆Ω0]
e−t/τ

τ
dy − γ2, (8)

where α = τd/τp and p0 = Is/Ie, µp0, λp0 are the relative moments of inertia
of the superfluid, the active region and the first passive subregion, respectively.
Here µ � λ as the observed relaxation times are much smaller than the star’s
spin-down time. In Eqs. (7) and (8) γ2 = Kext/Ie(1 + λp0).

Now let us find the initial condition ∆Ω0. As we can see from Eq. (7)

∆Ω (r, tg) = γ2τα1, (9)

where tg is the interglitch time, α1(r) is the pre-jump value of α(r). Then
from the identity

∆Ω(r, tg)−∆Ω0 = [Ωs(r, tg) − Ωs(0)]+ [Ωe(0) − Ωe(tg)] = −∆Ωs +∆Ωe

(10)
we find that

∆Ω0 = γ2τα1 + ∆Ωs − ∆Ωe, (11)
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where ∆Ωs and ∆Ωe are the jumps of the angular velocities of the superfluid
and normal components respectively. From Eqs. (8) and (10) we obtain the
final expression for the deviation of the

.
Ωe (t) from the steady state value:

∆
.
Ωe (t) = − p0

1 + λp0

µ∫
0

(∆Ωe − ∆Ω′ − ∆Ωs)
e−t/τ

τ
dy, (12)

where
∆Ω′ = γ2τ [α2(r) − α1(r)] = γ2τ∆α, (13)

and α2 is the postjump value of α(r). In the case of pinning we have for ∆Ω′

in Eq. (11)
t2g

4ττp
= ln

(
1 +

∆Ω′

γ2τ

)
(14)

as found by Sedrakian and Sedrakian [12].

3. Discussion
Next we compare Eq. (11) with an interpolation formula for the eight

glitches of the Vela pulsar [16]:

∆Ω̇(t) = −
3∑

j=1

aje
−t/τj + At/tg − A, (15)

where τ1 = 10 hours, τ2 = 3.2 days, τ3 = 32.7 days and the values of
the coefficient aj , A, tg are presented in Table 1. To make a comparison, we
suppose that the terms in Eq. (14) correspond to four shells of the active region
of the star’s core. In three of them the mean relaxation times are equal to τj ,
while in the fourth the relaxation time is of the order of the interglitch time.
To find the relaxation regions, we use a standard model of a neutron star from
Ref. [18] with a mass M = 1.4M�, a radius R ≈ 10.13 km and moment of
inertia I = 1.156 · 1045 g cm2; the corresponding dynamical relaxation times
are calculated in the framework of General Relativity [19]. The results of a
comparison are presented in Fig. 1, where the dependence of ∆Ω′ + ∆Ωs on
the radius of the star is shown for the first glitch of the Vela pulsar.

Note that similar curves are obtained for the eight glitches of the Vela pul-
sar. As we see from Fig. 1, the behavior of ∆Ω′ + ∆Ωs is quite different
in different parts of the relaxation region. The first part is the region of ex-
ponential relaxation with constants τ1 and τ2 and is located within the shell
9.533 � r � 9.61 km. The second part is the region of the exponential relax-
ation with τ3 and linear relaxation, located within the shell 9.36 � r � 9.533
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1 2 3 4 5 6 7 8
a1

10−15r.s−2 0.1 0.02 0.0 0.04 48 26 89 211

a2

10−15r.s−2 198 613 164 477 392 580 471 680

a3

10−15r.s−2 285 303 202 717 74 617 280 452

A
10−24r.s−2 4962 5334 7875 5455 11589 4578 7578 3745

∆Ωc

10−6r.s−1 166 145 140 216 82 145 92 128

tg(days) 912 1491 1009 1227 272 1067 1261 907

Table 1. The relaxation parameters ai and A for the first eight glitches of the Vela pulsar,
∆Ωc is the jump value, tg is an interglitch time [16].
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Figure 1. The dependence of ∆Ω′ +∆Ωs on the radius of the star for the first glitch of Vela
pulsar.



50 SUPERDENSE QCD MATTER AND COMPACT STARS

km. In the region 9.533 � r � 9.61 km, ∆Ω′ + ∆Ωs is positive and is
of the same order of magnitude as ∆Ωe. The positive value of ∆Ω′ + ∆Ωs

could be the result of a change of the angular velocity of the superfluid com-
ponent, i.e. an increase of the neutron vortex density in this region. However,
this region borders the ”glitch region”, where the dynamical relaxation time
is less than two minutes [15]. In the ”glitch region” vortex pinning is essen-
tial in order to accumulate sufficient number of vortices, sudden unpinning of
which gives an observed jump in the rotation rate of a pulsar. Therefore in
the above-mentioned region the changes of vortex distribution are less prob-
able, i.e. ∆Ωs ≈ 0. Then the condition ∆Ω′ > 0 has to be satisfied which
agrees with Eq. (13). However, small changes of ∆Ω′ + ∆Ωs in this region
are affected by random changes of ∆Ωs.

Starting from the radius r � 9.533 km the sign of ∆Ω′+∆Ωs becomes vari-
able; its absolute value exceeds the jump value ∆Ωe. We could try to explain
the above-mentioned behavior of ∆Ω′ + ∆Ωs only by means of the changes
of the angular velocity of superfluid component, choosing ∆Ω′ = 0. This
means that during a glitch only some amount of neutron vortices are transfered
from one part of the core to another. Then the changes of vortex density are
defined from the local conservation condition of total vortex number. As seen
in Fig. 1, the absolute magnitude of the negative value of ∆Ω′ + ∆Ωs can
exceeds its positive value by a factor of 2-3. This means that the behavior of
∆Ω′ +∆Ωs cannot be explained by the redistribution of vortices, especially in
the linear relaxation region, where its changes are most essential. Therefore it
is impossible to explain the behavior of ∆Ω′ + ∆Ωs without depinning. For
this reason we will suppose that rare cases of depinning act in such a way that
α � 1 in this region. If we suppose also that α increases after a glitch and the
relaxation, then ∆Ω′ = γ2τ∆α will be negative, with its modulus increasing
with density as a result of the strong density dependence of τ . In this manner
we can explain the asymmetry of ∆Ω′ + ∆Ωs in the region of exponential re-
laxation with characteristic time τ3 as well as in the linear relaxation region. In
particular, the deep negative minimum of ∆Ω′ + ∆Ωs in the linear relaxation
region can be explained by the increase of τ∆α with increasing density. Once
the observational data on further glitches of the Vela pulsar (the total number
is 15) will become available, more could be said about the role of the jump in
distribution of vortices and the correlation between jump value and relaxation
parameters.

This work is supported by CRDF award 12006/NFSAT PH067-02. D.S.
acknowledges the ISTC support at Yerevan State University, Grant No. A-353.
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Abstract We briefly review selected results in astrophysics of neutron stars (NSs) obtained
during the last two years, focusing on isolated radioquiet objects. We discuss in
some detail the population synthesis of close-by isolated NSs (INSs), the spectra
of INSs, the detection of spectral features in these sources (including cyclotron
features), and the recent results on velocity distribution of NSs and accretion
onto INSs from the interstellar medium.

Keywords: Anomalous X-ray pulsars, Soft gamma repeaters, radioquiet isolated neutron
stars

1. Introduction
Neutron stars (NSs) are perhaps the most interesting astronomical objects

from the physical point of view. They are associated with a variety of extreme
phenomena and matter states; for example, magnetic fields beyond the QED
vacuum pair-creation limit, supranuclear densities, superfluidity, superconduc-
tivity, exotic condensates and deconfined quark matter, etc.

There are about 108 – 109 NSs in the Galaxy and their local density is about
3 × 10−4 pc−3 (see Fig. 1). 1 At present only a small fraction (about 2000
sources) of this large population is observed either as isolated objects of dif-
ferent nature or as accreting objects or millisecond radio pulsars in binaries.
Young NSs can be observed for several million years dissipating their rota-
tional, thermal or/and magnetic energy. Most of the old NSs are dim objects
without significant internal sources of energy. If a NS looses its strong mag-
netic field on a time scale < 108–109 yrs then it can be resurrected by accretion

1Here and below we will not distinguish between NSs, quark stars, hybrid stars etc. unless explicitely stated.
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Figure 1. Spatial distribution of NSs in the Galaxy. The data was calculated by a Monte-
Carlo simulation. The kick velocity was assumed following Arzoumanian et al. (2002). NSs
were born in a thin disk with a semithickness 75 pc. Those NS that were born inside R = 2 kpc
and outside R = 16 kpc were not taken into account. NS formation rate was assumed to be
constant in time and proportional to the square of the ISM density at the birthplace. Results
were normalized to have in total 5 × 108 NSs born in the described region. Density contours
are shown with a step 0.0001 pc−3. At the solar distance from the center close to the galactic
plane the NS density is about 2.8 · 10−4 pc−3. From Popov et al. (2003a).

from the interstellar medium (ISM) or from a binary companion (small num-
ber of old NSs can spin-up by disc accretion and emerge as millisecond radio
pulsars). However, as we will discuss later on, there is no much hope that a
significant number of isolated NSs can be bright accretors, so that most of NSs
are unobservable.

The main parameters which determine the astrophysical appearance of NSs
are:

Spin period, p

Magnetic field, B

Mass, M

Spatial velocity, v

Surface temperature, T

Angle between spin and magnetic axis, α

The parameters that characterize the surrounding medium (interstellar medium
or matter from the binary companion) are also important.
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Here we will focus on isolated NSs (INSs). At present the following types
of these sources are observed:

1 Radio pulsars (PSRs)

2 Anomalous X-ray pulsars (AXPs)

3 Soft gamma repeaters (SGRs)

4 Compact central objects in supernova remnants (CCOs in SNRs)

5 Geminga and geminga-like object(s)

6 The “Magnificent seven” — seven dim ROSAT sources

INSs may lurk within unidentified EGRET and ROSAT sources and, pos-
sibly, among dim X-ray sources observed by XMM-Newton and Chandra in
globular cluster (see Pfahl, Rappaport 2001) or in the galactic center (see Muno
et al. 2003). Except PSRs all others are more or less radioquiet (which, how-
ever, does not mean that they are necessarily radio silent).

Astronomy is the only purely observational natural science. All the informa-
tion we have comes through the electromagnetic emission from celestial bodies
– no direct experiments are possible (of course, except some rare cases in the
Solar system). This is why progress in astronomy is necessarily connected
with new observational facilities. Astrophysics of NSs is a quickly growing
field. New space observatories (especially XMM-Newton and Chandra) give
us an opportunity to obtain increadible spatial and spectral resolution in the
X-ray band. New radio surveys of PSRs doubled the number of know objects
of this type over the last few years. Data from optical and IR telescopes foster
new discoveries in NS astrophysics. The huge flow of new observational data
stimulated theoretical studies. Here we briefly review some recent results in
astrophysics of NSs which can be of interest for the participants of this con-
ference – mainly physicists working on quark stars and related subjects. In
the next section we just give a list of these new results (we do not try to sum-
marize those results which are directly connected to quark stars since they are
presented in other contributions to this proceedings). Then, in the following
sections we comment on some of them in more detail, focusing on INSs and
paying more attention to the results related to our own research.

2. What’s new
In this section we give a list of the new important discoveries in observa-

tional and in theoretical astrophysics of NSs. In the observational part of the
list we commonly give the object’s name(s), determined parameters and the
reference to the original paper. In the theoretical part we occasionally just re-
fer to the topic of research and give references to the original papers or/and
reviews on that topic.
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Table 1. Local (D < 1 kpc) population of young (age < 4.25 Myrs) isolated neutron stars

Source name Period CRa Ṗ D Ageb Refs

s cts/s 10−15 s/s kpc Myrs

RINSs

RX J1856.5-3754 — 3.64 — 0.117e ∼ 0.5 [1,2]

RX J0720.4-3125 8.39 1.69 ∼ 30 − 60 — — [1,3]

RX J1308.6+2127 10.3 0.29 — — — [1.4]

RX J1605.3+3249 — 0.88 — — — [1]

RX J0806.4-4123 11.37 0.38 — — — [1,5]

RX J0420.0-5022 3.45 0.11 — — — [1,11]

RX J2143.7+0654 — 0.18 — — — [6]

Geminga type

PSR B0633+17 0.237 0.54d 10.97 0.16e 0.34 [7]

3EG J1835+5918 — 0.015 — — — [8]

Thermally emitting PSRs

PSR B0833-45 0.089 3.4d 124.88 0.294e 0.01 [7,9,10]

PSR B0656+14 0.385 1.92d 55.01 0.762f 0.11 [7,10]

PSR B1055-52 0.197 0.35d 5.83 ∼ 1c 0.54 [7,10]

PSR B1929+10 0.227 0.012d 1.16 0.33e 3.1 [7,10]

Other PSRs

PSR J0056+4756 0.472 — 3.57 0.998f 2.1 [10]

PSR J0454+5543 0.341 — 2.37 0.793f 2.3 [10]

PSR J1918+1541 0.371 — 2.54 0.684f 2.3 [10]

PSR J2048-1616 1.962 — 10.96 0.639f 2.8 [10]

PSR J1848-1952 4.308 — 23.31 0.956f 2.9 [10]

PSR J0837+0610 1.274 — 6.8 0.722f 3.0 [10]

PSR J1908+0734 0.212 — 0.82 0.584f 4.1 [10]
a) ROSAT PSPC count rate; b) Ages for pulsars are estimated as P/(2Ṗ ),
for RX J1856 the estimate of its age comes from kinematical considerations.
c) Distance to PSR B1055-52 is uncertain (∼ 0.9-1.5 kpc)
d) Total count rate (blackbody + non-thermal)
e) Distances determined through parallactic measurements
f ) Distances determined with dispersion measure
[1] Treves et al. (2000) ; [2] Kaplan et al. (2002); [3] Zane et al. (2002);
[4] Hambaryan et al. (2001); [5] Haberl, Zavlin (2002); [6] Zampieri et al. (2001);
[7] Becker, Trumper (1997); [8] Mirabal, Halpern (2001); [9] Pavlov et al. 2001;
[10] ATNF Pulsar Catalogue (see Hobbs et al. 2003); [11] Haberl et al. (2004, in prep.)
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Figure 2. Spectrum of SGR 1806-20. Observed by RXTE. From Ibrahim et al. (2002).

2.1 Observations
1 Magnetic field determination from cyclotron features

SGR 1806-20. B ∼ 1015 G (if it is a proton cyclotron resonance
feature) (Ibrahim et al. 2002). See Fig. 2.

AXP 1RXS J170849-400910. B ∼ 9 · 1011 G (electron resonance)
or 1.6 · 1015 G (proton resonance) (Rea et al. 2003).

AXP 1E 1048-5937. B ∼ 1.2 · 1012 G (electron resonance) or
B ∼ 2.4 · 1015 G (proton resonance) (Gavriil et al. 2002, 2003).
Not a very strong feature. Not consistent with spin-down.

1E 1207.4-5209. CCO in SNR. B ∼ 8·1010 G (electron resonance)
or ∼ 1.6 · 1014 G (proton resonance) (Bignami et al. 2003). From
spin-down measurements the field estimate is B ∼ (2−3) ·1013 G
(see Fig. 3).

RBS 1223. ”Magnificent seven”. B ∼ (2 − 6) · 1013 G (proton
resonance) (Haberl et al. 2003).

2 Relations between AXPs and SGRs

Observations of X-ray bursts from AXPs which are very similar to the
ones from SGRs.

AXP 1E1048-5937 (Gavriil et al. 2002, 2003). See Fig. 4.
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Figure 3. Spectrum of 1E 1207.4-5209 collected by the MOS camera on the EPIC instru-
ment of XMM-Newton. Also the best fit continuum and residuals are shown. From Bignami et
al. (2003).

AXP 1E 2259+586 (Kaspi, Gavriil 2002).

3 More radiopulsars.

On-line ATNF catalogue. 1300 PSRs (Hobbs et al. 2003).

Parkes survey. > 800 new PSRs (Kramer et al. 2003, Morris et al.
2002).

A pulsar with magnetar parameters: p = 6.7 s, B ≈ 9.4 · 1013 G
(McLaughlin et al. 2003).

A new double NS system (Burgay et al. 2003).

4 NS initial velocity distribution

New PSRs proper motions (Brisken et al. 2003).

New model for the galactic distribution of free electrons (Cordes,
Lazio 2002).

Bimodal initial velocity distribution with two maxwellian compo-
nents: σ1=90 km s−1 and σ2=500 km s−1 (Arzoumanian et al.
2002).
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Figure 4. AXP 1E 1048-5937 burst. Observed by RXTE. From Gavriil et al. (2002).

5 Proper motions of radioquiet INSs

RX 1856.5-3754. d = 117 pc, vT = 185 km s−1. Excludes ac-
cretion from the ISM (Walter, Lattimer 2002; Kaplan et al. 2002).
Distance to this source is still uncertain.

RX 0720.4-3125. vT = 50(d/100pc) km s−1. Excludes accretion
from the ISM (Motch et al. 2003).

6 Discovery of a new Geminga-like object

3EG 1835+5918. EGRET source (Halpern et al. 2002).

7 ṗ for radioquiet INS.

RX 0720.4-3125. ṗ ∼ (3 − 6) · 10−14 (Zane et al. 2002).

Kes 75. p = 0.325 s, ṗ = 7.1 · 10−12 (Mereghetti et al. 2002).

G296.5+10. p = 0.424 s, ṗ = (0.7 − 3) · 10−14 (Pavlov et al.
2002).
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Non-constant ṗ for 1E 1207.d-5209 (Zavlin et al. 2003).

8 IR radiation from AXPs

1E 2259+586 (Hulleman et al. 2001).

1E 1048.1-5937 (Wang, Chakrabarty 2002).
Variability (Israel et al. 2002).

1RXS J1708.9-400910 (Israel et al. 2003).

9 Pulsars jets and toruses

Variable jet of the Vela pulsar (Pavlov et al. 2003)

Alignment between spin axis and spatial velocity for Crab and Vela
pulsars (see for example Lai et al. 2001)

10 NS masses

Vela X-1. M ≈ 2M� (Quaintrell et al. 2003).

PSR J0751+1807. M ≈ 1.6 − 1.28M� (Nice, Splaver 2003).

11 Gravitationaly redshifted line from an accreting NS

EXO 0748-676. z=0.35 (Cottam et al. 2002).

2.2 Theory
1 Spectra of strongly magnetized NSs

Lines for high magnetic field (Zane et al. 2001; Ho, Lai 2001,
2003; Ozel 2001).

Bare neutron and quark star emission (Turolla et al. 2004).

Atmospheres and opacities for high magnetic fields (Potekhin, Chabrier
et al.).

2 Gould Belt in population synthesis calculations

Population synthesis of EGRET sources (Grenier 2003).

Population synthesis of young cooling INS (Popov et al. 2003a).

3 SN explosions (See the contribution by S. Rosswog in this volume for
more details.)

3-Dimensional core-collapse (Fryer, Warren 2003).

Nucleosynthesis, collapse dynamics (Woosley et al. 2002).
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Jets, GRB connection, X-ray flashes, HETE-2 data (Lamb et al.
2003).

4 Accretion and spin evolution

CDAF – convection dominated accretion flows (Igumenschev et al.
2002, 2003)

Low angular momentum accretion (Proga, Begelman 2003).

Accretion onto INSs (Toropina et al., Romanova et al. 2003).

Propeller regime for INSs (Ikhsanov 2003).

5 Cooling curves

Impact of superfluidity on cooling (Kaminker et al. 2003, Tsuruta
et al. 2002).

Cooling curves for quark stars (see contributions by Grigorian et
al. and others in this procedings)

6 Discussion on models of fossil discs around INSs

Discs can explain AXPs and other types of INS (Alpar 2003).

Discs can’t explain it (Francischelli, Wijers 2002).

General picture of pulsars with jets and disks (Blackman, Perna
2003).

7 Electrodynamics of magnetars

SGR phenomena due to magnetospheric activity (Thompson et al.
2002).

3. Discussion
Here we discuss some results in more detail focusing on topics of our per-

sonal interest.

3.1 Spectral features and magnetic field
determination

Investigations on the emission properties of INSs started quite a long time
ago, mainly in connection with the X-ray emission from PSRs. In the seventies
it was a common wisdom that the radiation emitted by INSs comes directly
from their solid crust and is very close to a blackbody. Lenzen and Trumper
(1978) and Brinkmann (1980) were the first to address in detail the issue of
the spectral distribution of INS surface emission. Their main result was that
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Figure 5. Model spectra of a naked neutron star. The emitted spectrum with electron-
phonon damping accounted for and Tsurf = 106 K. Left panel: uniform surface temperature;
right panel: meridional temperature variation. The dashed line is the blackbody at Tsurf and the
dash-dotted line the blackbody which best-fits the calculated spectrum in the 0.1–2 keV range.
The two models shown in each panel are computed for a dipole field Bp = 5 × 1013 G (upper
solid curve) and Bp = 3 × 1013 G (lower solid curve). The spectra are at the star surface and
no red-shift correction has been applied. From Turolla, Zane and Drake (2004).

the star emissivity is strongly suppressed below the electron plasma frequency
which, for the case of X-ray pulsars, is at about 1 keV.

Later on, the role played by the thin atmosphere covering the star crust in
shaping the emergent spectrum started to be appreciated. Romani (1987) inves-
tigated the properties of fully-ionized, H atmospheres around unmagnetized,
cooling NSs and showed that the spectrum is harder than a blackbody at the
star effective temperature. The spectra from magnetized NSs were studied,
under similar assumptions, by the St. Petersburg group in a series of papers
(Shibanov et. al 1992; Pavlov et al. 1994; Zavlin et al. 1995). Because the
opacity is higher in the presence of a strong magnetic field (B ∼ 1012 G or
larger), the magnetic spectra tend to be more blackbody-like. In these inves-
tigations, the focus was on the middle-aged NSs with Teff ≈ 105 − 106 K
and typical fields ≈ 1012–1013 G. Under such conditions the bulk of the emis-
sion is in the soft X-ray band (≈ 0.1–1 keV) while the electron cyclotron
line at �ωc,e ∼ 11.6(B/1012 G) keV falls in the tens of keVs range. For
this reason no detailed modeling of the line was attempted. An (approxi-
mate) treatment of the proton cyclotron line was included, although its energy,
�ωc,p ∼ 6.3(B/1012 G) eV, falls in the optical/UV region for pulsar-like fields.
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Being related to a resonant behavior of the opacity for the extraordinary mode,
the proton cyclotron line appears as an absorption feature in the spectrum. At-
mospheres comprised of heavy elements (Fe) were studied by Rajagopal et al.
(1997); the emergent spectra exhibit a variety of emission/absorption features
produced by atomic transitions. Such models, however, suffer from our lack of
knowledge of the ionization states and opacities of metals in a strong magnetic
field.

Until quite recently, model atmosphere calculations were restricted to fields
not exceeding a few 1013 G. Ultra-magnetized NSs has been long suspected to
exist in SGRs. It was only in the late nineties that the positive detection of large
spin-down rates in SGR 1806-20 and SGR 1900+14 (Kouveliotou et al. 1998;
1999) provided decisive evidence in favor of the magnetar scenario. At about
the same time spin-down measurements supported the magnetar nature of the
AXPs. In nearly all AXPs and in at least one SGR, a thermal component was
clearly detected in the X-ray spectrum. This prompted renewed interest in the
study of the thermal emission from NSs with surface fields in the 1014–1015 G
range. The main goal was to identify possible signatures of the super-strong
magnetic field which could provide an unambiguous proof of the existence of
magnetars. The proton cyclotron resonance, being in the keV range for a mag-
netar, is an ideal candidate for this. Zane et al. (2001) were the first to con-
struct model atmospheres for B ∼ 1014–1015 G and luminosities appropriate
to SGRs/AXPs. They considered completely ionized, pure H atmospheres in
radiative equilibrium and solved the transfer problem in a magnetized medium
in the normal modes approximation and planar symmetry. Computed spectra
are blackbody-like and show a relatively broad absorption line at �ωc,p with an
equivalent width EW ≈ 100 eV, within the detection capabilities of Chandra
and XMM-Newton. This issue was further addressed by Ho and Lai in a recent
series of papers (Ho, Lai 2001, 2002; Lai, Ho 2003). Their approach differs
from that used by Zane et al. (2001) in the treatment of vacuum polariza-
tion and mode conversion. This affects the line properties in a non-negligible
way. In the first paper no adiabatic mode conversion was included and the
line EW found was larger than that predicted by Zane et al. Accounting for
adiabatic mode conversion produces a depression in the continuum at energies
close to the cyclotron energy, thus reducing the line EW to values somewhat
smaller than those of Zane et al. Spectra from ultra-magnetized NSs were also
computed by Ozel (2001) who, however, did not account for the proton contri-
bution.

While a proper solution of the radiative transfer problem in media at B �
BQED � 4.4× 1013 G has necessarily to wait for a description in terms of the
Stokes parameters, the search for the proton cyclotron feature in the spectra
of AXPs and SGRs begun. Up to now no evidence for the proton line has
been found in the thermal components of SGRs and AXPs, although these
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observations can not be regarded as conclusive yet. Quite recently a cyclotron
absorption feature in the spectrum of SGR 1806-20 during an outburst has been
reported by Ibrahim et al. (2002) and further confirmed by the same group in
several other events from the same source (Ibrahim et al. 2003). The line
parameters are similar to those predicted by Zane et al. (2001), even if the line
in this case is not superimposed on a thermal continuum and is not expected
to originate from the cooling surface of the star. The line energy (� 5 keV)
implies a field strength B ∼ 1015 G in excellent agreement with the spin-down
measure.

Model spectra from standard cooling NSs proved successful in fitting X-ray
data for a number of sources and in some cases solved the apparent discrep-
ancy between the star age as derived from the temperature and from the Ṗ /2P
measure. However, model atmospheres seem to be of no avail in interpreting
the multiwavelength spectral energy distribution (SED) of the seven ROSAT
INSs. The X-ray spectrum of the most luminous source RX J1856.5-3754 is
convincingly featureless and shows, possibly, only slight broadband deviations
from a blackbody (Drake et al. 2002; Burwitz et al. 2003). The situation is
more uncertain for the fainter sources, and the possible presence of a (phase-
dependent) broad feature at 200–300 eV has been reported very recently in
RBS 1223 (Haberl et al. 2003). In all the cases in which an optical counterpart
has been identified, the optical flux lies a factor ≈ 5 − 10 above the Rayleigh-
Jeans tail of the blackbody which best-fits the X-ray spectrum (Kaplan et al.
2003).

The small radiation radius implied by the distance (∼ 120 pc, but this value
is still under debate) led to the suggestion that RX J1856.5-3754 may host a
quark star (Drake et al. 2002; Xu 2002, 2003). Other, more conventional ex-
planations are well possible. Pons et al. (2002) and Braje and Romani (2002)
suggested a scenario in which the X-rays come from a hotter region close to
the poles, while the reminder of the star surface is at lower temperature and
produces the optical/UV flux. While this picture is appealing and is still con-
sistent with the lack of pulsations (pulsed fraction < 1.3% see Haberl et al.
2003), no explanation is offered for the formation of a pure blackbody spec-
trum in an object which should conceivably be covered by an optically thick
atmosphere. Very recently Turolla et al. (2004) considered the possibility that
RX J1856.5-3754 is a bare NS, that is to say no atmosphere sits on the top of its
crust. Lai and Salpeter (1997; see also Lai 2000) have shown that for low sur-
face temperatures and high enough magnetic fields, the gas in the atmosphere
undergoes a phase transition which turns it into a solid. While the onset of
such a transition appears unlikely for an H atmosphere, it might be possible for
a Fe composition for the temperature of RX J1856.5-3754 (TBB ∼ 60 eV) and
B > 3− 5× 1013 G. Turolla et al. computed the spectrum emitted by the bare
Fe surface including electron-phonon damping in the highly degenerate crust,
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and found that it is close to depressed blackbody. If indeed RX J1856.5-3754
is a bare NS, and keeping in mind that their results depend on the assumed
properties of the crust-vacuum interface, the optical/UV emission may be due
to a thin H layer which covers the star and is optically thick up to energies
≈ 10 − 100 eV. The Rayleigh-Jeans optical/UV emission is at the star surface
temperature, and the optical excess with respect to the X-ray spectrum arises
because the latter is depressed.

3.2 Velocity distribution
The number of PSRs with known transverse velocities is continuously grow-

ing. New velocity determinations are based on a new model of galactic distri-
bution of free electrons (Cordes, Lazio 2002). Unlike the situation 10 years
ago, when updated data on free electrons distribution led to nearly doubling of
distances (and, correspondingly, transverse velocities), results of Cordes and
Lazio brought serious corrections only for distant PSRs.

In the last two years a new initial velocity distribution of NSs became stan-
dard. It is a bimodal distribution with peaks at ∼ 130 km s−1 and ∼ 710 km s−1

(Arzoumanian et al. 2002). Contributions from the low and high velocity pop-
ulations is nearly equal. Brisken et al. (2003) confirm this type of distribution,
however they give arguments for smaller fraction of low velocity NSs (about
20%).

The nature of this bimodality is unknown, and recently several papers ap-
peared where authors suggested (or modified) different kick mechanisms. There
are three main mechanism for a natal kick (see for example Lai et al. 2001).
The first is the hydrodynamical one. In many models of that mechanism NSs
do not receive kicks higher than ∼ (100 − 200) km s−1 due to it (Burrows
et al. 2003). The second one is a modification of an electromagnetic rocket
mechanism (see Huang et al. 2003). In this scenario velocity is dependent on
the initial spin rate (v ∝ p−2). It can provide high velocities if the initial spin
period of a NS is about 1 ms (probably quark stars can spin faster than NSs, so
that for them this mechanism can be more effective). The third mechanism is
connected with instabilities in a newborn NS which lead to its fragmentation
into two stars followed by an explosion of the lightest one (see Colpi, Wasser-
man 2002). Also one should have in mind disruption of high-mass binaries, so
that newformed compact objects receive significant spatial velocity due to or-
bital motion even without any natal kick (Iben, Tutukov 1996). However, this
mechanism can not provide enough number of high velocity NSs to explain the
second peak of the distribution.

In connection with quark stars one can speculate, that additional energy
due to deconfinement can lead to additional kick, so that among high velocity
compact objects the fraction of quark stars can be higher. For example, if the
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delayed deconfinement proposed by Berezhiani et al. (2003) is operating (see
the contribution by Bombaci in this proceedings), then quark stars can obtain
additional (second) kick. Note, that the two most studied NSs – Crab and
Vela (which both show spin-velocity alignment, glitches and other particular
properties) – belong to the low velocity population. Also most of compact
objects in binaries in the scenario with delayed deconfinement should belong
to the low velocity normal NSs since otherwise there is a high probability of
system disruption.

3.3 Young close-by NSs and the Gould Belt
The Gould Belt is a structure consisting of clusters of massive stars. The

Sun is situated not far from the center of that disc-like structure. The Gould
Belt radius is about 300 pc. It is inclined at 18◦ with respect to the galactic
plane.

Due to the presence of the Belt the rate of SN around us (say in few hundred
parsecs) during the last several tens of million years is higher, than it is in an
average place at a solar distance from the galactic center. Because of that there
should be a local overabundance of young NSs which can appear as hot cooling
objects, as gamma-ray sources etc.

Grenier (2003) estimated the number of possible unidentified EGRET sources
originated from the Belt. Popov et al. (2003a) calculated Log N – Log S distri-
bution of cooling NSs in the solar vicinity, which can be observed by ROSAT
and other X-ray missions. Results are shown in the Fig. 6.

3.4 Period evolution of INSs and accretion from
the ISM

In early 70s it was suggested that INSs can be observed due to accretion of
the ISM and that significant part of INSs is at that stage. Actually, for such a
prediction it is necessary to make some assumptions about the magnetorota-
tional evolution of NSs. In particular, a combination of spin period, magnetic
field, spatial velocity and density of the medium needs to be such that accre-
tion is possible and proceeds nearly at the Bondi rate. Recent data shows that
these assumptions were incorrect. ROSAT observations resulted in just a few
radioquiet INSs non of which is considered to be a good candidate to be an
accreting INSs. There are many reasons for that (see Popov et al. 2003b for
discussion).

Recent studies show that it is very difficult for an INS to reach the stage of
accretion. There are three main reasons for that:

1 High spatial velocity.

2 Magnetic field decay.

3 Long subsonic propeller stage.
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Figure 6. Log N – Log S distribution for close-by cooling INSs. Black symbols are plotted
if the dimmest source at specified flux is one of the ”Magnificent seven”. Otherwise we plot an
opaque symbol (see the list of sources in Table 1). Two lines represent results of calculation.
Dotted line – only stars from the galactic disc contribute to the Log N – Log S distribution.
Solid line – contribution of the Gould Belt is added. ”RBS” and ”BSC” are two observational
limits, obtained from the ROSAT data (RBS: Schwope et al. 1999; BSC: Rutledge et al. 2003).
From Popov et al. (2003a).

Subsonic propeller stage was introduced by Davies and Pringle (1981). Re-
cently Ikhsanov (2003) re-investigated this issue in connection with INSs. His
main conclusion is that in a realistic situation an INS spends a significant part
of its life (> 109 yrs) in this stage during which only a small amount of matter
can diffuse inwards and reach the star surface. If this situation is realized in na-
ture, then many of low-velocity INSs may never become bright accretors. Long
subsonic propeller stage also leads to very long spin periods of INSs at the on-
set of accretion, much longer, than it was suggested for example in Prokhorov
et al. (2002), who explored period evolution of INSs in some details.

Even if an INS starts to accrete, then its luminosity can be very low due to:

1 Heating.

2 Magnetospheric effects.

3 Low accretion rate due to turbulence etc.



68 SUPERDENSE QCD MATTER AND COMPACT STARS

Heating was discussed in detail by Blaes et al. (1995). During the last two
years last two topics attracted much interest. Magnetospheric effects were
studied in a series of papers by Romanova, Toropina et al. 2D MHD simula-
tions have shown that accretion onto a rotating dipole is substantially different
from that onto an unmagnetized star (Romanova et al. 2003; Toropina et al.
2003). Magnetic effects scale with the magnetic field strength. For lower fields
their are less pronounced.

Recent investigations strongly support the idea that the Bondi rate is just
an upper limit which is rarely realized in nature (see Popov et al. 2003b and
references therein). 2D and 3D simulations of accretion flows show that con-
vection and other effects can reduce the accretion rate by orders of magnitude.
In particular Igumenshchev et al. (2002, 2003) explored the so-called convec-
tion dominated accretion flows (CDAF). Proga and Begelman (2003) studied
accretion with low angular momentum. Both studies were done for black hole
accretion and showed very low accretion efficiency. However, these results in
principle can be applied to isolated NSs (see Perna et al. 2003).

According to all these studies there is not much hope to observe accreting
INSs.

4. Conclusion. What do we – astrophysicists –
want from QCD theorists?

Astronomy is in some sense a unique science: we have only emission from
objects under investigation. Because of that there is a wide field for specula-
tions. Having a lot of uncertain parameters to explain properties of observed
compact objects we have troubles even without quark stars!

What do we want to have from theoretical physicists is an input for astro-
physical models of compact objects to produce some output which can then
be compared with observations. We want initial parameters of quark stars +
evolutionary laws:

Initial spin period, magnetic field, spatial velocity, mass, radius etc.
(plus possible correlations between them).

Ejectorability” (the ability to produce relativistic wind, i.e. to produce
a radio pulsar).

Emission properties of the surface of bare strange stars.

Cooling curves.

Magnetic field decay.

We hope that this brief review will help to link advanced theoretical research
in physics of extremely dense matter with observational properties of compact
objects.

“
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Abstract The equation of state (EOS) of nuclear matter at finite temperature and density
with various proton fractions is considered, in particular the region of medium
excitation energy given by the temperature range T ≤ 30 MeV and the baryon
density range ρB ≤ 1014.2 g/cm3. In this region, in addition to the mean-field
effects the formation of few-body correlations, in particular light bound clusters
up to the alpha-particle (1 ≤ A ≤ 4) has been taken into account. The calcu-
lation is based on the relativistic mean field theory with the parameter set TM1.
We show results for different values for the asymmetry parameter, and β equi-
librium is considered as a special case.
The medium modification of the light clusters is described by self-energy and
Pauli blocking effects, using an effective nucleon-nucleon interaction potential.
Furthermore, the formation of quantum condensates is considered, in particu-
lar Cooper pairing in different (isospin singlet and triplet) channels as well as
alpha-like quartetting. It is shown that the formation of light clusters and quan-
tum condensates is of relevance in calculating thermodynamic properties of nu-
clear matter at moderate densities and temperatures, e.g., in context with the
calculation of compact astrophysical objects.

Keywords: nuclear matter equation of state, cluster formation, supernova simulations, medium
effects, relativistic mean field, condensates, pairing, quartetting

1. Introduction
The equation of state (EOS), the composition and the possible occurrence

of phase transitions in nuclear matter are widely discussed topics not only in
nuclear theory, but are also of great interest in astrophysics and cosmology.
Experiments on heavy ion collisions, performed over the last decades, gave
new insight into the behavior of nuclear systems in a broad range of densities
and temperatures. The observed cluster abundances, their spectral distribution
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and correlations in momentum space can deliver informations about the state
of dense, highly excited matter. A particular interesting topic is the possible
existence of a new state, the quark-gluon phase. Matter under such extreme
conditions occurs in compact objects such as neutron stars and in supernova
explosions. Furthermore, the EOS of hot and dense matter is needed for cos-
mological models like the hot big bang as an essential input. References can
be found in a recent monograph on the nuclear EOS [1].

We will restrict ourselves to matter in equilibrium at temperatures T ≤ 30
MeV and baryon number densities nB ≤ 0.2 fm−3, where the quark substruc-
ture and the excitation of internal degrees of freedom of the nucleons (protons
p and neutrons n) are not of relevance and the nucleon-nucleon interaction
can be represented by an effective interaction potential. In this region of the
temperature-density plane, we will investigate how the quasi-particle picture
will be improved if few-body correlations are taken into account, in particular
the formation of deuteron (d), triton (t), 3He (h) and 4He (α) clusters. The
influence of cluster formation on the EOS is calculated for different situations,
and the occurrence of phase instabilities are investigated. Instead of the full
spectral function, the concept of composition will be introduced as an approx-
imation to describe correlations in dense systems. Another interesting point is
the formation of quantum condensates. Some results for pairing and quartet-
ting are given below.

A quantum statistical approach to the thermodynamic properties of nuclear
matter can be given using the method of thermodynamic Green functions [2].
In general, within the grand canonical ensemble, the EOS n(T, µ) relating
the particle number density n to the chemical potential µ is obtained from
the single-particle spectral function, which can be expressed in terms of the
self-energy. Then, thermodynamic potentials such as the pressure p(T, µ) =∫ µ
−∞ n(T, µ′)dµ′ or the density of free energy f(T, n) =

∫ n
0 µ(T, n′)dn′ are

obtained by integrations.
The main quantity to be evaluated is the self-energy. Different approxima-

tions can be obtained by partial summations within a diagram representation.
The formation of bound states is taken into account considering ladder approx-
imations [3], leading in the low-density limit to the solution of the Schrödinger
equation. The effects of the medium can be included in a self-consistent way
within the cluster-mean field approximation (see [4] for references), where the
influence of the correlated medium on the single particle states as well as on
the clusters is considered in first order with respect to the interaction. As a
point of significance, the single particle and the bound states are considered on
equal footing. Besides single-particle self-energy shifts of the constituents, the
bound state energies are also modified by the Pauli blocking due to the cor-
related medium. An extended discussion of the two-particle problem can be
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found in [5]. We will consider also the medium modification of the three and
four-particle bound states, see [6].

If a singularity in the medium modified few-body T matrix is obtained, it
may be taken to indicate the formation of a quantum condensates. Different
kinds of quantum condensates are also considered [7, 8]. They become obvi-
ous if the binding energy of nuclei is investigated [9]. Correlated condensates
are found to give a reasonable description of near-threshold states of nα nu-
clei [10]. The contribution of condensation energy to the nuclear matter EOS
would be of importance and has to be taken into account not only in mean-field
approximation but also considering correlated condensates.

The relativistic EOS of nuclear matter for supernova explosions was inves-
tigated recently [11]. To include bound states such as α-particles, medium
modifications of the few-body states have to be taken into account. Simple
concepts used there such as the excluded volume should be replaced by more
rigorous treatments based on a systematic many-particle approach. We will re-
port on results including two-particle correlations into the nuclear matter EOS.
New results are presented calculating the effects of three and four-particle cor-
relations.

In [11] the alpha-particles were included into the EOS, and detailed compar-
isons of the outcome with respect to the alpha-particle contribution has been
made. We will elaborate this item further, first by using a systematic quantum
statistical treatment instead of the simplifying concept of excluded volume,
second by including also other (two- and three-particle) correlations.

2. Ideal Mixture of Different Components
In the simplest approximation we consider an ideal quantum gas of elemen-

tary particles such as protons, neutrons, electrons and possibly neutrinos (the
quark-gluon substructure will not be considered at densities and temperatures
considered). The EOS is found in textbooks and will not be discussed any
further here.

Inclusion of strong, weak, electromagnetic and gravitational interaction leads
to changes in the relevant degrees of freedom and to modification of the EOS,
possibly connected with phase transitions. This way, we first discuss the for-
mation of correlations between the nucleons at given proton fraction. In a
next step, β equilibrium is considered, so that only the baryon density as a
conserved quantity is prescribed. Electrical charge neutrality then fixes also
the electron concentration, but will not be discussed here in detail, as well as
equilibrium in the gravitational field.

In the low-density limit, the most important effect of interaction with respect
to the nuclear matter EOS is the formation of bound states characterized by the
proton content Zi and the neutron content Ni. We will restrict us to only the
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binding energy mass spin rms–radius
n 0 939.565 MeV/c2 1/2 0.34 fm
p 0 938.783 MeV/c2 1/2 0.87 fm
d −2.225 MeV 1876.12 MeV/c2 1 2.17 fm
t −8.482 MeV 2809.43 MeV/c2 1/2 1.70 fm
h −7.718 MeV 2809.41 MeV/c2 1/2 1.87 fm
α −28.3 MeV 3728.40 MeV/c2 0 1.63 fm

Table 1. Properties of light clusters.

light clusters with A ≤ 4 since the α particle is strongly bound, and the large
strongly bound clusters such as iron can be described using other concepts
such as the formation of another (liquid) phase in the matter, see, e.g., [11].
The occurrence of large nuclei is of importance in considering the outer crust
of neutron stars.

In thermal equilibrium, within a quantum statistical approach a mass action
law can be derived, see [12]. The densities of the different components are
determined by the chemical potentials µp and µn and temperature T . The
densities of the free protons and neutrons as well as of the bound states follow
in the non-relativistic case as

ni =
2σi + 1

2π2

∫ ∞

0
dk k2

× 1
exp [(Ei(k;T, µp, µn) − Ziµp − Niµn) /T ] − (−1)Zi+Ni

, (1)

where for deuterons σd = 1, for tritons σt = 1/2, for helions σh = 1/2, and
for α particles σα = 0. In the low-density limit where the medium effects can
be neglected, the energies Ei(k;T, µp, µn) = mi + k2/(2mi) can be used,
where mi = Zimp +Nimn +Eb

i and the binding energies Eb
i are given in Tab.

1.
We define the abundances of the different constituents as Xn = nn/nB,

Xp = np/nB, Xd = 2nd/nB , Xt = 3nt/nB, Xh = 3nh/nB and Xα =
4nα/nB , where nB = nn + np + 2nd + 3nt + 3nh + 4nα is the total
baryon density. Furthermore we introduce the total proton fraction as Y tot

p =
(np + nd + nt + 2nh + 2nα)/nB .
Results for the composition of nuclear matter at temperature T = 10 MeV
with proton fraction Y tot

p = 0.2 are shown in Fig. 1, for symmetric matter
Y tot

p = 0.5 in Fig. 2. The model of an ideal mixture of free nucleons and
clusters applies to the low density limit. At higher baryon density, medium
effects are relevant to calculate the composition shown in Figs. 1, 2, which are
described in the following sections.
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Figure 1. Composition of nuclear matter with proton fraction 0.2 as function of the baryon
density, T = 10 MeV.
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Figure 2. Composition of nuclear matter with proton fraction 0.5 as function of the baryon
density, T = 10 MeV.

Up to densities of about 0.001 fm−3 density effects can be neglected. This
way we describe an ideal mixture in chemical equilibrium. The composi-
tion as well as the thermodynamical functions can be calculated immediately
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by solving the equations given above. Also the β-equilibrium can be cal-
culated describing the chemical equilibrium with respect to the weak decay
n � p+e+ν̄e, where one usually neglects the chemical potential of the neutri-
nos. For the electron chemical potential the relativistic ideal fermion gas model
is used. The corresponding results for the proton fraction as well as the ther-
modynamical functions are well known from the literature and are presently
used to describe nuclear matter in β–equilibrium to calculate the structure of
neutron stars. We have an additional relation between the chemical potentials
of the proton, neutron and electron as well as the charge neutrality condition so
that ne = Y tot

p nB. Notice that for the present purpose we only use empirical
values without specifying the underlying nucleon-nucleon interaction.

3. Relativistic mean field theory
A description of nuclear matter as an ideal mixture of protons and neutrons,

possibly in β equilibrium with electrons and neutrinos, is not sufficient to give
a realistic description of dense matter. The account of the interaction between
the nucleons can be performed in different ways. For instance we have ef-
fective nucleon-nucleon interactions, which reproduce empirical two-nucleon
data, e.g. the PARIS and the BONN potential. On the other hand we have
effective interactions like the Skyrme interaction, which are able to reproduce
nuclear data within the mean-field approximation. The most advanced descrip-
tion is given by the Walecka model, which is based on a relativistic Lagrangian
and models the nucleon-nucleon interactions by coupling to effective meson
fields. Within the relativistic mean-field approximation, quasi-particles are in-
troduced, which can be parameterized by a self-energy shift and an effective
mass.

We will use the so called TM1 model which is given by the following La-
grangian, describing coupling of the nucleon field to the non-linear sigma,
omega and rho meson fields (index i = p, n denotes protons or neutrons),

L = ψ̄i[iγµ∂µ − mi − gσσ − gωγµωµ − gργµτaρ
µ
a ]ψi

+
1
2
∂µσ∂µσ − 1

2
m2

σσ2 − 1
3
g2σ

3 − 1
4
g3σ

4

−1
4
WµνW µν +

1
2
m2

ωωµωµ +
1
4
c3(ωµωµ)2

−1
4
Ra

µνRaµν +
1
2
m2

ρρ
a
µρµ

a . (2)

The TM1 parameterization was given in [11]

For further details with respect to notation and the derivation of the corre-
sponding Euler-Lagrange equations we refer to [11]. By replacing the meson
fields by their expectation values one obtains an effective Dirac equation for
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Parameter Numerical value
mp 938.783 MeV
mn 939565 MeV
mσ 511.19777 MeV
mω 783.0 MeV
mρ 770.0 MeV
gσ 10.02892
gω 12.61394
gρ 4.63219
g2 −7.23247 fm−1

g3 0.61833
c3 71.30747

Table 2. TM1 parameter values.

the nucleons, which gives

m∗
i = mi + gσ σ0 ,

Ep(k;T, µp, µn) =
√

k2 + m∗
p
2 + gω ω0 + gρ ρ0 ,

En(k;T, µp, µn) =
√

k2 + m∗
n
2 + gω ω0 − gρ ρ0 (3)

as the expressions for the effective nucleon mass and the corresponding proton
and neutron energies, respectively.

For a temperature T and chemical potentials µi (relative to the nucleon
masses) the nucleon occupation probability reads

fi(k) =
1

1 + exp [(Ei(k;T, µp, µn) − µi) /T ]
(4)

The antinucleon distribution functions follow by changing the sign of the effec-
tive chemical potential [11]. Since we are interested in the low density region
the contribution of the antinucleons can be neglected. Then, in mean-field ap-
proximation the chemical potential is related to the nucleon number density
according to

ni =
1
π2

∫ ∞

0
dk k2 1

exp [(Ei(k;T, µp, µn) − µi) /T ] + 1
. (5)

The meson fields σ0, ω0 and ρ0 are found by solving a set of equations self-
consistently as shown in [11]. Also expressions for the energy density, pressure
and the entropy density can be found there. The empirical values of the bind-
ing energy of nuclear matter and nuclear matter density are reproduced using
the above mentioned parameterization. The nuclear matter EOS can be found
expressing the chemical potentials as functions of temperature, baryon density
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and asymmetry. Within this relativistic mean-field approach the chemical po-
tential as a function of density, temperature and the asymmetry parameter can
be calculated. In particular, for symmetric matter an instability region is ob-
tained below a critical temperature Tc where a Maxwell construction has to be
applied.

4. Medium modifications of two-particle
correlations

Expressions for the medium modifications of the cluster distribution func-
tions can be derived in a quantum statistical approach to the few-body states,
starting from a Hamiltonian describing the nucleon-nucleon interaction by the
potential V (12, 1′2′) (1 denoting momentum, spin and isospin). We first dis-
cuss the two-particle correlations which have been considered extensively in
the literature [5, 7]. Results for different quantities such as the spectral func-
tion, the deuteron binding energy and wave function as well as the two-nucleon
scattering phase shifts in the isospin singlet and triplet channel have been eval-
uated for different temperatures and densities. The composition as well as the
phase instability was calculated.

The account of two-particle correlations in nuclear matter can be performed
considering the two-particle Green function in ladder approximation. The so-
lution of the corresponding Bethe–Salpeter equation taking into account mean-
field and Pauli blocking terms is equivalent to the solution of the wave equation

[
EMF(1) + EMF(2) − EnP

]
ψnP (12)

+ [1 − f1(1) − f1(2)]
∑
1′2′

V (12, 1′2′) ψnP (1′2′) = 0 , (6)

EMF(1) = p2
1/2m+

∑
2 V (12, 12)exf1(2) are the Hartree-Fock single-particle

energies, f1(1) = {exp[EMF(1)/T −µ1/T ]+1}−1. From the solution of this
in-medium two-particle Schrödinger equation or the corresponding T matrix
the scattering and possibly bound states are obtained. Due to the self-energy
shifts and the Pauli blocking, the binding energy of deuteron Ed(P, T, µp, µn)
as well as the scattering phase shifts δτ2(E,P, T, µp, µn) in the isospin sin-
glet or triplet channel τ2, respectively, will depend on the temperature and the
chemical potentials. For a separable interaction V (12, 1′2′) like the PEST4
potential [13], an analytical solution of Eq. (5) can be found in the low-density
limit, and the results for the shift of the binding energy and the medium modi-
fication of the scattering phase shifts are discussed extensively, see [5, 7]. We
will discuss the medium shift of the binding energy in perturbation theory.

An important phenomenon is the Mott effect. At given temperature T and
total momentum P , the binding energy of the deuteron bound state vanishes
at the density nMott

d (P, T ) due to the Pauli blocking. As a consequence, the
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virial expansion of the EOS (generalized Beth-Uhlenbeck formula)

nB(T, µp, µn) = n1(T, µp, µn) + n2(T, µp, µn) (7)

constitutes of the single-particle contributions n1=nf
p+nf

n, where nf
τ (T, µτ)=

2/(2π�)3
∫

d3pfτ (Eτ (p)) describes the free quasiparticle contributions of pro-
tons (τ = p) or neutrons (τ = n), respectively, and the two-particle contribu-
tions n2 = nbound

2 +nscat
2 containing the contribution of deuterons (spin factor

3)

nbound
2 (T, µp, µn) = 3

∫
P>PMott

d3P

(2π�)3
fd(Ed) (8)

with fd(Ed) = [eEd(P,T,µp,µn)/T−µp/T−µn/T − 1]−1, and scattering states of
the isospin singlet and triplet channel τ2 (degeneration factor γτ2)

nscat
2 (T, µp, µn) =

∑
τ2

γτ2

∫
d3P

(2π�)3

∫ ∞

0

dE

2π

fτ2(∆ESE
d (P ) + E) sin2 δτ2

d

dE
δτ2 , (9)

∆ESE
d (P ) is the shift of the continuum edge (self-energies at momentum P/2).

The EOS (7) shows some interesting features: (i) In the low-density limit,
a mass action law is obtained describing an ideal mixture of free nucleons
and deuterons. We stress that a quasi-particle picture is not able to reproduce
this important limiting case correctly. (ii) With increasing density, the single-
particle properties as well as the two-particle properties are simultaneously
modified by the medium. In particular, the bound states are dissolved at high
densities. (iii) There is also a contribution from scattering states to the two-
particle density. As a consequence of the Levinson theorem, the contribution of
the disappearing bound states is replaced by a contribution from the scattering
states (resonances) at the Mott density so that the total two-particle density n2

behaves smoothly. (iv) Due to the pole of the Bose distribution function at low
temperatures, pairing can occur in n2. A smooth transition from Bose-Einstein
condensation of deuterons at low densities to Cooper pairing at high densities
is observed [7].

Calculations of the composition (n2/nB) of symmetric nuclear matter (np =
nn, no Coulomb interaction) are shown in Fig. 3 [7]. At low densities, the
contribution of bound states becomes dominant at low temperatures. At fixed
temperature, the contribution of the correlated density n2 is first increasing
with increasing density according to the mass action law, but above the Mott
line it is sharply decreasing, so that near nuclear matter density (nB = ntot =
0.17 fm−3) the contribution of the correlated density almost vanishes. Also,
the critical temperature for the pairing transition is shown.

For a given temperature T = 10MeV the composition with respect to the
two-particle correlation is shown as a function of the baryon density in Fig.2.
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Figure 3. Fraction of correlated density for symmetric nuclear matter, T = 10 MeV. Only
two-particle correlations are taken into account.

The values are taken from [7], where it is shown, that the correlated density
contains the contribution of bound states as well the contribution of scatter-
ing states. Above the so called Mott density, where the bound states begin to
disappear, according to the Levinson theorem, the continuous behavior of the
correlated density is produced by the scattering states.

Form these considerations we see that at high densities the clusters are
dissolved and should be described as weekly interacting quasi-particles. To
give an optimal description of the quasi-particle energies, instead of using the
Hartree-Fock approximation of the Yamaguchi model we will adopt the well
established Walecka model. This way the self-energy effects are consistently
described for the free and bound states. Since the Pauli blocking terms cannot
be evaluated using the Walecka model, these expressions are computed using
the Yamaguchi model. It should be stressed that in the density region where
clusters are relevant both interaction models give self-energies and effective
masses which are in reasonable agreement. So the mixing of these two inter-
action models is not contradictory.

This way we take the quasi-particle energies which are described by an ef-
fective mass and a self-energy shift and solve the Schrödinger equation for the
separable Yamaguchi potential. Separating the center of mass motion, with
energy p2/2M∗

d from the relative motion, with reduced mass M∗
p M∗

n/(M∗
p +
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M∗
n) we find the binding energy Equasi

d , which is density depended due to
the effective masses. The corresponding wave function is used to evaluate the
Pauli blocking term

∆EPauli
d =

∑
1 2 1′ 2′

ψ(1 2)V (1 2, 1′ 2′) [f(1) + f(2)]ψ∗(1′ 2′) (10)

in first order perturbation theory. The self-energy shift ∆ESE
d is simply by the

sum of the quasi-particle self-energy shift of the proton and neutron, obtained
by the Walecka model.

Within our exploratory calculation we will use a simplified description of
the contribution of correlated states, considering only the bound state with an
effective shift, which reproduces the correlated density. This shift is taken as
a quadratic function in the densities, where the linear term is calculated from
perturbation theory and the quadratic term is fitted to reproduce the results
for the composition as found by the full microscopic calculation including the
contribution of scattering states.

To evaluate the linear term of the bound state energy shift within pertur-
bation theory we need the bound state wave function. For this, we have to
specify the interaction. We will adopt the following parameterization of the
nucleon-nucleon interaction.

With the deuteron wave function, the contribution of the single-particle self-
energy shift to the shift of the binding energies of clusters is evaluated using
the quasiparticle shifts derived within the Walecka model. This ensures that
the nucleons are described consistently also above the Mott density where the
bound state merges in the continuum of scattering states. For the Pauli blocking
term we evaluate the average over the interaction potential, multiplied with the
distribution function.

Since we will perform only an exploratory calculation with respect to the
density modification, instead of highly sophisticated parameterization of the
interaction such as the PARIS and BONN potential we will use a simple, sep-
arable Yamaguchi interaction.

〈k,K|V |k′,K ′〉 = V (k, k′) δK,K ′ (11)

V (k, k′) =
∑
i=s,t

λi w(k)w(k′) (12)

w(k) = (k2 + β2)−1 (13)
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Parameter Numerical value
β 1.4488 fm−1

λs 4263.05 MeV fm−1

λt 2550.03 MeV fm−1

Table 3. Parameter values for a simple rank 1 separable nucleon-nucleon interaction.

This set of parameters is chosen in order to reproduce the binding energy
of the deuteron as well as of the alpha particle. The further properties, as the
wave functions are assumed to be reasonable approximations in evaluating the
density effects.

In the low-density limit, perturbation theory gives Ed = E0
d + P 2/2Md +

∆ESE
d + ∆EPauli

d with E0
d = –2.22 MeV, and

∆EPauli
d =

∑
12,1′2′

ψd,P (12)[f1(1) + f1(2)]V (12, 1′2′)ψd,P (1′2′)

≈ ψ2
d,P (0)(np + nn)(E0

d − Ekin
d ) , (14)

where Ekin
d denotes the mean kinetic energy for the unperturbed deuteron. To

reproduce the behavior shown in Fig. 2, we adopt the following parameteriza-
tion

∆Ed ≈ 340 (np + nn) MeV fm3 + 13000 (n2
p + n2

n) MeV fm6 . (15)

The result of this calculation is also seen in Fig. 2, to be compared with the
evaluation of the correlated density shown in [5]. Two particle correlations are
suppressed for densities higher then the Mott density of about 0.001 fm−3, but
will survive to densities of the order of nuclear matter density.

5. Medium modification of higher clusters
The modification of the three and four-particle system due to the medium

can be considered in cluster-mean field approximation. Describing the medium
in quasi-particle approximation, a medium-modified Faddeev equation can be
derived which was already solved for the case of three-particle bound states
in [9], as well as for the case of four-particle bound states in [10]. Similar to
the two-particle case, due to the Pauli blocking the bound state disappears at a
given temperature and total momentum at the corresponding Mott density.

For our exploratory calculation we use Guaussian type wave functions to
find optimal bound states in the three and four particle case. Then we are able
to calculate the perturbative expression for the shift of the bound states energy
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and find

∆Et = 600 (np + 2nn) MeV fm3 + 3300 (n2
p + 2n2

n) MeV fm6 ,

∆Eh = 600 (2np + nn) MeV fm3 + 3300 (2n2
p + n2

n) MeV fm6 ,

∆Eα = 709 (2np + 2nn) MeV fm3 + 6500 (2n2
p + 2n2

n) MeV fm6 .(16)

Now we can calculate the composition replacing the binding energies by the
density dependent ones. Results for the composition are shown in Figs.1, 2. It
is shown that in particular α-clusters are formed in symmetric nuclear matter
but they are destroyed at about nuclear matter density. In the case of asymmet-
ric matter, triton becomes abundant.

We conclude that not only the α-particle but also the other light clusters
contribute significantly to the composition. Furthermore they also contribute
to the baryon chemical potential and this way the modification of the phase in-
stability region with respect to the temperature, baryon density and asymmetry
can be obtained. As an example, for symmetric matter the baryon chemical
potential as a function of density for T = 10MeV is shown in Fig.3
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Figure 4. Baryon chemical potential as function of the baryon density for symmetric nuclear
matter, T = 10 MeV. Without and including the formation of light clusters.

We see that the instability region is reduced if cluster formation is taken into
account.

Within the approach, given here, also the β-equilibrium can be calculated
and the influence of the cluster formation on the proton fraction can be consid-
ered. The formation of clusters will increase the proton fraction.
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6. Comparison with the concept of excluded
volume

In order to get the correct physical behavior, medium modifications for the
clusters have to be taken into account at high densities. A simple approach
is the concept of an excluded volume as used in [11]. Other effects such as
the modification of quasi-particles forming a bound state are not considered.
For details we refer to [11]. We have also shown in Fig.2 the result for the
composition if only α-particle formation is taken into account, using the con-
cept of the excluded volume. The abundance of the α-particle increases up
to baryon densities of about a tenth of nuclear matter density and is rapidly
decreasing with higher densities. In contrast, the quantum statistical approach
shows a more weak decrease of the correlated density with the baryon den-
sity. In particular, two-particle correlations are present up to nuclear matter
density. Discussing the difference in both approaches, we firstly note that the
concept of a hard core which leads to the excluded volume overestimates the
Pauli blocking, which makes the interaction potential more softer. Further, in
addition to the medium modification due to the Pauli blocking the effect of the
quasi-particle self-energy shift has to taken into account.

7. Isospin singlet (pn) and triplet (nn, pp)
pairing in nuclear matter

One of the most amazing phenomena in quantum many-particle systems
is the formation of quantum condensates. Of particular interest are strongly
coupled fermion systems where bound states arise. In the low-density limit,
where even-number fermionic bound states can be considered as bosons, Bose-
Einstein condensation is expected to occur at low temperatures. The solution of
Eq. (6) with E2nP = 2µ gives the onset of pairing, the solution of Eq. (7) with
E4nP = 4µ the onset of quartetting in (symmetric) nuclear matter. At present,
condensates are investigated in systems where the cross-over from Bardeen-
Cooper-Schrieffer (BCS) pairing to Bose-Einstein condensation (BEC) can be
observed, see [11,12]. In these papers, a two-particle state is treated in an un-
correlated medium. Some attempts have been made to include the interaction
between correlated states, see [7,13].

Due to the strong interaction of protons and neutrons in the deuteron chan-
nel, isospin singlet pn pairing is favored in symmetric nuclear matter compar-
ing with isospin triplet pp or nn pairing. Considering asymmetric matter, with
increasing difference between the chemical potentials of protons and neutrons,
isospin triplet pairing will become more favored. As can be shown from the
evaluation of condensation energy, coexisting isospin singlet and isospin triplet
condensates are not stable in symmetric matter. It is an open question how in
the ground state of nuclear matter the transition from isospin singlet pairing to
isospin triplet pairing occurs if the asymmetry parameter increases.
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In a recent letter [14] it has been shown from the solution of Eqs. (6), (7)
that in a certain region of density, pairing has to compete with quartetting. It
has been found that in low-density symmetric nuclear matter the transition to
triplet pairing, which is stronger than singlet pairing, will not occur because the
quartetting transition occurs earlier. The transition temperature to quartetting
has been estimated as a function of the chemical potential as well as of the
density by using a variational calculation. Quartetting (α -like condensate)
beats the transition to triplet pairing (deuteron-like condensate) if the density
is smaller than 0.03fm−3. A more detailed investigation of the quartetting
solution near its break down at about 0.03fm−3 is missing up to now.

The consequences of isospin singlet pairing and α -like quartetting on the
binding energies of nuclei has been investigated within the local density ap-
proach [9]. The Wigner energy in N = Z nuclei was identified with the for-
mation of an isospin singlet condensate, and for nuclei with medium atomic
number A ≈ 40 this additional contribution of nuclear binding energy is de-
creasing with increasing asymmetry and vanishes at N − Z ≈ 4. Exploratory
calculations for the binding energy of nuclei with Z = N show that the con-
tribution due to quartetting is small but may become large for small A or for
nuclear matter at low density.

8. Alpha cluster condensation in threshold
states of self-conjugate 4n nuclei

A possible application for the formation of α-like condensates are self-
conjugate 4n nuclei such as 8Be, 12C, 16O, 20Ne, 24Mg, and others. Of course,
results obtained for infinite nuclear matter cannot immediately be applied to
finite nuclei. However, they are of relevance, e.g., in the local density ap-
proximation. We know from the pairing case that the wave function for finite
systems can more or less reflect properties of quantum condensates.

It is a well known fact that in light nuclei many states are of the cluster
type, see [16]. States close to the threshold energy of break up into constituent
clusters are precisely of the cluster type. For example it was found that the
calculated second 0+ state in 12C, which corresponds to the observed second
0+ state located at 0.39 MeV above the 3α threshold energy, has a structure
where individual α-clusters interact predominantly in relative S-waves. Thus
it was concluded that the cluster state near Ethr

nα = nEα with n = 3 and where
Eα is the α-particle binding energy has an α-particle gas-like structure.

In [10] a new type of α-cluster wave function describing an α-particle Bose
condensed state was introduced,

|Φnα〉 = (C†
α)n|vac〉 , (17)
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where the α-particle creation operator is given by

C†
α =

∫
d3R e−R2/R2

0

∫
d3r1 · · · d3r4

×ϕ0s(r1 − R)a†σ1τ1(r1) · · ·ϕ0s(r4 − R)a†σ4τ4(r4) (18)

with ϕ0s(r) = (1/(πb2))3/4e−r2/(2b2) and a†στ (r) being the creation operator
of a nucleon with spin-isospin στ at the spatial point r. The total nα wave
function therefore can be written as

〈r1σ1τ1, · · · r4nσ4nτ4n|Φnα〉 ∝ A{e−
2

B2 (X2
1+···+X2

n) φ(α1) · · ·φ(αn)}, (19)

where B = (b2 + 2R2
0)

1/2 and Xi = (1/4)
∑

n rin is the center-of-mass coor-
dinate of the i-th α-cluster αi. The internal wave function of the α-cluster αi is
φ(αi) ∝ exp[−(1/8b2)

∑4
m>n(rim − rin)2]. The wave function of Eq.(19) is

totally antisymmetrized by the operator A. It is to be noted that the wave func-
tion of Eqs.(17),(19) expresses the state where nα-clusters occupy the same
0s harmonic oscillator orbit exp[− 2

B2 X2] with B an independent variational
width parameter. For example if B is of the size of the whole nucleus whereas
b remains more or less at the free α-particle value, then the wave function (19)
describes a nα cluster condensed state in the macroscopic limit n → ∞. Of
course the total center-of-mass motion can and must be separated out of the
wave function of Eq.(17) for finite systems. In the limit of R0 = 0, i.e. B = b,
the normalized wave function |ΦN

nα〉 = |Φnα〉 /
√

〈Φnα|Φnα〉 is identical to a
harmonic oscillator shell model wave function with the oscillator parameter b.

The energy surfaces in the two parameter space spanned by (R0, b), are
given by Enα(R0, b) = 〈ΦN

nα(R0, b)|Ĥ |ΦN
nα(R0, b)〉, and have been evaluated

for n = 3 and 4 in Ref. [10].

9. Conclusions
In certain regions of the density-temperature plane, a significant fraction of

nuclear matter is bound into clusters. The EOS and the region of phase insta-
bility are modified. In the case of β equilibrium, the proton fraction and the oc-
currence of inhomogeneous density distribution are influenced in an essential
way. Important consequences are also expected for nonequilibrium processes.

The inclusion of both three and four-particle correlations in nuclear matter
allows not only to describe the abundances of t, h, α but also their influence
on the equation of state and phase transitions. In contrast to the mean-field
treatment of the superfluid phase, also higher-order correlations will arise in
the quantum condensate.
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[8] G. Röpke, A. Schnell, P. Schuck, and P. Nozières, Phys. Rev. Lett. 80, 3177 (1998).
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Abstract The hadronic equation of state for a neutron star is discussed with a particu-
lar emphasis on the symmetry energy. The results of several microscopic ap-
proaches are compared and also a new calculation in terms of the self-consistent
Green function method is presented. In addition possible constraints on the sym-
metry energy coming from empirical information on the neutron skin of finite
nuclei are considered.

1. Introduction
In describing properties of neutron stars the equation of state (EoS) plays a

crucial role as an input. During this workshop the effects of QCD degrees of
freedom which become important at higher densities have been discussed in
great detail. However, a quantitative understanding of the EoS also at lower
densities is a prerequisite for the description of neutron stars properties. Con-
ventional nuclear physics methods (i.e., in terms of hadronic degrees of free-
dom) are still being improved both conceptually as well as numerically, but
all microscopic many-body approaches do require some sort of approximation
scheme.

The aim of this contribution is to review the present understanding of the
hadronic EoS, and the nuclear symmetry energy (SE) in particular. In the
past the latter quantity has been computed mostly in terms of the Brueckner-
Hartree-Fock (BHF) approach. In order to get an idea about the accuracy of the
BHF result we present a recent calculation [1] in terms of the self-consistent
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Green function method, that can be considered as a generalization of the BHF
approach. The results are compared with those from various many-body ap-
proaches, such as variational and relativistic mean field approaches. In view of
the large spread in the theoretical predictions we also examine possible con-
straints on the nuclear SE that may be obtained from information from finite
nuclei (such the neutron skin).

2. Equation of state and symmetry energy
The central quantity which determines neutron star properties is the EoS,

at T = 0 specified by the energy density ε(ρ). For densities above, say, ρ =
0.1 fm−3 one assumes a charge neutral uniform matter consisting of protons,
neutrons, electrons and muons; the conditions imposed are charge neutrality,
ρp = ρe + ρµ, and beta equilibrium, µn = µp + µe with µe = µµ.
Given the energy density ε = εN+εe+εµ the total pressure, P = PN +Pe+Pµ,
is obtained as P = P (ε/c2) =

∑
ρiµi − ε, with the chemical potentials given

by µi = ∂ε
∂ρi

.
To illustrate the present status of the situation in Fig. 1 a compilation made

by the Stony Brook group [2] of the relation between the pressure and density
for a wide variety of EoSs (but still a tiny fraction of all available calcula-
tions) is shown. This figure shows that there is an appreciable spreading in
the calculations of the pressure. Qualitatively one can distinguish three dif-
ferent classes. First the EoSs that correspond to self-bound systems (such as
“strange quark matter”) have the property that the pressure does not vanish at
zero density. Then there are two globally parallel bands. It appears that most
conventional non-relativistic approaches fall in the lower (softer) band and the
covariant results in the upper (more rigid) band. It is worth noting that even at
densities around and below saturation, ρ0 ∼ 0.17 fm−3, the predictions vary
appreciably (about a factor 4). At higher densities some models show a sudden
change in the slope of the pressure. This behavior can be ascribed to the on-
set of new degrees of freedom, e.g., the appearance of hyperons, kaons and/or
quarks which lead to a softening.

It is well known that at lower densities the properties of the EoS are pri-
marily determined by the SE [2]. The latter is defined in terms of a Taylor
series expansion of the energy per particle for nuclear matter in terms of the
asymmetry parameter α = (N − Z)/A (or equivalently the proton fraction
x = Z/A),

E(ρ, α) = texE(ρ, 0) + S2(ρ)α2 + S4(ρ)α4 + . . . , (1)

where S2 is the quadratic SE. It has been shown [3, 4] that the deviation from
the parabolic law in Eq. (1), i.e., the term corresponding to S4, is quite small.
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Figure 1. Pressure versus density for a variety of EoS; taken from [2] where explanation of
symbols is given.

Near the saturation density ρ0 the quadratic SE is expanded as

S2(ρ) =
1
2

∂2E(ρ, α)
∂α2

|α=0 = a4 +
p0

ρ2
0

(ρ − ρ0) +
∆K

18ρ2
0

(ρ − ρ0)2 + . . . . (2)

The quantity a4 corresponds to the SE at equilibrium density and the slope
parameter p0 governs the density dependence.

As a result the pressure can be written as

P (ρ, x) = ρ2 ∂E(ρ, x)
∂ρ

= ρ2[E′(ρ, 1/2) + S′
2(ρ)(1 − 2x)2 + . . .]. (3)

By using beta equilibrium in a neutron star, µe = µn − µp = −∂E(ρ,x)
∂x ∼

S2(ρ)(1 − 2x), and the result for the electron chemical potential, µe =
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3/4�cx(3π2ρx)1/3, one finds the proton fraction at saturation density, to
be quite small, x0 ∼ 0.04. Hence the pressure at saturation density can in good
approximation be expressed in terms of (the density dependence of) the SE

P (ρ0) = ρ0(1 − 2x0)(ρ0S
′
2(ρ0)(1 − 2x0) + S2(ρ0)x0) ∼ ρ2

0S
′
2(ρ0). (4)

3. How well do we know the symmetry energy?
In the following the present status of calculations of the SE is reviewed; first

the ones in which a microscopic nucleon-nucleon (NN) interaction is used,
followed by the phenomenological mean field approaches. In section 4 we
discuss possible constraints that can be obtained from empirical information.

3.1 The SE in the BHF scheme
In the Brueckner-Hartree-Fock (BHF) approximation, the Brueckner-Bethe-

Goldstone (BBG) hole-line expansion is truncated at the two-hole-line level
[5]. The short-range NN repulsion is treated by a resummation of the particle-
particle ladderdiagrams into aneffectiveinteraction orG-matrix. Self-consistency
is required at the level of the BHF single-particle spectrum εBHF (k),

εBHF (k) =
k2

2m
+
∑

k′<kF

Re < kk′|G(ω = εBHF (k) + εBHF (k′))|kk′ > .

(5)
In the standard choice BHF the self-consistency requirement (5) is restricted
to hole states (k < kF , the Fermi momentum) only, while the free spectrum
is kept for particle states k > kF . The resulting gap in the s.p. spectrum at
k = kF is avoided in the continuous-choice BHF (ccBHF), where Eq. (5)
is used for both hole and particle states. The continuous choice for the s.p.
spectrum is closer in spirit to many-body Green’s function perturbation theory
(see below). Moreover, recent results indicate [6, 7] that the contribution of
higher-order terms in the hole-line expansion is considerably smaller if the
continuous choice is used.

Although the BHF approach has several shortcomings it provides a numer-
ically simple and convenient scheme to provide insight in some aspects of the
symmetry energy.

Decomposition of SE. Some insight into the microscopic origin of the
SE can be obtained by examining the separate contributions to the kinetic and
potential energy [3].

The results of a ccBHF calculation [1] with the Reid93 interaction, including
partial waves with J < 4 in the calculation of the G-matrix are presented in
Fig. 2, where the SE is decomposed into various contributions shown as a
function of the density ρ. The kinetic energy contribution, Skin, to the SE in



Nuclear equation of state and the structure of neutron stars 97

Figure 2 The SE S2 (full
line) and the contributions to
S2 from the kinetic (dash-
dotted line) and potential en-
ergy (dashed line), calculated
within a ccBHF scheme and
using the Reid93 interaction.
Also shown (dotted lines) are
the T = 0 and T = 1 compo-
nents of the potential energy
contribution.

BHF is given by the free Fermi-gas expression (it differs from the standard
one, which is based upon the derivative rather than the finite difference)

Skin = Ekin,PNM − Ekin,SNM =
3

10m
(3π2)

2
3 ρ

2
3

(
1 − 2−

2
3

)
, (6)

and it determines to a large extent the density dependence of the SE. In Fig. 2
we also show the symmetry potential Spot = S2 − Skin, which is much flatter,
and the contributions to Spot from both the isoscalar (T = 0) and isovector
(T = 1) components of the interaction. Over the considered density range Spot

is dominated by the positive T = 0 part. The T = 0 partial waves, containing
the tensor force in the 3S1-3D1 channel which gives a major contribution to
the potential energy in SNM, do not contribute to the PNM energy. The T = 0
contribution peaks at ρ ≈ 0.3 fm−3. The decrease of this contribution at higher
densities is compensated by the increase of the T = 1 potential energy, with as
a net result a much weaker density-dependence of the total potential energy.

Dependence of the SE on NN interaction. Engvik et al. [8] have
performed lowest-order BHF calculations in SNM and PNM for all “modern”
potentials (CD-Bonn, Argonne v18, Reid93, Nijmegen I and II), which fit the
Nijmegen NN scattering database with high accuracy. They concluded that
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for small and normal densities the SE is largely independent of the interaction
used, e.g. at ρ0 the value of a4 varies around an average value of a4=29.8 MeV
by about 1 MeV. At larger densities the spread becomes larger; however, the
SE keeps increasing with density, in contrast to some of the older potentials
like Argonne v14 and the original Reid interaction (Reid68) for which S(ρ)
tends to saturate at densities larger than ρ = 0.4 fm−3.

3.2 Variational approach
Detailed studies for SNMand PNM using variational chain summation (VCS)

techniques were performed by Wiringa et al. [9] for the Argonne Av14 NN
interaction in combination with the Urbana UVIII three-nucleon interaction
(3NI), and by Akmal et al. [10] for the modern Av18 NN potential in combi-
nation with the UIX-3NI.

It should be noted that the results of VCS and BHF calculations using the
same NN interaction disagree in several aspects. For instance for SNM the
VCS and BHF calculations saturate at different values of density [5]. As for
the SE using only two-body interactions the VCS approach yields a smaller
value for a4 than BHF (see Table 1), and as a function of density in VCS the
SE levels off at ρ ∼ 0.6 fm−3, whereas the BHF result continues to increase.
Therefore it seems natural to ask whether the inclusion of more correlations
by extending the BHF method (which is basically a mean field approximation)
will lead to results closer to those of VCS.

3.3 Self-consistent Green function method
As noted above BHF has several deficiencies: it does not saturate at the

empirical density, and it violates the Hugenholz-van Hove theorem.
In recent years several groups have considered the replacement of the BBG

hole-line expansion with self-consistent Green’s function (SCGF) theory [11–
13]. In ref.[13, 14] the binding energy for SNM was calculated within the
SCGF framework using the Reid93 potential. In ref.[1] we have extended these
calculations to PNM and considered the corresponding SE.

The SCGF approach differs in two important ways from the BHF scheme.
Firstly, within SCGF particles and holes are treated on an equal footing, whereas
in BHF only intermediate particle (k > kF ) states are included in the ladder
diagrams. This aspect ensures thermodynamic consistency, e.g. the Fermi en-
ergy or chemical potential of the nucleons equals the binding energy at satura-
tion (i.e. it fulfills the Hugenholz-van Hove theorem). In the low-density limit
BHF and SCGF coincide. As the density increases the phase space for hole-
hole propagation is no longer negligible, and this leads to an important repul-
sive effect on the total energy. Second, the SCGF generates realistic spectral
functions, which are used to evaluate the effective interaction and the corre-
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sponding nucleon self-energy. The spectral functions exhibits a depletion of
the quasi-particle peak and the appearance of single-particle strength at large
values of energy and momentum, in agreement with experimental information
from (e, e′p) reactions. This is in contrast with the BHF approach where all
s.p. strength is concentrated at the BHF-energy as determined from Eq. (5).

In the SCGF approach the particle states (k > kF ), which are absent in the
BHF energy sum rule do contribute according to the energy sum rule (d = 1(2)
for PNM(SNM))

E

A
=

d

ρ

∫
d3k

(2π)3

∫ εF

−∞
dω

(
k2

2m
+ ω

)
Sh(k, ω), (7)

expressed in terms of the nucleon spectral function Sh(k, ω).
To illustrate the difference between the ccBHF and SCGF approaches the

results for both SNM and PNM are compared in the left and central panels
of Fig. 3 for the Reid93 interaction. One sees that the inclusion of high-
momentum nucleons leads roughly to a doubling of the kinetic and potential
energy in SNM, as compared to BHF. The net effect for the total energy of
SNM is a repulsion, increasing with density [13]. This leads to a stiffer equa-
tion of state, and a shift of the SNM saturation density towards lower densities.
The above effects which are dominated by the tensor force (the isoscalar 3S1-
3D1 partial wave) are much smaller in PNM.

The corresponding SE, shown in the right panel of Fig. 3, is dominated by
the shift in the total energy for SNM, and lies below the ccBHF symmetry
energy in the entire density-range. At ρ0 = 0.16 fm−3 the parameter a4 is
reduced from 28.9 MeV to 24.9 MeV, while the slope p0 remains almost the
same (2.0 MeV fm−3 compared to 1.9 MeV fm−3 in BHF).

3.4 Three-body force in microscopic approaches
As noted above at higher densities the EoS is sensitive to 3NF contributions.

Whereas the 3NF for low densities seems now well understood its contribution
to nuclear matter densities remains unsettled. In practice in calculations of the
symmetry energy in the BHF approach two types of 3NF have been used in
calculations; in ref.[4] the microscopic 3NF based upon meson exchange by
Grangé et al. was used, and in ref.[15] as well in most VCS calculations the
Urbana interaction. The latter has in addition to an attractive microscopic two-
pion exchange part a repulsive phenomenological part constructed in such a
way that the empirical saturation point for SNM is reproduced. Also in practice
in the BHF approach to simplify the computational efforts the 3NF is reduced
to a density dependent two-body force by averaging over the position of the
third particle.
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Figure 3. The energy per particle for symmetric nuclear matter (left panel) and pure neutron
matter (central panel) for the Reid93 interaction. The dashed line refers to a ccBHF calculation,
the full line to a SCGF calculation. The right panel displays the SE in these two approaches.

In general inclusion of the 3NF stiffens the SE for ρ > ρ0. For example,
with the Av18+UIX interaction a4 increases from 27 to 30 MeV and p0 from
2 to 3 MeV fm−3 (see Table 1).

In view of the important contribution from the 3NF to the SE at higher
densities there seems a clear need to get a more quantitative understanding of
the repulsive part of the 3NF in PNM.

3.5 Dirac-Brueckner-Hartree-Fock
The SE has also been computed in the Dirac-Brueckner-Hartree-Fock (DBHF)

approach [16, 17]. Although some of the shortcomings of BHF (mean field
treatment of the Pauli operator and violation of Hugenholz-van Hove theo-
rem) persist in the DBHF method it appears that in the latter approach one
is able to reproduce the saturation properties of SNM without the inclusion
of a three-body interaction. A general feature of relativistic methods is that
the SE increases almost linearly with density, and more rapidly than in the
non-relativistic case. This difference can be attributed to two effects. First
the covariant kinetic energy which is inversely proportional to

√
k2

F + m∗2

is larger because of the decreasing Dirac mass, m∗, with increasing density.
Secondly the contribution from rho-exchange appears to be larger than in the
non-relativistic case [16].
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3.6 Relativistic mean-field approach
Relativistic mean field (RMF) models have been applied successfully to de-

scribe properties of finite nuclei. In general ground state energies, spin-orbit
splittings, etc. can be described well in terms of a few parameters ref.[18]. Re-
cently it has lead to the suggestion that the bulk SE is strongly correlated with
the neutron skin [19, 20] (see below). In essence the method is based upon the
use of energy-density functional (EDF) theory.

In practice covariant approaches are formulated either in terms of a covari-
ant Lagrangian with σ, ω and ρ exchange (and possibly other mesons) [18, 21],
or in terms of contact interactions [20], solved as an EDF in the Hartree-Fock
approximation. Sets of model parameters are determined by fitting bound state
properties of nuclei. Specifically the isovector degree of freedom is governed
by the exchange of isovector mesons; in case of ρ-meson exchange the (posi-
tive definite) contribution to the SE is given by

a4 =
k2

F

6
√

m∗2 + k2
F

+
g2
ρ

8m2
ρ

ρ0, (8)

and its potential energy contribution to p0, which scales with that for a4, is
g2

ρ

8m2
ρ

[20]. Typical values obtained for p0 are around 4-6 MeV fm−3, and a4 ∼ 30-
36 MeV, i.e., considerably larger than in non-relativistic approaches (a large
part of the enhancement can be ascribed to the fact that the kinetic contribution
is larger, because m∗ < m).

Recently this approach was extended by inclusion of the isovector-scalar
partner, the δ-meson, of the isoscalar scalar σ-meson [22]. Unfortunately the
value of the coupling for the δ-meson cannot be determined well by fitting
properties of stable nuclei. Also in its simplest, density independent form, the
inclusion of the δ-meson leads to an even larger net value for p0. This happens
because of the presence of the Lorentz factor m∗/E in the scalar potential

contribution, ∼ − g2
δ

8m2
δ

m∗

E , which decreases with increasing density.

3.7 Effective field theory
Recently the density dependence of the symmetry energy has been com-

puted in chiral perturbation effective field theory, described by pions plus one
cutoff parameter, Λ, to simulate the short distance behavior [23]. The nuclear
matter calculations have been performed up to three-loop order; the density
dependence comes from the replacement of the free nucleon propagator by the
in-medium one, specified by the Fermi momentum kF

(/p + M)
(

i

p2 − M2 + iε
− 2πδ(p2 − M2)θ(p0)θ(kF − p)

)
.
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Table 1. Results for the symmetry energy parameters a4 (in MeV) and p0 (in MeV fm−3)

BHF BHF+3NF[5] VCS[10] VCS+3NF[10] SCGF[1] DBHF[16] RMF[20]
a4 28.9 30 27 30 24.9 31 30-36
p0 1.9 2.9 2.0 3.1 2.0 3.0 4-6

The resulting EoS is expressed as an expansion in powers of kF and the value
of Λ ≈ 0.65 GeV is adjusted to the empirical binding energy per nucleon. In
its present form the validity of this approach is clearly confined to relatively
small values of the Fermi momentum, i.e. rather low densities. Remarkably
for SNM the calculation appears to be able to reproduce the microscopic EoS
up to ρ ∼ 0.5 fm−3. As for the SE the value obtained in this approach for
a4 = 33 MeV is in reasonable agreement with the empirical one; however, at
higher densities (ρ > 0.2 fm−3) a downward bending is predicted (see Fig. 4)
which is not present in other approaches.

3.8 Comparison of results
To summarize the present situation in Fig. 4 the resulting density depen-

dence of the SE for the approaches discussed above are compared (excluding
the 3NF contribution). One sees that the covariant models predict a much larger
increase of the SE with the density than the non-relativistic approaches. The
lowest-order BHF method predicts a somewhat higher value for a4 than both
the VCS and SCGF methods, which lead to very similar results; whether that
can be ascribed to a consistent treatment of correlations in these methods, or is
fortuitous, is not clear.

Clearly at least part of the differences should be attributed to the different
selection of the mesonic degrees of freedom in the various models. In the mi-
croscopic approaches the tensor force mediated by π and ρ exchange seems
to play the dominant role. On the other hand in the mean field approach ex-
plicit pion exchange is usually not included and hence there the isovector effect
solely comes from the shorter range ρ-exchange. In fact it has been argued that
in contrast to isoscalar properties the long-range pion exchange should play an
essential role in determining the isovector properties [20].

4. Empirical information on the SE
In view of the existing uncertainties in the calculation of the SE one may

ask whether from finite nuclei one can obtain experimental constraints on the
symmetry energy as a function of density. In this section some recent activities
pertaining to this issue are reviewed.
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Figure 4. Overview of several theoretical predictions for the SE: Brueckner-Hartree-Fock
(continuous choice) with Reid93 potential (circles), self-consistent Green function theory with
Reid93 potential (full line), variational calculation from [9] with Argonne Av14 potential
(dashed line), DBHF calculation from [16] (triangles), relativistic mean-field model from [22]
(squares), effective field theory from [23] (dash-dotted line).

4.1 Relation between SE and neutron skin
Recently in applying the non-relativistic Skyrme Hartree-Fock (SHF) model

Brown [19] noted that certain combinations of parameters in the SHF are not
well determined by a fit to ground state binding energies alone; as a result a
wide range of predictions for the EoS for PNM can be obtained. At the same
time he found a correlation between the derivative of the neutron star EoS (i.e.,
basically the symmetry pressure p0) and the neutron skin in 208Pb.

Subsequently Furnstahl [20] in a more extensive study pointed out that
within the framework of mean field models (both non-relativistic Skyrme as
well as relativistic models) there exists an almost linear empirical correlation
between theoretical predictions for both a4 and its density dependence, p0, and
the neutron skin, ∆R = Rn −Rp, in heavy nuclei. This is illustrated for 208Pb
in Fig. 5 (from ref.[20]; a similar correlation is found between ∆R and p0).
Note that whereas the Skyrme results cover a wide range of ∆R values the
RMF predictions in general lead to ∆R > 0.20 fm.
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Figure 5. Neutron skin thickness versus a4 for 208Pb for a variety of mean field models
(from [20]). The circles correspond to results for the Skyrme force, the squares to RMF models
with mesons, and the triangles to RMF with point couplings; the shaded area indicates the range
of ∆R values consistent with the present empirical information for 208Pb.

The interpretation of the nuclear matter results in part depends on the ques-
tion whether there is a surface contribution to the SE in finite nuclei. In ref.
[24] it was found that for heavy nuclei the latter is of minor importance, which
has also been confirmed in ref.[20].

4.2 Insight in the correlation of ∆R and a4

The above observation suggests an intriguing relationship between a bulk
property of infinite nuclear matter and a surface property of finite systems.
Here we want to point out that this correlation can be understood naturally
in terms of the Landau-Migdal approach. To this end we consider a simple
mean-field model (see, e.g., ref.[16]) with the Hamiltonian consisting of the
single-particle mean field part Ĥ0 and the residual particle-hole interaction
Ĥph:

Ĥ =
∑

a

(Ta + U0(xa) + U1(xa) + UC(xa)) + Ĥph, (9)

where (x = (r, σ, τ))

U0(x) = U0(r)+Uso(x); U1(x) =
1
2
Spot(r)τ (3); UC(x) =

1
2
UC(r)(1−τ (3)).

(10)
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Here, the mean field potential includes the phenomenological isoscalar part
U0(x) along with the isovector U1(x) and the Coulomb UC(x) parts calculated
consistently in the Hartree approximation; U0(r) and Uso(x) = Uso(r)�σ ·�l are
the central and spin-orbit parts of the isoscalar mean field, respectively, and
Spot(r) is the potential part of the symmetry energy.
In the Landau-Migdal approach the effective isovector particle-hole interaction
Ĥph is given by

Ĥph =
∑
a>b

(F ′ + G′�σa�σb)�τa�τbδ(�ra − �rb), (11)

where F ′ and G′ are the phenomenological Landau-Migdal parameters.
The model Hamiltonian Ĥ in Eq.(9) preserves isospin symmetry if the con-

dition
[Ĥ, T̂ (−)] = Û

(−)
C , (12)

is fulfilled, where T̂ (−) =
∑
a

τ
(−)
a , Û

(−)
C =

∑
a

UC(ra)τ
(−)
a . With the use of

Eqs. (9),(11) the condition eq. (12) in the random phase approximation (RPA)
formalism leads to a self-consistency relation between the symmetry potential
and the Landau parameter F ′ [26]:

Spot(r) = 2F ′n(−)(r), (13)

where n(−)(r) = nn(r) − np(r) is the neutron excess density. Thus, in this
model the depth of the symmetry potential is controlled by the Landau-Migdal
parameter F ′ (analogously to the role played by the parameter g2

ρ in relativistic
mean field models).

Spot(r) is obtained from Eq. (13) by an iterative procedure; the resulting
dependence of ∆R on the dimensionless parameter f ′ = F ′/(300 MeV fm3)
shown in fig. 6 indeed illustrates that ∆R depends almost linearly on f ′. Then
with the use of the Migdal relation [27] which relates the SE and f ′,

a4 =
εF

3
(1 + 2f ′), (14)

an almost linear correlation between the symmetry energy, a4, and the neutron
skin is found.

To get more insight in the role of f ′ we consider small variations δF ′. Ne-
glecting the variation of n(−)(r) with respect to δF ′ one has a linear variation
of the symmetry potential: δSpot(r) = 2δF ′n(−)(r). Then in first order per-
turbation theory, such a variation of Spot causes the following variation of the
ground-state wave function

|δ0〉 = δF ′
∑

s

〈s|N̂ (−)|0〉
E0 − Es

|s〉, (15)
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Figure 6. Neutron skin in 208Pb vs. the Landau-Migdal parameter f ′.

with s labeling the eigenstates of the nuclear Hamiltonian and a single-particle
operator N̂ (−) =

∑
a

n(−)(ra)τ
(3)
a . Consequently the variation of the expecta-

tion value of the single-particle operator V̂ (−) =
∑
a

r2
aτ

(3)
a with 〈0|V̂ (−)|0〉 =

NR2
n − ZR2

p can be written as

Rpδ(∆R) = δF ′ 2
A

∑
s

Re〈0|N̂ (−)|s〉〈s|V̂ (−)|0〉
E0 − Es

. (16)

In practice the sum in Eq. (16) is exhausted mainly by the isovector mono-
pole resonance of which the high excitation energy (about 24 MeV in 208Pb)
justifies the perturbative consideration. We checked that Eq. (16) is able to re-
produce directly calculated δ(∆R) shown in fig. 6 with the accuracy of about
10%.

As for the correlation between ∆R and p0 one would need information on
the density dependence of F ′. Sofar as we know it has not been extracted from
data on stable nuclei. In the approximation that F ′ is density independent one
naturally finds the p0 is proportional to a4.

4.3 Experimental information on ∆R for 208Pb
What are the experimental constraints on the neutron skin? A variety of

experimental approaches have been explored in the past to obtain information
on ∆R. To a certain extent all analysis contain a certain model dependence,
which is difficult to estimate quantitatively. It is not our intention to present a
full overview of existing methods for the special case of 208Pb. In particular the
results obtained in the past from the analysis of elastic scattering of protons and
neutrons have varied depending upon specifics of the analysis employed. At
present the most accurate value for ∆R comes from a recent detailed analysis
of the elastic proton scattering reaction at E = 0.5 − 1 GeV [28], and of
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neutron and proton scattering at E = 40− 100 MeV [29]. For details we refer
to these papers. Here we restrict ourselves to a discussion of the some less well
known methods that have the potential to provide more accurate information
on the neutron skin in the future.

Anti-protonic atoms. Recently neutron density distributions in a se-
ries of nuclei were deduced from anti-protonic atoms [30]. The basic method
determines the ratio of neutron and proton distributions at large differences by
means of a measurement of the annihilation products which indicates whether
the antiproton was captured on a neutron or a proton. In the analysis two as-
sumptions are made. First a best fit value for the ratio RI of the imaginary
parts of the free space p̄p and p̄n scattering lengths equal to unity is adopted.
Secondly in order to reduce the density ratio at the annihilation side to a a ratio
of rms radii a two-parameter Fermi distribution is assumed. The model de-
pendence introduced by these assumptions is difficult to judge. Since a large
number of nuclei have been measured one may argue that the value of RI is
fixed empirically.

Parity violating electron scattering. Recently it has been proposed
to use the (parity violating) weak interaction to probe the neutron distribution.
This is probably the least model dependent approach [31]. The weak potential
between electron and a nucleus

Ṽ (r) = V (r) + γ5A(r), (17)

where the axial potential A(r) = GF

23/2 ρW (r). The weak charge is mainly de-
termined by neutrons

ρW (r) = (1 − 4 sin2 θW )ρp(r) − ρn(r), (18)

with sin2 θW ≈ 0.23. In a scattering experiment using polarized electrons
one can determine the cross section asymmetry [31] which comes from the
interference between the A and V contributions. Using the measured neutron
form factor at small finite value of Q2 and the existing information on the
charge distribution one can uniquely extract the neutron skin. Some slight
model dependence comes from the need to assume a certain radial dependence
for the neutron density, to extract Rn from a finite Q2 form factor.

Giant dipole resonance. Isovector giant resonances contain informa-
tion about the SE through the restoring force. In particular the excitation of
the isovector giant dipole resonance (GDR) with isoscalar probes has been
used to extract ∆R/R [32]. In the distorted wave Born approximation optical
model analysis of the cross section the neutron and proton transition densities
are needed as an input. For example, in the Goldhaber-Teller picture these are
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expressed as

gi(r) = −κ
2Ni

A

dρi

dr
(19)

with κ the oscillation amplitude and (i = p, n); one assumes ground state
neutron and proton distributions of the form (x = (N − Z)/A)

ρi(r) =
1
2
(1 ± x ∓ γx)ρ(r − c(1 ± γx/3)), (20)

where γ is related to the neutron skin ∆R, γ = 3A
2(N−Z)∆R/R0. Then for

N > Z the isovector transition density takes on the form

∆g(r) = κγ
N − Z

A
(
dρ

dr
+

c

3
d2ρ

dr2
),

In practice one studies the excitation of the GDR by alpha particle scatter-
ing (isoscalar probe). By comparing the experimental cross section with the
theoretical one (calculated as a function of the ratio ∆R/R) the value of ∆R
can be deduced [32].

It is difficult to make a quantitative estimate of the uncertainty in the result
coming from the model dependence of the approach. In the analysis several
assumptions must be made, such as the radial shape of the density oscillations
and the actual values of the optical model parameters.

We note that also other types of isovector giant resonances have been sug-
gested as a source of information on the neutron skin, such as the spin-dipole
giant resonance [33] and the isobaric analog state [34]. At present studies of
these reactions have not led to quantitative constraints for the neutron skin of
208Pb.

Results for ∆R. In table 2 we present a summary of some recent results
on ∆R in 208Pb. One sees that the recent results are consistent with ∆R values
in the range 0.10-0.16 fm. It appears from Fig. 5 that this range is consistent
with the conventional Skyrme model approach but tends to disagree with the
results of the RMF models considered in [20]. Also from the correlation plot
between ∆R and p0 shown in Fig. 11 in ref.[20] one may conclude that a small
value for p0 ∼ 2.0 MeV fm−3 is favoured over the larger values from covariant
models.

4.4 Information on the SE from heavy-ion
reactions

In principle the density dependence of the SE at higher densities (and further
away from N = Z) can be probed by means of heavy-ion reactions using
neutron rich radioactive beams. In ref.[35] possible observable effects from
the isovector field are considered in terms of the RMF model. Of particular
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Table 2. Summary of recent results for ∆R in 208Pb

method ∆R [fm] error [fm] ref
(�p, p′) at 0.5-1.04 GeV 0.097 0.014 [28]

nucleon scattering (40-200 MeV) 0.17 [29]
anti-protonic atoms 0.15 0.02 [30]

giant dipole resonance excitation 0.19 0.09 [32]
parity violating electron scattering planned 1% [31]

interest seems the study of the ratio of π+/π− cross sections and its energy
dependence which appears sensitive to details of the SE [36].

5. Constraints on EoS from neutron stars
Given the EoS as a function of density the mass versus radius relation of a

neutron star can be obtained in the standard way with the use of the Tolman-
Oppenheimer-Volkov equation. Do we need the EoS up to all densities or can
we already draw some conclusions from the lower densities? In [2] it was ar-
gued that there exists a quantitative correlation between the neutron star radius
and the pressure which does not depend strongly on the EoS at the highest
densities. Generally speaking a stiff (soft) EoS implies a large (small) radius.

Clearly a simultaneous measurement of the radius and the mass of the same
star would discriminate between various EoS. The presently available obser-
vations do not yet offer strong constraints. For example, most observed star
masses fall in the range of 1.3-1.5 M�. These values seem to rule out the very
soft EoSs predicted with hyperons present, which yield Mmax ∼ 1.3M� [5].
This may suggest that either the NY and YY interactions used as an input must
be reexamined, or that the use of the BHF approach at high densities is not
reliable.

Other constraints come from recent observations from X-ray satellites. Most
robust seem the data from the low mass X-ray binary EXO 0478-676 obtained
by Cottam et al. [37]. From the redshifted absorption lines from ionized Fe
and O a gravitational redshift z = 0.23 was deduced; this gives rise to a mass-
to-radius relation

M/M� = (1 − 1
(1 + z)2

)R/Rg� (21)

with Rg� = 2.95 km. As discussed in detail in various contributions in this
workshop at present this constraint appears fully consistent not only with con-
ventional EoSs, but also with most more exotic ones.
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NEUTRON STAR STRUCTURE WITH
HYPERONS AND QUARKS

M. Baldo, F. Burgio, H.-J. Schulze
INFN Sezione di Catania, Via S. Sofia 64, I-95123 Catania, Italy

Abstract We discuss the high-density nuclear equation of state within the Brueckner-
Hartree-Fock approach. Particular attention is paid to the effects of nucleonic
three-body forces, the presence of hyperons, and the joining with an eventual
quark matter phase. The resulting properties of neutron stars, in particular the
mass-radius relation, are determined. It turns out that stars heavier than 1.3 solar
masses contain necessarily quark matter.

Keywords: Neutron Star, Brueckner-Hartree-Fock, Three-Body Force, Hyperons, Quark
Matter

1. Brueckner theory
Over the last two decades the increasing interest for the equation of state

(EOS) of nuclear matter has stimulated a great deal of theoretical activity. Phe-
nomenological and microscopic models of the EOS have been developed along
parallel lines with complementary roles. The former models include nonrel-
ativistic mean field theory based on Skyrme interactions [1] and relativistic
mean field theory based on meson-exchange interactions (Walecka model) [2].
Both of them fit the parameters of the interaction in order to reproduce the em-
pirical saturation properties of nuclear matter extracted from the nuclear mass
table. The latter ones include nonrelativistic Brueckner-Hartree-Fock (BHF)
theory [3] and its relativistic counterpart, the Dirac-Brueckner (DB) theory [4],
the nonrelativistic variational approach also corrected by relativistic effects [5],
and more recently the chiral perturbation theory [6]. In these approaches the
parameters of the interaction are fixed by the experimental nucleon-nucleon
and/or nucleon-meson scattering data.

For states of nuclear matter with high density and high isospin asymmetry
the experimental constraints on the EOS are rather scarce and indirect. Differ-
ent approaches lead to different or even contradictory theoretical predictions
for the nuclear matter properties. The interest for these properties lies, to a
large extent, in the study of astrophysical objects, i.e., supernovae and neu-
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tron stars. In particular, the structure of a neutron star is very sensitive to the
compressibility and the symmetry energy. The neutron star mass, measured
in binary systems, has been proposed as a constraint for the EOS of nuclear
matter [7].

One of the most advanced microscopic approaches to the EOS of nuclear
matter is the Brueckner theory. In the recent years, it has made a rapid progress
in several aspects: (i) The convergence of the Brueckner-Bethe-Goldstone
(BBG) expansion has been firmly established [8, 9]. (ii) Important relativis-
tic effects have been incorporated by including into the interaction the virtual
nucleon-antinucleon excitations, and the relationship with the DB approach
has been numerically clarified [10]. (iii) The addition of microscopic three-
body forces (TBF) based on nucleon excitations via pion and heavy meson
exchanges, permitted to improve to a large extent the agreement with the em-
pirical saturation properties [10–12]. (iv) Finally, the BHF approach has been
extended in a fully microscopic and self-consistent way to describe nuclear
matter containing also hyperons [13], opening new fields of applications such
as hypernuclei [14] and a more realistic modeling of neutron stars [15, 16].

In the present article we review these issues and present our results for neu-
tron star structure based on the resulting EOS of dense hadronic matter.

Convergence of the hole-line expansion. The nonrelativistic BBG
expansion of the nuclear matter correlation energy E/A can be cast as a power
series in terms of the number of hole lines contained in the corresponding
diagrams, which amounts to a density power expansion [3]. The two hole-line
truncation is named the Brueckner-Hartree-Fock (BHF) approximation. At
this order the energy D2 is very much affected by the choice of the auxiliary
potential, as shown in Fig. 1 (solid lines), where the numerical results obtained
with the gap and the continuous choice are compared for symmetric nuclear
matter as well as neutron matter. But, as also shown in the same figure [8,
9], adding the three-hole line contributions D3, the resulting EOS is almost
insensitive to the choice of the auxiliary potential, and very close to the result
D2 with the continuous choice.

In spite of the satisfactory convergence, the saturation density misses the
empirical value ρ0 = 0.17 fm−3 extracted from the nuclear mass tables. This
confirms the belief that the concept of a many nucleon system interacting with
only a two-body force is not adequate to describe nuclear matter, especially at
high density.

Relativistic corrections. Before the possible effects of TBF are exam-
ined, one should introduce relativistic corrections in the preceding nonrelativis-
tic BHF predictions. This is done in the Dirac-Brueckner approach [4], where
the nucleons, instead of propagating as plane waves, propagate as spinors in
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Figure 1. Comparison of BHF two hole-line (lines) and three hole-line (markers) results for
symmetric nuclear matter (left plot) and pure neutron matter (right plot), using continuous and
gap choice for the single-particle potentials.

a mean field with a scalar component US and a vector component UV , self-
consistently determined together with the G-matrix. The nucleon self-energy
can be expanded in terms of the scalar field,

Σ(p) =
√

(M + US)2 + p2 +UV ≈ p0 +UV +
M

p0
US +

p2

2p3
0

U2
S + . . . . (1)

The second-order term can be interpreted as due to the interaction between two
nucleons with the virtual excitation of a nucleon-antinucleon pair [17]. This
interaction is a TBF with the exchange of a scalar (σ) meson, as illustrated by
the diagram (d) of Fig. 2. Actually this diagram represents a class of TBF with
the exchange of light (π, ρ) and heavy (σ, ω) mesons. There are, however, sev-
eral other diagrams representing TBF, Fig. 2(a-c), which should be evaluated
as well in a consistent treatment of TBF.

2. Three-body forces
Since long it is well known that two-body forces are not enough to explain

some nuclear properties, and TBF have to be introduced. Typical examples
are: the binding energy of light nuclei, the spin dynamics of nucleon-deuteron
scattering, and the saturation point of nuclear matter. Phenomenological and
microscopic TBF have been widely used to describe the above mentioned prop-
erties.

In the framework of the Brueckner theory a rigorous treatment of TBF
would require the solution of the Bethe-Faddeev equation, describing the dy-
namics of three bodies embedded in the nuclear matter. In practice a much sim-
pler approach is employed, namely the TBF is reduced to an effective, density
dependent, two-body force by averaging over the third nucleon in the medium,
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Figure 2. Various diagrams contributing to the microscopic TBF.

taking account of the nucleon-nucleon correlations by means of the BHF defect
function gij ,

〈
12|V (ρ)|1′2′

〉
=
∑
33′

Ψ∗
123

〈
123|V |1′2′3′

〉
Ψ1′2′3′ . (2)

Here Ψ123 = φ3(1−g13)(1−g23) and φ3 is the free wave function of the third
particle. This effective two-body force is added to the bare two-body force and
recalculated at each step of the iterative procedure.

Microscopic TBF. The microscopic TBF of Refs. [10–12] is based on
meson-exchange mechanisms accompanied by the excitation of nucleonic res-
onances, as represented by the diagrams plotted in Fig. 2. Besides the TBF
arising from the excitation of a NN̄ pair [diagram (d)], already discussed in
the preceding section, another important class of TBF [diagram (a)] is due to
the excitation of the isobar ∆(1232) resonance via the exchange of light (π,
ρ) mesons, or the lowest non-isobar nucleon excitation N∗(1440) excited by
heavy meson (σ and ω) exchanges. Diagrams (b) and (c) are included only for
completeness and play a minor role [10].

The combined effect of these TBF is a remarkable improvement of the satu-
ration properties of nuclear matter [12]. Compared to the BHF prediction with
only two-body forces, the saturation energy is shifted from −18 to −15 MeV,
the saturation density from 0.26 to 0.19 fm−3, and the compression modulus
from 230 to 210 MeV. The spin and isospin properties with TBF exhibit also
quite satisfactory behavior [18].
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Phenomenological TBF. A second class of TBF that are widely used
in the literature, in particular for variational calculations of finite nuclei and
nuclear matter [5], are the phenomenological Urbana TBF [19]. We remind
that the Urbana IX TBF model contains a two-pion exchange potential V 2π

ijk

supplemented by a phenomenological repulsive term V R
ijk,

Vijk = V 2π
ijk + V R

ijk , (3)

where

V 2π
ijk = A

∑
cyc

[
{Xij ,Xjk} {τ i ·τ j, τ j ·τ k} +

1
4

[Xij ,Xjk] [τ i ·τ j, τ j ·τ k]
]
, (4)

V R
ijk = U

∑
cyc

T 2(mπrij)T 2(mπrjk) . (5)

The two-pion exchange operator Xij is given by

Xij = Y (mπrij)σi ·σj + T (mπrij)Sij , (6)

where Sij = 3(σi · r̂ij)(σj · r̂ij) − σi ·σj is the tensor operator and σ and τ
are the Pauli spin and isospin operators. Y and T are the Yukawa and tensor
functions, respectively, associated to the one-pion exchange [19].

After reducing this TBF to an effective, density dependent, two-body force
by the averaging procedure described earlier, the resulting effective two-nucleon
potential assumes a simple structure,

V
pheno

ij (r) = (τ i ·τ j)
[
(σi ·σj)V 2π

C (r) + Sij(r̂)V 2π
T (r)

]
+ V R(r) , (7)

containing central and tensor two-pion exchange components as well as a cen-
tral repulsive contribution. For comparison, the averaged microscopic TBF
[10] involves five different components:

V
micro

ij (r) = (τ i ·τ j)(σi ·σj)V τσ
C (r) + (σi ·σj)V σ

C (r) + VC(r)

+ Sij(r̂)
[
(τ i ·τ j)V τ

T (r) + VT (r)
]

. (8)

In the variational approach the two parameters A and U are determined by
fitting the triton binding energy together with the saturation density of nuclear
matter (yielding however too little attraction, E/A ≈ −12 MeV, in the lat-
ter case [5]). In the BHF calculations they are instead chosen to reproduce the
empirical saturation density together with the binding energy of nuclear matter.
The resulting parameter values are A = −0.0293 MeV and U = 0.0048 MeV
in the variational Urbana IX model, whereas for the optimal BHF+TBF cal-
culations we require A = −0.0333 MeV and U = 0.00038 MeV, yielding a
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Figure 3. Comparison of the different components of averaged phenomenological and mi-
croscopic TBF, Eqs. (7) and (8).

saturation point at kF ≈ 1.36 fm−1, E/A ≈ −15.5 MeV, and an incompress-
ibility K ≈ 210 MeV.

These values of A and U have been obtained by using the Argonne v18 two-
body force [20] both in the BHF and in the variational many-body theories.
However, the required repulsive component (∼ U ) is much weaker in the BHF
approach, consistent with the observation that in the variational calculations
usually heavier nuclei as well as nuclear matter are underbound. Indeed, less
repulsive TBF became available recently [21] in order to address this problem.

3. EOS of nuclear matter from different TBF
In Fig. 3 we compare the different components V 2π

C , V 2π
T , V R, Eq. (7), and

V τσ
C , V σ

C , VC , V τ
T , VT , Eq. (8), of the averaged phenomenological and micro-

scopic TBF potentials in symmetric matter at normal density. One notes that
the attractive components V 2π

C , V 2π
T and V τσ

C , V τ
T roughly correspond to each

other, whereas the repulsive part (V R vs. VC) is much larger for the micro-
scopic TBF. With the choice of parameters A and U given above, one would
therefore expect a more repulsive behaviour of the microscopic TBF, which is
indeed confirmed in the following.

Let us now confront the EOS predicted by the phenomenological TBF and
the microscopic one. In both cases the BHF approximation has been adopted
with same two-body force (Argonne v18). In the left panel of Fig. 4 we display
the equation of state both for symmetric matter (lower curves) and pure neutron
matter (upper curves). We show results obtained for several cases, i.e., i) only
two-body forces are included (dotted lines), ii) TBF implemented within the
phenomenological Urbana IX model (dashed lines), and iii) TBF treated within
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Figure 4. Left plot: Binding energy per nucleon of symmetric nuclear matter (lower curves
using a given linestyle) and pure neutron matter (upper curves), employing different TBF. Right
plot: Corresponding symmetry energy of nuclear matter.

the microscopic meson-exchange approach (solid lines). We notice that the
EOS for symmetric matter with TBF reproduces the correct nuclear matter
saturation point. Moreover, the incompressibility turns out to be compatible
with the values extracted from phenomenology, i.e., K ≈ 210 MeV. Up to a
density of ρ ≈ 0.4 fm−3 the microscopic and phenomenological TBF are in
fair agreement, whereas at higher density the microscopic TBF turn out to be
more repulsive.

Within the BHF approach, it has been verified [15, 22] that a parabolic ap-
proximation for the binding energy of nuclear matter with arbitrary proton frac-
tion x is well fulfilled,

E

A
(ρ, x) ≈ E

A
(ρ, x = 0.5) + (1 − 2x)2Esym(ρ) , (9)

where the symmetry energy Esym can be expressed in terms of the difference of
the energy per particle between pure neutron (x = 0) and symmetric (x = 0.5)
matter:

Esym(ρ) = −1
4

∂(E/A)
∂x

(ρ, 0) ≈ E

A
(ρ, 0) − E

A
(ρ, 0.5) . (10)

In the right panel of Fig. 4 we display the symmetry energy as a function of
the nucleon density ρ for different choices of the TBF. We observe results in
agreement with the characteristics of the EOS shown in the left panel. Namely,
the stiffest equation of state, i.e., the one calculated with the microscopic TBF,
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yields larger symmetry energies compared to the ones obtained with the Ur-
bana phenomenological TBF. Moreover, the symmetry energy calculated (with
or without TBF) at the saturation point yields a value Esym ≈ 30 MeV, com-
patible with nuclear phenomenology.

4. Neutron star structure
In order to study the effects of different TBF on neutron star structure, we

have to calculate the composition and the EOS of cold, catalyzed matter. We
require that the neutron star contains charge neutral matter consisting of neu-
trons, protons, and leptons (e−, µ−) in beta equilibrium. Using the various
TBF discussed above, we compute the proton fraction and the EOS for charge
neutral and beta-stable matter in the following standard way [23, 24]: The
Brueckner calculation yields the energy density of lepton/baryon matter as a
function of the different partial densities,

ε(ρn, ρp, ρe, ρµ) = (ρnmn + ρpmp) + (ρn + ρp)
E

A
(ρn, ρp)

+ρµmµ +
1

2mµ

(3π2ρµ)5/3

5π2

+
(3π2ρe)4/3

4π2
, (11)

where we have used ultrarelativistic and nonrelativistic approximations for the
energy densities of electrons and muons, respectively. The various chemical
potentials (of the species i = n, p, e, µ) can then be computed straightfor-
wardly,

µi =
∂ε

∂ρi
, (12)

and the equations for beta-equilibrium,

µi = biµn − qiµe , (13)

(bi and qi denoting baryon number and charge of species i) and charge neutral-
ity, ∑

i

ρiqi = 0 , (14)

allow to determine the equilibrium composition ρi(ρ) at given baryon density
ρ = ρn + ρp and finally the EOS,

p(ρ) = ρ2 d

dρ

ε(ρi(ρ))
ρ

= ρ
dε

dρ
− ε = ρµn − ε . (15)
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Figure 5. The neutron star gravitational mass (in units of solar mass M�) is displayed vs. the
radius (left panel) and the normalized central baryon density ρc (ρ0 = 0.17 fm−3) (right panel).

In order to calculate the mass-radius relation, one has then to solve the well-
known Tolman-Oppenheimer-Volkov equations [23],

dp

dr
= −Gm

r2

(ε + p)(1 + 4πr3p/m)
1 − 2Gm/r

, (16)

dm

dr
= 4πr2ε , (17)

with the newly constructed EOS for the charge neutral and beta-stable case as
input (supplemented by the EOS of Feynman-Metropolis-Teller [25], Baym-
Pethick-Sutherland [26], and Negele-Vautherin [27] for the outer part of the
neutron star, ρ � 0.08 fm−3). The solutions provide information on the inte-
rior structure of a star, ρ(r), as well as the mass-radius relation, M(R).

The results are shown in Fig. 5. We notice that the EOS calculated with
the microscopic TBF produces the largest gravitational masses, with the maxi-
mum mass of the order of 2.3 M�, whereas the phenomenological TBF yields
a maximum mass of about 1.8 M�. In the latter case, neutron stars are char-
acterized by smaller radii and larger central densities, i.e., the Urbana TBF
produce more compact stellar objects. For completeness, we also show a se-
quence of stellar configurations obtained using only two-body forces. In this
case the maximum mass is slightly above 1.6 M�, with a radius of 9 km and a
central density equal to 9 times the saturation value.

However, these results should be considered as only provisory, since it is
well known that the inclusion of hyperons [15, 16] or quark matter [28] may
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strongly affect the structure of the star, in particular reducing substantially the
maximum mass. We discuss this point now in detail.

5. Hyperons in nuclear matter
While at moderate densities ρ ≈ ρ0 the matter inside a neutron star consists

only of nucleons and leptons, at higher densities several other species of parti-
cles may appear due to the fast rise of the baryon chemical potentials with den-
sity. Among these new particles are strange baryons, namely, the Λ, Σ, and Ξ
hyperons. Due to its negative charge, the Σ− hyperon is the first strange baryon
expected to appear with increasing density in the reaction n + n → p + Σ−,
in spite of its substantially larger mass compared to the neutral Λ hyperon
(MΣ− = 1197 MeV,MΛ = 1116 MeV). Other species might appear in stel-
lar matter, like ∆ isobars along with pion and kaon condensates. It is therefore
mandatory to generalize the study of the nuclear EOS with the inclusion of the
possible hadrons, other than nucleons, which can spontaneously appear in the
inner part of a neutron star, just because their appearance is able to lower the
ground state energy of the nuclear matter dense phase. In the following we will
concentrate on the production of strange baryons and assume that a baryonic
description of nuclear matter holds up to densities as those encountered in the
core of neutron stars.

As we have seen in the previous sections, the nuclear EOS can be calcu-
lated with good accuracy in the Brueckner two hole-line approximation with
the continuous choice for the single-particle potential, since the results in this
scheme are quite close to the full convergent calculations which include also
the three hole-line contribution. It is then natural to include the hyperon de-
grees of freedom within the same approximation to calculate the nuclear EOS
needed to describe the neutron star interior. To this purpose, one requires in
principle nucleon-hyperon (NY) and hyperon-hyperon (YY) potentials. In our
work we use the Nijmegen soft-core NY potential [29] that is well adapted to
the available experimental NY scattering data. Unfortunately, up to date no
YY scattering data and therefore no reliable YY potentials are available. We
therefore neglect these interactions in our calculations, which is supposedly
justified, as long as the hyperonic partial densities remain limited. Also, for
the following calculations the v18 NN potential together with the phenomeno-
logical TBF introduced previously, are used.

With the NN and NY potentials, the various G matrices are evaluated by
solving numerically the Brueckner equation, which can be written in operato-
rial form as [13, 15]

Gab[W ] = Vab +
∑

c

∑
p,p′

Vac

∣∣∣pp′
〉 Qc

W − Ec + iε

〈
pp′
∣∣∣Gcb[W ] , (18)
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where the indices a, b, c indicate pairs of baryons and the Pauli operator Q and
energy E determine the propagation of intermediate baryon pairs. In a given
nucleon-hyperon channels c = (NY ) one has, for example,

E(NY ) = mN + mY +
k2

N

2mN
+

k2
Y

2mY
+ UN (kN ) + UY (kY ) . (19)

The hyperon single-particle potentials within the continuous choice are given
by

UY (k) = Re
∑

N=n,p

∑
k′<k

(N)
F

〈
kk′
∣∣∣G(NY )(NY )

[
E(NY )(k, k′)

]∣∣∣kk′
〉

(20)

and similar expressions of the form

UN (k) =
∑

N ′=n,p

U
(N ′)
N (k) +

∑
Y =Σ−,Λ

U
(Y )
N (k) (21)

apply to the nucleon single-particle potentials. The nucleons feel therefore
direct effects of the other nucleons as well as of the hyperons in the environ-
ment, whereas for the hyperons there are only nucleonic contributions, because
of the missing hyperon-hyperon potentials. The equations (18–21) define the
BHF scheme with the continuous choice of the single-particle energies. Due
to the occurrence of UN and UY in Eq. (19) they constitute a coupled system
that has to be solved in a self-consistent manner. In contrast to the standard
purely nucleonic calculation there is now an additional coupled channel struc-
ture, which renders a self-consistent calculation quite time-consuming.

Once the different single-particle potentials are known, the total nonrela-
tivistic baryonic energy density, ε, can be evaluated:

ε =
∑

i=n,p,Σ−,Λ

∫ k
(i)
F

0

dk k2

π2

[
mi +

k2

2mi
+

1
2
Ui(k)

]
(22)

= εNN +
∑

Y =Σ−,Λ

∫ k
(Y )
F

0

dk k2

π2

[
mY +

k2

2mY
+ U

(n)
Y (k) + U

(p)
Y (k)

]
, (23)

where εNN is the nucleonic part of the energy density, Eq. (11). Using for
example an effective mass approximation for the hyperon single-particle po-
tentials, one could write the last term due to the nucleon-hyperon interaction
as

εNY =
∑

Y =Σ−,Λ

(
ρY

[
mY + UY (0)

]
+

1
2m∗

Y

(3π2ρY )5/3

5π2

)
, (24)
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(p)
N .

which should be added to Eq. (11).
The different single-particle potentials involved in the previous equations

are illustrated in Fig. 6, where neutron and proton densities are fixed, given by
ρN = 0.4 fm−3 and ρp/ρN = 0.2, and the Σ− density is varied. Under these
conditions the Σ− single-particle potential is sizeably repulsive, while UΛ is
still attractive (see also Ref. [15]) and the nucleons are both strongly bound.
The Σ− single-particle potential has a particular shape with an effective mass
m∗/m close to 1, whereas the
Lambda effective mass is typically about 0.8 and the nucleon effective masses
are much smaller.

The knowledge of the energy density allows then to compute EOS and neu-
tron star structure as described before, now making allowance for the species
i = n, p,Σ−,
Lambda, e−, µ−. The main physical features of the nuclear EOS which deter-
mine the resulting compositions are essentially the symmetry energy of the nu-
cleon part of the EOS and the hyperon single-particle potentials inside nuclear
matter. Since at low enough density the nucleon matter is quite asymmetric,
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the small percentage of protons feel a deep single-particle potential, and there-
fore it is energetically convenient to create a Σ− hyperon, since then a neutron
can be converted into a proton. The depth of the proton potential is mainly de-
termined by the nuclear matter symmetry energy. Furthermore, the potentials
felt by the hyperons can shift substantially the threshold density at which each
hyperon sets in.

In Fig. 7 we show the chemical composition of the resulting β-stable and
asymmetric nuclear matter containing hyperons. We observe rather low hy-
peron onset densities of about 2-3 times normal nuclear matter density for the
appearance of the Σ− and
Lambda hyperons. (Other hyperons do not appear in the matter). Moreover,
an almost equal percentage of nucleons and hyperons are present in the stellar
core at high densities. A strong deleptonization of matter takes place, since it
is energetically convenient to maintain charge neutrality through hyperon for-
mation rather than β-decay. This can have far reaching consequences for the
onset of kaon condensation.
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The resulting EOS is displayed in Fig. 8. The upper curves show the EOS
when stellar matter is composed only of nucleons and leptons. The inclusion
of hyperons (lower curves) produces a much softer EOS, which turns out to
be very similar to the one obtained without TBF. This is quite astonishing be-
cause, in the pure nucleon case, the repulsive character of TBF at high density
increases the stiffness of the EOS, thus changing dramatically the equation of
state. However, when hyperons are included, the presence of TBF among nu-
cleons enhances the population of Σ− and Λ because of the increased nucleon
chemical potentials with respect to the case without TBF, thus decreasing the
nucleon population. Of course, this scenario could partly change if hyperon-
hyperon interactions were known or if TBF would be included also for hyper-
ons, but this is beyond our current knowledge of the strong interaction.

The consequences for the structure of the neutron stars are illustrated in
Fig. 9, where we display the resulting neutron star mass-radius curves, com-
paring now results obtained with different nucleonic TBF, in analogy to Fig. 5.
One notes that while in Fig. 5 the different TBF still yield quite different max-
imum masses, the presence of hyperons equalizes the results, leading now to a
maximum mass of less than 1.3 solar masses for all the nuclear TBF.

This surprising result is due to the strong softening of the baryonic EOS
when including hyperons as additional degrees of freedom, and we do not
expect substantial changes when introducing refinements of the theoretical
framework, such as hyperon-hyperon potentials, hyperonic TBF, relativistic
corrections, etc. The only remaining possibility in order to reach larger max-
imum masses appears the transition to another phase of dense (quark) matter
inside the star. This will be discussed in the following.
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6. Quark matter
The results obtained with a purely baryonic EOS call for an estimate of the

effects due to the hypothetical presence of quark matter in the interior of the
neutron star. Unfortunately, the current theoretical description of quark matter
is burdened with large uncertainties, seriously limiting the predictive power
of any theoretical approach at high baryonic density. For the time being we
can therefore only resort to phenomenological models for the quark matter
EOS and try to constrain them as well as possible by the few experimental
information on high density baryonic matter.

One important condition is constituted by the fact that certainly in symmet-
ric nuclear matter no phase transition is observed below ≈ 3ρ0. In fact some
theoretical interpretation of the heavy ion experiments performed at the CERN
SPS [30] points to a possible phase transition at a critical density ρc ≈ 6ρ0 ≈
1/fm3. We will in the following take this value for granted and use an ex-
tended MIT bag model [31] (requiring a density dependent bag “constant”)
that is compatible with this condition.

We first review briefly the description of the bulk properties of uniform
quark matter, deconfined from the β-stable hadronic matter mentioned in the
previous section, by using the MIT bag model [31]. The thermodynamic po-
tential of f = u, d, s quarks can be expressed as a sum of the kinetic term and
the one-gluon-exchange term [32, 33] proportional to the QCD fine structure
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constant αs,

Ωf (µf ) = −
3m4

f

8π2

[
yfxf

3
(
2x2

f − 3
)

+ ln(xf + yf )
]

+αs

3m4
f

2π3

{[
yfxf − ln(xf + yf )

]2
− 2

3
x4

f + ln(yf )

+2 ln
( σren

mfyf

)[
yfxf − ln(xf + yf )

]}
, (25)

where mf and µf are the f current quark mass and chemical potential, respec-

tively, yf = µf/mf , xf =
√

y2
f − 1, and σren = 313 MeV is the renormaliza-

tion point. The number density ρf of f quarks is related to Ωf via

ρf = −∂Ωf

∂µf
, (26)

and the total energy density for the quark system is written as

εQ(ρu, ρd, ρs) =
∑

f

(
Ωf + µfρf

)
+ B , (27)

where B is the energy density difference between the perturbative vacuum and
the true vacuum, i.e., the bag “constant.”

In the original MIT bag model the bag constant B ≈ 55 MeV fm−3 is used,
while values B ≈ 210 MeV fm−3 are estimated from lattice calculations [34].
In this sense B can be considered as a free parameter. We found, however,
that a bag model involving a constant (density independent) bag parameter
B, combined with our BHF hadronic EOS, will not yield the required phase
transition in symmetric matter at ρc ≈ 6ρ0 ≈ 1/fm3 [28]. This can only be
accomplished by introducing a density dependence of the bag parameter. (The
dependence on asymmetry is neglected at the current level of investigation). In
practice we use a Gaussian parameterization,

B(ρ) = B∞ + (B0 − B∞) exp
[
−β
( ρ

ρ0

)2
]

(28)

with B∞ = 50 MeV fm−3, B0 = 400 MeV fm−3, and β = 0.17, displayed in
Fig. 10(a).

For the description of a pure quark phase inside the neutron star, as for
neutrino-free baryonic matter, the equilibrium equations for the chemical po-
tentials,

µd = µs = µu + µe , (29)
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Figure 10. (a) Bag constant B versus baryon number density. (b) EOS including both
hadronic and quark components. The shaded region, bordered by two dots, indicates the mixed
phase (MP) of quarks and hadrons, while HP and QP label the pure hadron and quark phases.

must be supplemented with the charge neutrality condition and the total baryon
number conservation,

0 =
1
3
(2ρu − ρd − ρs) − ρe , (30)

ρ =
1
3
(ρu + ρd + ρs) , (31)

in order to determine the composition ρf (ρ) and the pressure of the quark
phase,

PQ(ρ) = ρ
dεQ

dρ
− εQ . (32)

However, a more realistic model for the phase transition between baryonic
and quark phase inside the star is the Glendenning construction [16], which
determines the range of baryon density where both phases coexist. The es-
sential point of this procedure is that both the hadron and the quark phase are
allowed to be separately charged, still preserving the total charge neutrality.
This implies that neutron star matter can be treated as a two-component sys-
tem, and therefore can be parametrized by two chemical potentials like elec-
tron and baryon chemical potentials µe and µn. The pressure is the same in
the two phases to ensure mechanical stability, while the chemical potentials of
the different species are related to each other satisfying chemical and beta sta-
bility. The Gibbs condition for mechanical and chemical equilibrium at zero
temperature between both phases reads

pH(µe, µn) = pQ(µe, µn) = pM (µn) . (33)

From the intersection of the two surfaces representing the hadron and the quark
phase one can calculate the equilibrium chemical potentials of the mixed phase,
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Figure 11. The gravitational mass (in units of the solar mass M�) versus the normalized
central energy density (ε0 = 156 MeV fm−3) (left panel) and versus the equatorial radius
(right panel). The thin lines represent static equilibrium configurations, whereas the thick lines
display configurations rotating at their respective Kepler frequencies. Several different stellar
matter compositions are considered (see text for details).

as well as the charge densities ρH
c and ρQ

c and therefore the volume fraction χ
occupied by quark matter in the mixed phase,

χ =
ρH

c

ρH
c − ρQ

c

. (34)

From this, the baryon density ρM and the energy density εM of the mixed
phase can be calculated as

ρM = χρQ + (1 − χ)ρH , (35)

εM = χεQ + (1 − χ)εH . (36)

The EOS resulting from this procedure is shown in Fig. 10(b), where the pure
hadron, mixed, and pure quark matter portions are indicated. The mixed phase
begins actually at a quite low density around ρ0. Clearly the outcome of
the mixed phase construction might be substantially changed, if surface and
Coulomb energies were taken into account [36]. For the time being these are,
however, unknown and have been neglected.

The final result for the structure of hybrid neutron stars is shown in Fig. 11,
displaying mass-radius and mass-central density relations. It is evident that
the most striking effect of the inclusion of quark matter is the increase of the
maximum mass, now reaching about 1.5 M�. At the same time, the typical
neutron star radius is reduced by about 3 km to typically 9 km. Hybrid neutron
stars are thus more compact than purely hadronic ones and their central energy
density is larger. For completeness, the figure shows besides static neutron star
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Figure 12. Kepler period versus the rotational mass for purely hadronic stars as well as
hybrid stars. The following core compositions are considered: i) nucleons and leptons (dotted
line); ii) nucleons, hyperons, and leptons (dashed line); iii) hadrons, quarks, and leptons (solid
line). The shaded area represents the current range of observed data.

configurations also those rotating at the maximum (Kepler) frequency [37]. In
that case one observes a further enhancement of the maximum mass to about
1.8 M�, and an increase of the typical equatorial radius by about 1 km.

Finally, in Fig. 12 we display the Kepler periods PK (= 2π/ΩK ) versus the
rotational star mass for several different stellar sequences based on different
EOS. Purely hadronic stars, shown by the dotted and long-dashed lines respec-
tively, show instability against mass shedding first, because of their relatively
large equatorial radii. Their limiting mass configurations are characterized by
values of the Kepler period larger than half a millisecond, in agreement with
results usually found in the literature [38]. In contrast, hybrid stars can reach
stable periods smaller than half a millisecond.

7. Conclusions
In this contribution we reported the theoretical description of nuclear mat-

ter in the BHF approach and its various refinements, with the application to
neutron star structure calculation. We pointed out the important role of TBF
at high density, which is, however, strongly compensated by the inclusion of
hyperons. The resulting hadronic neutron star configurations have maximum
masses of only about 1.3M�, and the presence of quark matter inside the star
is required in order to reach larger values.
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Concerning the quark matter EOS, we found that a density dependent bag
parameter B(ρ) is necessary in order to be compatible with the CERN-SPS
findings on the phase transition from hadronic to quark matter. Joining the
corresponding EOS with the baryonic one, maximum masses of about 1.6 M�
are reached, in line with other recent calculations of neutron star properties
employing various phenomenological RMF nuclear EOS together with either
effective mass bag model [39] or Nambu-Jona-Lasinio model [40] EOS for
quark matter.

The value of the maximum mass of neutron stars obtained according to our
analysis appears rather robust with respect to the uncertainties of the nuclear
and the quark matter EOS. Therefore, the experimental observation of a very
heavy (M � 1.6M�) neutron star, as claimed recently by some groups [41]
(M ≈ 2.2 M�), if confirmed, would suggest that either serious problems are
present for the current theoretical modelling of the high-density phase of nu-
clear matter, or that the assumptions about the phase transition between hadron
and quark phase are substantially wrong. In both cases, one can expect a well
defined hint on the high density nuclear matter EOS.

We would like to thank our collaborators J. Cugnon, A. Lejeune, U. Lom-
bardo, F. Mathiot, P.K. Sahu, F. Weber, X.R. Zhou, and W. Zuo.
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Abstract We review our quasiparticle model for the thermodynamics of strongly interact-
ing matter at high temperature, and its extrapolation to non-zero chemical po-
tential. Some implications of the resulting soft equation of state of quark matter
at low temperatures are pointed out.
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1. Introduction
The question for the equation of state of strongly interacting matter is a

link between many-particle physics and astrophysics/cosmology. Calculated
by means of statistical quantum field theory, it serves as a necessary input, e. g.,
in models of the early universe, or in the context considered here, it determines
the structure of stars.

Astrophysical observations, such as the mass and the radius of dense stars,
may in turn also impose constraints on the equation of state of deconfined
quark matter.
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We will focus on static spherically symmetric stars which are described by
the Tolman-Oppenheimer-Volkov equations. At low densities, up to a few
times nuclear density n0, matter consists of interacting hadrons. Theoretical
models for this state have to start from various assumptions, as for the included
states and their interactions. Naturally, the results for the hadronic equation of
state become notably model dependent at densities exceeding approximately
2n0. This is reflected in uncertainties of the predictions for the shell structure
of neutron stars, cf. [18].

At some higher energy density, hadronic matter undergoes a phase transi-
tion or a crossover to a quark-gluon plasma (at high temperatures), or a color-
superconducting state (at low temperatures). Then the system can be described
directly in terms of the fundamental degrees of freedom – quarks and gluons.
Notwithstanding, the coupling strength is still large in the regime of physical
interest, and perturbative QCD is not reliable or, at least, the calculations have
to be interpreted very carefully. Calculations based on various effective theo-
ries, on the other hand, rest again on assumptions which seem hard to control
a priori.

Non-perturbative results have been obtained from first principles by lattice
QCD computations at zero chemical potential and temperatures up to a few
times the transition temperature Tc.

At low temperatures and for non-zero chemical potential µ, as relevant
for dense stars, Monte-Carlo calculations are, however, hampered by the sign
problem. Several approaches to cope with it have been proposed only recently.

The available results still have rather large uncertainties, and they do not yet
cover the range of temperatures and chemical potential required in the present
context.

This makes worthwhile an approach which extrapolates, with as few as-
sumptions as possible, lattice QCD data from zero chemical potential to µ > 0.

In the following we will outline a thermodynamical quasiparticle model,
which can be derived in a series of approximations.

2. Resummation and quasiparticle models

2.1 φ4 theory
For the sake of simplicity we consider, for the moment being, a macroscopic

system described by a scalar field theory.
Following [2], the thermodynamic potential, Ω = −pV , can be calculated

from a functional of the full propagator ∆ = (∆−1
0 − Π)−1,
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Ω = 1
2

∑∫ (
ln(−∆−1) + Π∆

)
− Φ[∆] , (1)

evaluated at the stationary point δΩ/δ∆ = 0. This corresponds to a self-
consistent calculation of the self-energy, Π = 2δΦ/δ∆, where Φ is the series
of 2-particle irreducible diagrams.

In this scheme, thermodynamically self-consistent approximations [3] can
be derived by truncating the expansion of Φ, which amounts to a resummation
of whole classes of diagrams in perturbation theory.

To leading order, for the massless case and in the MS scheme in 4 − 2ε
dimensions,

Φ = =
∑

Π =
−g2

0

4!

[
Π

16π2

(
1
ε

+ ln
µ̄2

Π
+ 1
)
−
∫

d3k

(2π)3
nb(ω/T )

ω

]
, (2)

where nb(x) = (ex − 1)−1 and ω = (k2 + Π)1/2, the self-energy is simply
a mass term.

The non-perturbative gap equation requires the renormalization of the bare
coupling g0. The resummation of the set of ‘chain’ graphs yields for the cou-
pling at the scale of Mandelstam s

g2(s) = g2
0 − g2

0

4!
3

4π2

[
1
ε

+ ln
µ̄2

−s
+ 2
]

g2(s) . (3)

Expressing now g0 by g(s) leads to the well-defined relation

Π =
g2(s)

2

[
Π

16π2

(
ln

Π
−s

+ 1
)

+
∫

k3

nb(ω/T )
ω

]
, (4)

whose solution is interpreted as a temperature dependent quasiparticle mass
squared. The corresponding pressure reads

p = −T

∫
k3

ln
(
1 − e−ω/T

)
+

Π
4

∫
k3

nb(ω/T )
ω

+
Π2

128π2
. (5)

For both calculational details as well as for a discussion of this approxima-
tion and its relation to other approaches we refer to [4]; here we only emphasize
its structure. The first term on the rhs is simply the pressure of free massive
particles. Written in the form p = pid(T,m)−B(T ), the function B is related
to m(T ) such that the entropy s = ∂p/∂T reduces, due to the stationarity of
Ω, to the entropy sid(T,m) of an ideal gas.
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2.2 QCD at finite temperature
HTL quasiparticle model. In QCD, the truncation of a resummation
scheme based on 2-point functions is delicate because of gauge invariance.

However, it can be argued that appropriate approximate solutions of the
Schwinger-Dyson equations can yield reasonable approximations for Ω, or the
pressure, see the schematic Figure 1.

[D]

DDexact Dapprox

exact

truncation

Figure 1. The exact and the truncated functional for the thermodynamic potential. For
the latter, a propagator ‘near’ to the stationary point (which may be unphysical) can give a
physically reasonable approximation.

Putting this to a test, we consider the representative case of the pure gauge
plasma,

Φ = − 1
12

+ 1
2

− 1
8

Π = −1
2

+ − 1
2

Σ = − , (6)

where the traces are taken over the group indices and the 4-momentum, and
Σ = G−1

0 −G−1 is the ghost self-energy. The propagators can be approximated
by the hard thermal loop (HTL) contributions, which are gauge invariant and
have the correct limit for hard momenta near the light cone. The resulting
approximation for the pressure [5], in condensed form

p

g = −1

2 Tr
[
ln(−D−1


 ) + 1
2 D
Π


]
+ Tr[ln(−G−1

0 )] , (7)

has similar properties as the corresponding expression in the scalar theory.
With the standard 2-loop running coupling, it agrees with the lattice data for
temperatures down to 3Tc, see Figure 2,

which is a noteworthy improvement compared to the perturbative results.
Similar results have been obtained by calculating directly the HTL-resumed

entropy [7].
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Figure 2. Comparison of the pressure, in units of the free pressure, of the SU(3) plasma
from the HTL quasiparticle approximation (7) vs. lattice data [6].

Phenomenological quasiparticle model. Taking into account only
the dominant contributions in (7), namely the quasiparticle contributions of the
transverse gluons as well as the quark particle-excitations for Nf 
= 0, we arrive
at the quasiparticle model [8]. The dispersion relations can be even further
simplified by their form at hard momenta, ω2

i = k2 + m2
i , where mi ∼ gT

are the asymptotic masses. With this approximation of the self-energies, the
pressure reads in analogy to the scalar case

p(T ) =
∑

i

pid(T,mi) − B(T ) . (8)

Conceding an enhancement of the running coupling in the infrared, parame-
terized by Ts > 0 in an ansatz compatible with the perturbative limit,

g2(T ) =
48π2

(11Nc − 2Nf ) ln
(

T−Ts
Tc/λ

)2 , (9)

the thermodynamic lattice data can be quantitatively described even down
to Tc, for an example see Figure 3.

The coupling g(T ) obtained from available lattice QCD data with a given
number of flavors will be an input for the extrapolation to non-zero chemical
potential, as outlined in the following.
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Figure 3. The quasiparticle fit (solid line) of the lattice data [9] (open symbols) for the
pressure in QCD with Nf = 2 light flavors. The full symbols, representing data with large
quark masses, agree with the results for the pure SU(3) plasma (hatched band); for details see
[10].

2.3 Non-zero chemical potential
The phenomenological quasiparticle model can be generalized to non-zero

chemical potential, where the quasiparticle masses of the gluons and quarks
read

m2
g =

1
6

[(
Nc + 1

2 Nf

)
T 2 +

3
2π2

∑
q

µ2
q

]
g2

m2
q =

N2
c − 1
8Nc

[
T 2 +

µ2
q

π2

]
g2 , (10)

and the pressure, analogous to Equation (8), now depends also on µ.
The predictive power of the approach becomes obvious by noting that the

dependence of the coupling on T and µ is completely governed by the require-
ment of thermodynamic consistency [11]: Maxwell’s relation,

∂s(T, µ,mi)
∂µ

=
∂n(T, µ,mi)

∂T
,

where n = ∂p/∂µ is the particle density, implies

aµ(µ, T, g2)
∂g2

∂µ
+ aT (µ, T, g2)

∂g2

∂T
= b(µ, T, g2) . (11)
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While nonlinear in g2 (the coefficients aµ,T and b are lengthy integral ex-
pressions), the partial differential equation is linear in the derivatives. It can
thus be solved by the method of characteristics, with the boundary conditions
given by the coupling at µ = 0, as obtained from finite-T lattice QCD.

The resulting elliptic flow shown in Figure 4, which maps the

Figure 4. The characteristics of the flow equation (11) for Nf = 2 light flavors. The
innermost characteristic line coincides with the prediction from lattice QCD [13] for the critical
line at small µ, which is represented by the dashed line with the hatched error band.

equation of state from µ = 0 to µ > 0, is plausible from the
physical intuition.
In the perturbative limit, T → cµ/π with c = (4Nc+5Nf

9Nf
)−1/4 ≈ 1.

It is noteworthy that the correspondence T ∼ µ/π holds with a good accu-
racy even when g is not small. A similar observation was made in the HTL
quasiparticle approach [12].

The characteristic line emanating from Tc is naturally related to the critical
line Tc(µ) enclosing the hadronic phase. The comparison, in Figure 4, of our
result for the curvature of the critical line at µ = 0, which can be calculated
in lattice QCD [13], is a nontrivial and successful test of the extension of the
quasiparticle approach to µ > 0.

The quark number susceptibility χ(T ) = ∂n/∂µ|µ=0 is another quantity
which has been computed on the lattice. As a second derivative of the pressure
it is a very sensitive benchmark, and it agrees nicely with our result, see Figure
5.

Finally, as a direct confirmation of our mapping procedure, the quasiparticle
model can also successfully describe the available lattice data for p(µ, T ) with
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Figure 5. The quark number susceptibility for Nf = 2, calculated from the quasiparticle
model with the same parameters as in Figs. 3 and 4, for several chemical potentials compared
to the lattice data [14] at µ = 0.

2+1 flavors [15]. It should be noted, however, that these direct calculations are
so far restricted to small lattice sizes, resulting in still rather large uncertainties.

With these supporting arguments we consider our results from the extra-
polation of the lattice data at µ = 0 (with controllable small uncertainties) as a
realistic estimate for the equation of state at not too small temperatures.

At low temperatures, matter will undergo a transition to a color-superconducting
state, with a different quasiparticle structure than presumed in our quasiparticle
approach. Nonetheless, pairing affects the thermodynamic bulk properties only
at the relative order of O(∆2/µ2), where the estimated gap ∆ < 100 MeV is
comfortably smaller than the chemical potential. Therefore, our equation of
state is a reasonable approximation even at small temperatures (maybe except
for the pressure where it becomes very small).

Relevant for the following discussion is the equation of state in the form
e(p), at T ≈ 0. Although both the pressure and the energy density

deviate sizably from their ideal values, cf. Figure 6,
we observe an almost linear relation

e(p) = αp + 4B̃ , (12)

as shown in Figure 7.
The same linear form, with α = 3, follows in the familiar MIT-bag approach

where p(x) = cx4 − BMIT (x is µ or T , and c is some constant). Although
this parameterization of the pressure is clearly in contradiction with the ther-
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Figure 6. The pressure and the energy density, scaled by the free results, for Nf = 2.
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Figure 7. The estimate for the equation of state, for Nf = 2, at small temperatures.

modynamic lattice results, the bag model relation for e(p) serves as a standard
to compare our results with.

We note in passing that a linear relation between e and p, with a slope α ≈ 3
is to be expected since both quantities scale with the forth power of either µ or
T . Causality requires furthermore α > 3.

We find α ≈ 3.2, as a sign of the seen interaction effects, and B̃ ≈ 3T 4
c .

3. Implications for quark stars
Although there exist some lattice data for two light and one heavier quark,

they still have larger uncertainties than for the case Nf = 2 considered so far.
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Nevertheless, based on the available data we can point out some interesting
implications.

From the universality of the scaled pressure p/p0(T/Tc) for various num-
bers of flavors, as observed on the lattice [16], we can expect that also at µ > 0
the results do not change much besides a scaling from the different number of
degrees of freedom in the physical case.

On more general grounds we expect an approximately linear relation for
e(p) for large ranges of the pressure.

This expectation is confirmed by analyzing the available data, and
approximating the lepton component in β equilibrated matter by an ideal

gas.
The results for e(p) ≈ αp + 4B̃, in particular, are found to be rather in-

sensitive even under large arbitrary variations of the values λ and Ts which
parameterize g(µ = 0, T ).

The slope parameter is found to be constrained by 3 < α < 3.5.
The value of B̃, on the other hand, is in our approach directly linked to the

transition temperature, B ≈ 3T 4
c . Since Tc ≈ 160 MeV is measured on the

lattice, we have a definite prediction for the absolute scale in the equation of
state.

Our estimate, B̃1/4 ≈ 210 MeV, is substantially larger than the typical value
of the bag constant obtained from fitting hadron spectra, B

1/4
MIT ≈ 150 MeV.

For a linear equation of state, the Tolman-Oppenheimer-Volkov equations
imply a scaling property for the total mass and the radius of the star,

M,R ∼ B̃−1/2 . (13)

The effects of deviations of α from 3 being small, cf. Figure 8,
we pointed out [11] the possibility of the existence of very dense and com-

pact objects, M ≈ 0.9Msun and R ≈ 6 km, composed mainly of quark matter.
Similar values for the maximal mass and radius were found in a perturbative

approach with a physically motivated choice of the renormalization scale [17].
In a Schwinger-Dyson approach [18], M ≈ 0.7Msun and R ≈ 9 km were
obtained.

It is interesting to compare these values with the mass and the radius of the
object RX J1856: M ≈ 0.9Msun and R ≈ 6 km [19], which are not compatible
with any hadronic equation of state. The precise values for M and R are,
however, still under debate; for a recent discussion, we refer to [20].

Taking into account the effects of the hadronic crust of the star, its proper-
ties become sensitive to details of the hadronic equation of state, and of the
transition.

For a strong first order transition, as suggested in [21],
a new branch in the mass-radius diagram could exist, see Figure 9.
The observation of so-called twins, as emphasized in [22],
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Figure 9. For a strong first order transition, a new stable branch can exist in the mass-radius
relation (Figure from [17]).

could be an exciting astrophysical indication of the existence of a non-
hadronic phase in the center of neutron stars.
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[8] A. Peshier, B. Kämpfer, O. P. Pavlenko, G. Soff,

Phys. Rev. D54, 2399 (1996).

[9] A. Ali Khan et al., Phys. Rev. D64, 074510 (2001).
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EFFECTIVE LAGRANGIANS FOR QCD:
DUALITY AND EXACT RESULTS

Francesco Sannino
NORDITA, Blegdamsvej 17, Copenhagen, DK-2100, Denmark
francesco.sannino@nbi.dk

Abstract I briefly discuss effective Lagrangians for strong interactions while concentrat-
ing on two specific Lagrangians for QCD at large matter density. I then introduce
spectral duality in QCD a la Montonen and Olive. The latter is already present in
QCD in the hadronic phase. However it becomes transparent at large chemical
potential. Finally I show the relevance of having exact non perturbative con-
straints such as t’Hooft anomaly conditions at zero and nonzero quark chemical
potential on the possible phases of strongly interacting matter. An important
outcome is that for three massless quarks at any chemical potential the only non
trivial solution of the constraints is chiral symmetry breaking. This proves that
for three massless flavors at large quark chemical potential CFL is the ground
state of matter and is smoothly connected to the ordinary hadronic phase.

1. Effective Lagrangians for QCD
In the non perturbative regime of strongly interacting theories effective La-

grangians play a dominant role since they efficiently describe the non pertur-
bative dynamics in terms of the relevant degrees of freedom. Symmetries,
anomalous and exact, are used to constrain the effective Lagrangians. An im-
portant point is that the effective Lagrangian approach is applicable to any
region of the QCD or QCD-like phase diagram whenever the relevant degrees
of freedom and the associated symmetries are defined.

1.1 Zero temperature and quark chemical
potential

At zero temperature and quark chemical potential the simplest effective La-
grangian describing a relevant part of the nonperturbative physics of the Yang-
Mills (YM) theory is the glueball Lagrangian whose potential is [1–4]:

V =
H

2
ln
[

H

Λ4

]
. (1)
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The latter is constrained using trace anomaly and H ∼ Tr [GµνGµν ] with Gµν

the gluon field stress tensor. It describes the vacuum of a generic Yang-Mills
theory. A similar effective Lagrangian (using superconformal anomalies) can
be written for the non perturbative super Yang-Mills (SYM) theory. This is the
celebrated Veneziano-Yankielowicz [5] Lagrangians. In Yang Mills and super
Yang-Mills theories no exact continuous global symmetries are present which
can break spontaneously and hence no Goldstones are present. The situation is
different when flavors are included in the theory. Here the spontaneous break-
ing of chiral symmetry leads to a large number of Goldstine’s excitations. We
note that in [8, 9] we were able, using string techniques, to derive a number of
fundamental perturbative and non perturbative properties for supersymmetric
QCD such as the beta function, fermion condensate as well as chiral anomalies.

Recently in [6] we constructed effective Lagrangians of the Veneziano-
Yankielowicz (VY) type for two non-supersymmetric but strongly interacting
theories with a Dirac fermion either in the two index symmetric or two index
antisymmetric representation of the gauge group. These theories are planar
equivalent, at N → ∞ to SYM [7]. In this limit the non-supersymmetric
effective Lagrangians coincide with the bosonic part of the VY Lagrangian.

We departed from the supersymmetric limit in two ways. First, we consid-
ered finite values of N . Then 1/N effects break supersymmetry. We suggested
the simplest modification of the VY Lagrangian which incorporates these 1/N
effects, leading to a non-vanishing vacuum energy density. We analyzed the
spectrum of the finite-N non-supersymmetric daughters. For N = 3 the two-
index antisymmetric representation (one flavor) is one-flavor QCD. We showed
that in this case the scalar quark-antiquark state is heavier than the correspond-
ing pseudoscalar state, the η′. Second, we added a small fermion mass term
which breaks supersymmetry explicitly. The vacuum degeneracy is lifted, the
parity doublets split and we evaluated this splitting. The θ-angle dependence
and its implications were also investigated. This new effective Lagrangian pro-
vides a number of fundamental results about QCD which can be already tested
either experimentally or via lattice simulations.

This new type of expansion in the inverse of number colors in which the
quark representation is the two index antisymmetric representation of the gauge
group at any given N may very well be more convergent then the ordinary 1/N
expansion. In the ordinary case one keeps the fermion in the fundamental rep-
resentation of the gauge group while increasing the number of colors. Indeed
recently in [10] we have studied the dependence on the number of colors (while
keeping the fermions in the fundamental representation of the gauge group) of
the leading pi pi scattering amplitude in chiral dynamics. We have demon-
strated the existence of a critical number of colors for and above which the low
energy pi pi scattering amplitude computed from the simple sum of the current
algebra and vector meson terms is crossing symmetric and unitary at leading
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order in a 1/N expansion. The critical number of colors turns out to be N = 6
and is insensitive to the explicit breaking of chiral symmetry. This means that
the ordinary 1/N corrections for the real world are large.

1.2 Nonzero temperature and quark chemical
potential

At nonzero temperature the center of the SU(N) gauge group becomes a
relevant symmetry [11]. However except for mathematically defined objects
such as Polyakov loops the physical states of the theory are neutral under the
center group symmetry.

A new class of effective Lagrangians have been constructed to show how
the information about the center group symmetry is efficiently transferred to
the actual physical states of the theory [12–15] and will be reviewed in detail
elsewhere. Via these Lagrangians we were also able to have a deeper under-
standing of the relation between chiral restoration and deconfinement [15] for
quarks in the fundamental and in the adjoint representation of the gauge group.

I will focus here on the two basic effective Lagrangians developed for color
superconductivity. More specifically the Lagrangian for the color flavor locked
phase (CFL) of QCD at high chemical potential and the 2 flavor color super-
conductive effective Lagrangian.

A color superconducting phase is a reasonable candidate for the state of
strongly interacting matter for very large quark chemical potential [16–20].
Many properties of such a state have been investigated for two and three flavor
QCD. In some cases these results rely heavily on perturbation theory, which
is applicable for very large chemical potentials. Some initial applications to
supernovae explosions and gamma ray bursts can be found in [21] and [22]
respectively, see also [27]. The interested reader can find a discussion of the
effects of color superconductivity on the mass-radius relationship of compact
stars in [45]

2. Color Flavor Locked Phase
For Nf = 3 light flavors at very high chemical potential dynamical com-

putations suggest that the preferred phase is a superconductive one and the
following ansatz for a quark-quark type of condensate is energetically favored:

εαβ < qLα;a,iqLβ;b,j >∼ k1δaiδbj + k2δajδbi . (2)

A similar expression holds for the right transforming fields. The Greek indices
represent spin, a and b denote color while i and j indicate flavor. The conden-
sate breaks the gauge group completely while locking the left/right transfor-
mations with color. The final global symmetry group is SUc+L+R(3), and the
low energy spectrum consists of 9 Goldstone bosons.
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3. Duality made transparent in QCD
Here we seek insight regarding the relevant energy scales of various phys-

ical states of the color flavor locked phase (CFL), such as the vector mesons
and the solitons [24]. Our results do not support the naive expectation that all
massive states are of the order of the color superconductive gap, ∆. Our strat-
egy is based on exploiting the significant information already contained in the
low–energy effective theory for the massless states. We transfer this informa-
tion to the massive states of the theory by making use of the fact that higher
derivative operators in the low–energy effective theory for the lightest state
can also be induced when integrating out heavy fields. For the vector mesons,
this can be seen by considering a generic theory containing vector mesons and
Goldstone bosons. After integrating out the vector mesons, the induced local
effective Lagrangian terms for the Goldstone bosons must match the local con-
tact terms from operator counting. We find that each derivative in the (CFL)
chiral expansion is replaced by a vector field ρµ as follows

∂ → ∆
Fπ

ρ . (3)

This relation allows us to deduce, among other things, that the energy scale for
the vector mesons is

mv ∼ ∆ , (4)

where mv is the vector meson mass. Our result is in agreement with the find-
ings in [25, 26]. We shall see that this also suggests that the KSRF relation
holds in the CFL phase.

In the solitonic sector, the CFL chiral Lagrangian [27, 28] gives us the scal-
ing behavior of the coefficient of the Skyrme term and thus shows that the mass
of the soliton is of the order of

Msoliton ∼ F 2
π

∆
, (5)

which is contrary to naive expectations. This is suggestive of a kind of duality
between vector mesons and solitons in the same spirit as the duality advocated
some years ago by Montonen and Olive for the SU(2) Georgi-Glashow theory
[29]. This duality becomes more apparent when considering the product

Msolitonmv ∼ F 2
π , (6)

which is independent of the scale, ∆. In the present case, if the vector meson
self-coupling is g̃, we find that the Skyrme coefficient, e ∼ ∆/Fπ, can be
identified with g̃. Thus, the following relations hold:

Msoliton ∝ Fπ

g̃
and mv ∝ g̃ Fπ . (7)
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In this notation the electric-magnetic (i.e. vector meson-soliton) duality is
transparent. Since the topological Wess-Zumino term in the CFL phase is iden-
tical to that in vacuum, we identify the soliton with a physical state having the
quantum numbers of the nucleon. We expect that the product of the nucleon
and vector meson masses will scale like F 2

π for any non-zero chemical po-
tential for three flavors. Interestingly, quark-hadron continuity can be related
to duality [30]. Testing this relation can also be understood as a quantitative
check of quark-hadron continuity. It is important to note that our results are
tree level results and that the resulting duality relation can be affected by quan-
tum corrections. Our results have direct phenomenological consequences for
the physics of compact stars with a CFL phase. While vector mesons are ex-
pected to play a relevant role, solitons can safely be neglected for large values
of the quark chemical potential.

3.1 The Lagrangian for CFL Goldstones
When diquarks condense for the three flavor case, we have the following

symmetry breaking:

[SUc(3)] × SUL(3) × SUR(3) × UB(1) → SUc+L+R(3) .

The gauge group undergoes a dynamical Higgs mechanism, and nine Gold-
stone bosons emerge. Neglecting the Goldstone mode associated with the
baryon number and quark masses (which will not be important for our dis-
cussion at lowest order), the derivative expansion of the effective Lagrangian
describing the octet of Goldstone bosons is [27, 28]:

L =
F 2

π

8
Tr
[
∂µU∂µU †

]
≡ F 2

π

2
Tr [pµpµ] , (8)

with pµ = i
2

(
ξ∂µξ† − ξ†∂µξ

)
, U = ξ2, ξ = ei φ

Fπ and φ is the octet of

Goldstone bosons. U transforms linearly according to gLUg†R and gL/R ∈
SUL/R(3) while ξ transforms non-linearly:

ξ → gL ξ K† (φ, gL, gR) ≡ K (φ, gL, gR) ξ g†R . (9)

This constraint implicitly defines the matrix, K (φ, gL, gR). Here, we wish to
examine the CFL spectrum of massive states using the technique of integrating
in/out at the level of the effective Lagrangian. Fπ is the Goldstone boson decay
constant. It is a non-perturbative quantity whose value is determined experi-
mentally or by non-perturbative techniques (e.g. lattice computation). For very
large quark chemical potential, Fπ can be estimated perturbatively. It is found
to be proportional to the Fermi momentum, pF ∼ µ, with µ the quark chemi-
cal potential [31]. Since a frame must be fixed in order to introduce a chemical
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potential, spatial and temporal components of the effective Lagrangians split.
This point, however, is not relevant for the validity of our results.

When going beyond the lowest-order term in derivatives, we need a count-
ing scheme. For theories with only one relevant scale (such as QCD at zero
chemical potential), each derivative is suppressed by a factor of Fπ. This is not
the case for theories with multiple scales. In the CFL phase, we have both Fπ

and the gap, ∆, and the general form of the chiral expansion is [31]:

L ∼ F 2
π∆2

(
�∂

∆

)k (
∂0

∆

)l

UmU †n
. (10)

Following [31], we distinguish between temporal and spatial derivatives. Chi-
ral loops are suppressed by powers of p/4πFπ , and higher-order contact terms
are suppressed by p/∆ where p is the momentum. Thus, chiral loops are
parametrically small compared to contact terms when the chemical potential
is large.

There is also a topological term which is essential in order to satisfy the
t’Hooft anomaly conditions [32–34] at the effective Lagrangian level. It is im-
portant to note that respecting the t’Hooft anomaly conditions is more than an
academic exercise. In fact, it requires that the form of the Wess-Zumino term is
the same in vacuum and at non-zero chemical potential. Its real importance lies
in the fact that it forbids a number of otherwise allowed phases which cannot
be ruled out given our rudimentary treatment of the non-perturbative physics.
As an example, consider a phase with massless protons and neutrons in three-
color QCD with three flavors. In this case chiral symmetry does not break.
This is a reasonable realization of QCD for any chemical potential. However,
it does not satisfy the t’Hooft anomaly conditions and hence cannot be con-
sidered. Were it not for the t’Hooft anomaly conditions, such a phase could
compete with the CFL phase.

Gauging the Wess-Zumino term with to respect the electromagnetic interac-
tions yields the familiar π0 → 2γ anomalous decay. This term [35] can be writ-
ten compactly using the language of differential forms. It is useful to introduce
the algebra-valued Maurer-Cartan one form α = αµdxµ = (∂µU)U−1 dxµ ≡
(dU) U−1 which transforms only under the left SUL(3) flavor group. The
Wess-Zumino effective action is

ΓWZ [U ] = C

∫
M5

Tr
[
α5
]

. (11)

The price which must be paid in order to make the action local is that the
spatial dimension must be augmented by one. Hence, the integral must be
performed over a five-dimensional manifold whose boundary (M4) is ordinary
Minkowski space. In [27, 32, 36] the constant C has been shown to be the
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same as that at zero density, i.e.

C = −i
Nc

240π2
, (12)

where Nc is the number of colors (three in this case). Due to the topological
nature of the Wess-Zumino term its coefficient is a pure number.

3.2 The vector mesons
It is well known that massive states are relevant for low energy dynamics.

Consider, for example, the role played by vector mesons in pion-pion scattering
[10, 37] in saturating the unitarity bounds. More specifically, vector mesons
play a relevant role when describing the low energy phenomenology of QCD
and may also play a role also in the dynamics of compact stars with a CFL core
[38]. In order to investigate the effects of such states, we need to know their in–
medium properties including their gaps and the strength of their couplings to
the CFL Goldstone bosons. Except for the extra spontaneously broken U(1)B
symmetry, the symmetry properties of the CFL phase have much in common
with those of zero density phase of QCD. This fact allows us to make some non
perturbative but reasonable estimates of vector mesons properties in medium.
We have already presented the general form of the chiral expansion in the CFL
phase. As will soon become clear, we are now interested in the four–derivative
(non–topological) terms whose coefficients are proportional to

F 2
π

∆2
. (13)

This must be contrasted with the situation at zero chemical potential, where the
coefficient of the four–derivative term is always a pure number before quan-
tum corrections are taken into account. In vacuum, the tree-level Lagrangian
which simultaneously describes vector mesons, Goldstone bosons, and their
interactions is:

L =
F 2

π

2
Tr [pµpµ] +

m2
v

2
Tr

[(
ρµ +

vµ

g̃

)2
]

− 1
4
Tr [Fµν(ρ)Fµν(ρ)] , (14)

where Fπ � 132 MeV and vµ is the one form vµ = i
2

(
ξ∂µξ† + ξ†∂µξ

)
with

U = ξ2 and Fµν(ρ) = ∂µρν −∂νρµ + ig̃ [ρµ, ρν ]. At tree level this Lagrangian
agrees with the hidden local symmetry results [39].

When the vector mesons are very heavy with respect to relevant momenta,
they can be integrated out. This results in the field constraint:

ρµ = −vµ

g̃
. (15)
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Substitution of this relation in the vector meson kinetic term (i.e., the replace-
ment of Fµν(ρ) by Fµν(v)) gives the following four derivative operator with
two time derivatives and two space derivatives [40]:

1
64 g̃2

Tr
[
[αµ, αν ]2

]
. (16)

The coefficient is proportional to 1/g̃2. It is also relevant to note that since
we are describing physical fields we have considered canonically normalized
fields and kinetic terms. This Lagrangian can also be applied to the CFL case.
In the vacuum, g̃ is a number of order one independent of the scale at tree level.
This is no longer the case in the CFL phase. Here, by comparing the coefficient
of the four–derivative operator in Eq. (16) obtained after having integrated out
the vector meson with the coefficient of the same operator in the CFL chiral
perturbation theory we determine the following scaling behavior of g̃:

g̃ ∝ ∆
Fπ

. (17)

By expanding the effective Lagrangian with the respect to the Goldstone boson
fields, one sees that g̃ is also connected to the vector meson coupling to two
pions, gρππ , through the relation

gρππ =
m2

v

g̃F 2
π

. (18)

In vacuum gρππ � 8.56 and g̃ � 3.96 are quantities of order one. Since vµ is
essentially a single derivative, the scaling behavior of g̃ allows us to conclude
that each derivative term is equivalent to g̃ ρµ with respect to the chiral expan-
sion. For example, dropping the dimensionless field U , the operator with two
derivatives becomes a mass operator for the vector meson

F 2
π∂2

µ → F 2
π g̃2 ρ2

µ ∼ ∆2ρ2
µ . (19)

This demonstrates that the vector meson mass gap is proportional to the color
superconducting gap. This non-perturbative result is relevant for phenomeno-
logical applications. It is interesting to note that our simple counting argument
agrees with the underlying QCD perturbative computations of Ref. [25] and
also with recent results of Ref. [26]. In [41], at high chemical potential, vector
meson dominance is discussed. However, our approach is more general since
it does not rely on any underlying perturbation theory. It can be applied to
theories with multiple scales for which the counting of the Goldstone modes is
known. Since m2

v ∼ ∆2, we find that gρππ scales with g̃ suggesting that the
KSRF relation is a good approximation also in the CFL phase of QCD.
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3.3 CFL-Solitons
The low energy effective theory supports solitonic excitations which can be

identified with the baryonic sector of the theory at non-zero chemical potential.
In order to obtain classically stable configurations, it is necessary to include at
least a four–derivative term (containing two temporal derivatives) in addition
to the usual two–derivative term. Such a term is the Skyrme term:

Lskyrme =
1

32 e2
Tr
[
[αµ, αν ]2

]
. (20)

Since this is a fourth–order term in derivatives not associated with the topolog-
ical term we have:

e ∼ ∆
Fπ

. (21)

This term is the same as that which emerges after integrating out the vector
mesons (see Eq. (16)), and one concludes that e =

√
2 g̃ [40]. The simplest

complete action supporting solitonic excitations is:
∫

d4x

[
F 2

π

2
Tr [pµpµ] + Lskyrme

]
+ ΓWZ . (22)

The Wess-Zumino term in Eq. (11) guarantees the correct quantization of the
soliton as a spin 1/2 object. Here we neglect the breaking of Lorentz symme-
tries, irrelevant to our discussion. The Euler-Lagrangian equations of motion
for the classical, time independent, chiral field U0(r) are highly non-linear
partial differential equations. To simplify these equations Skyrme adopted the
hedgehog ansatz which, suitably generalized for the three flavor case, reads
[40]:

U0(r) =
(

ei�τ ·r̂F (r) 0
0 1

)
, (23)

where �τ represents the Pauli matrices and the radial function F (r) is called
the chiral angle. The ansatz is supplemented with the boundary conditions
F (∞) = 0 and F (0) = 0 which guarantee that the configuration possesses
unit baryon number. After substituting the ansatz in the action one finds that
the classical solitonic mass is, up to a numerical factor:

Msoliton ∝ Fπ

e
∼ F 2

π

∆
, (24)

and the isoscalar radius, 〈r2〉I=0 ∼ 1/(F 2
π e2) ∼ 1/∆2. Interestingly, due to

the non perturbative nature of the soliton, its mass turns to be dual to the vector



156 SUPERDENSE QCD MATTER AND COMPACT STARS

meson mass. It is also clear that although the vector mesons and the solitons
have dual masses, they describe two very distinct types of states. The present
duality is very similar to the one argued in [29]. Indeed, after introducing the
collective coordinate quantization, the soliton (due to the Wess-Zumino term)
describes baryonic states of half-integer spin while the vectors are spin one
mesons. Here, the dual nature of the soliton with respect to the vector me-
son is enhanced by the fact that, in the CFL state, g̃ ∼ ∆/Fπ is expected to
be substantially reduced with respect to its value in vacuum. Once the soli-
ton is identified with the nucleon (whose density–dependent mass is denoted
with MN (µ)) we predict the following relation to be independent of the matter
density:

MN (µ)mv(µ)
(2πFπ(µ))2

=
MN (0)mv(0)
(2πFπ(0))2

∼ 1.05 . (25)

In this way, we can relate duality to quark-hadron continuity. We considered
duality, which is already present at zero chemical potential, between the soliton
and the vector mesons a fundamental property of the spectrum of QCD which
should persists as we increase the quark chemical potential. Should be noted
that differently than in [42] we have not subtracted the energy cost to excite a
soliton from the Fermi sea. Since we are already considering the Lagrangian
written for the excitations near the Fermi surface we would expect not to con-
sider such a corrections. In any event this is of the order µ [42] and hence
negligible with respect to Msoliton.

We have shown that the vector mesons in the CFL phase have masses of the
order of the color superconductive gap, ∆. On the other hand the solitons have
masses proportional to F 2

π/∆ and hence should play no role for the physics of
the CFL phase at large chemical potential. We have noted that the product of
the soliton mass and the vector meson mass is independent of the gap. This be-
havior reflects a form of electromagnetic duality in the sense of Montonen and
Olive [29]. We have predicted that the nucleon mass times the vector meson
mass scales as the square of the pion decay constant at any nonzero chemical
potential. In the presence of two or more scales provided by the underlying
theory the spectrum of massive states shows very different behaviors which
cannot be obtained by assuming a naive dimensional analysis.

4. 2 SC General Features and Effective
Lagrangian

QCD with 2 massless flavors has gauge symmetry SUc(3) and global sym-
metry

SUL(2) × SUR(2) × UV (1) . (26)
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At very high quark density the ordinary Goldstone phase is no longer favored
compared with a superconductive one associated to the following type of di-
quark condensates:

〈L†a〉 ∼ 〈εabcεijqα
Lb,iqLc,j;α〉 , 〈R†a〉 ∼ −〈εabcεijqRb,i;α̇qα̇

Rc,j〉 , (27)

If parity is not broken spontaneously, we have 〈La〉 = 〈Ra〉 = fδ3
a, where

we choose the condensate to be in the 3rd direction of color. The order para-
meters are singlets under the SUL(2) × SUR(2) flavor transformations while
possessing baryon charge 2

3 . The vev leaves invariant the following symmetry
group:

[SUc(2)] × SUL(2) × SUR(2) × ŨV (1) , (28)

where [SUc(2)] is the unbroken part of the gauge group. The ŨV (1) gen-
erator B̃ is the following linear combination of the previous UV (1) gener-
ator B and the broken diagonal generator of the SUc(3) gauge group T 8:

B̃ = B − 2
√

3
3

T 8 = diag(0, 0, 1). The quarks with color 1 and 2 are neutral

under B̃ and consequently so is the condensate.
The spectrum in the 2SC state is made of 5 massive Gluons with a mass

of the order of the gap, 3 massless Gluons confined (at zero temperature) into
light glueballs and gapless up and down quarks in the direction (say) 3 of color.

4.1 The 5 massive Gluons
The relevant coset space G/H [43, 36] with

G = SUc(3) × UV (1) , and H = SUc(2) × ŨV (1) (29)

is parameterized by:

V = exp(iξiXi) , (30)

where {Xi} i = 1, · · · , 5 belong to the coset space G/H and are taken to be
Xi = T i+3 for i = 1, · · · , 4 while

X5 = B +
√

3
3

T 8 = diag(
1
2
,
1
2
, 0) . (31)

T a are the standard generators of SU(3). The coordinates

ξi =
Πi

f
i = 1, 2, 3, 4 , ξ5 =

Π5

f̃
,

via Π describe the Goldstone bosons which will be absorbed in the longitudi-
nal components of the gluons. The vevs f and f̃ are, at asymptotically high
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� � �� ���X��=
†

cloud represented by V . The non linearly realized effective Lagrangian de-
scribing in medium fermions, gluons and their self interactions, up to two
derivatives is:

L = f2a1Tr
[
ω⊥

µ ωµ⊥
]

+ f2a2Tr
[
ω⊥

µ

]
Tr
[
ωµ⊥
]

+ b1ψ̃iγµ(∂µ − iω‖
µ)ψ̃ + b2ψ̃γµω⊥

µ ψ̃

+ mM ψ̃C
iγ

5(iT 2)ψ̃jε
ij + h.c. , (38)

where ψ̃C = iγ2ψ̃∗, i, j = 1, 2 are flavor indices and

T 2 = S2 =
1
2

(
σ2 0
0 0

)
. (39)

Here a1, a2, b1 and b2 are real coefficients while mM is complex. From the
last two terms, representing a Majorana mass term for the quarks, we see that
the massless degrees of freedom are the ψa=3,i. The latter possesses the correct
quantum numbers to match the ’t Hooft anomaly conditions [32].

4.3 The SUc(2) Glueball Lagrangian
The SUc(2) gauge symmetry does not break spontaneously and confines.

Calling H a mass dimension four composite field describing the scalar glueball
we can construct the following Lagrangian [44]:

SG−ball =
∫

d4x
{ c

2

√
bH− 3

2
[
∂0H∂0H − v2∂iH∂iH

]

− b

2
H log

[
H

Λ̂4

]}
. (40)

This Lagrangian correctly encodes the underlying SUc(2) trace anomaly. The
glueballs move with the same velocity v as the underlying gluons in the 2SC
color superconductor. Λ̂ is related to the intrinsic scale associated with the
SUc(2) theory and can be less than or of the order of few MeVs [46] 1 Once
created, the light SUc(2) glueballs are stable against strong interactions but not

1According to the present normalization of the glueball field Λ̂4 is v Λ4 with Λ the intrinsic scale of SUc(2)
after the coordinates have been appropriately rescaled [46, 44] to eliminate the v dependence from the
action.
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with respect to electromagnetic processes [44]. Indeed, the glueballs couple to
two photons via virtual quark loops.

Γ [h → γγ] ≈ 1.2 × 10−2

[
Mh

1 MeV

]5
eV , (41)

where α = e2/4π � 1/137. For illustration purposes we consider a glueball
mass of the order of 1 MeV which leads to a decay time τ ∼ 5.5 × 10−14s.
This completes the effective Lagrangian for the 2SC state which corresponds
to the Wigner-Weyl phase.

Using this Lagrangian one can estimate the SUc(2) glueball melting tem-
perature to be [47]:

Tc ≤
4

√
90v3

2 e π2
Λ̂ < TCSC . (42)

Where TCSC is the color superconductive transition temperature. The de-

Figure 1. A zoom of the 2SC phases as function of temperature for
fixed quark chemical potential.

confining/confining SUc(2) phase transition within the color superconductive
phase is second order.
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5. Non Perturbative Exact Results: Anomaly
Matching Conditions

The superconductive phase for Nf = 2 possesses the same global symme-
try group as the confined Wigner-Weyl phase. The ungapped fermions have the
correct global charges to match the t’ Hooft anomaly conditions as shown in
[32]. Specifically the SU(2)L/R

2 × U(1)V global anomaly is correctly repro-
duced in this phase due to the presence of the ungapped fermions. This is so
since a quark in the 2SC case is surrounded by a diquark medium (i.e. q 〈qq〉)
and behaves as a baryon.(

u
d

)
color=3

∼
(

p
n

)
.

The validity of the t’Hooft anomaly conditions at high matter density have been
investigated in [32, 33]. A delicate part of the proof presented in [33] is linked
necessarily to the infrared behavior of the anomalous three point function. In
particular one has to show the emergence of a singularity (i.e. a pole structure).
This pole is then interpreted as due to a Goldstone boson when chiral symmetry
is spontaneously broken.

One might be worried that, since the chemical potential explicitly breaks
Lorentz invariance, the gapless (Goldstone) pole may disappear modifying the
infrared structure of the three point function. This is not possible. Thanks to the
Nielsen and Chadha theorem [48], not used in [33], we know that gapless ex-
citations are always present when some symmetries break spontaneously even
in the absence of Lorentz invariance2. Since the quark chemical potential is
associated with the baryonic generator which commutes with all of the non
Abelian global generators the number of Goldstone bosons must be larger or
equal to the number of broken generators. Besides all of the Goldstones must
have linear dispersion relations (i.e. are type I [48]). This fact not only guar-
antees the presence of gapless excitations (justifying the analysis made in [33]
on the infrared behavior of the form factors) but demonstrates that the pole
structure due to the gapless excitations needed to saturate the triangle anomaly
is identical to the zero quark chemical potential one in the infrared.

It is also interesting to note that the explicit dependence on the quark chem-
ical potential is communicated to the Goldstone excitations via the coefficients
of the effective Lagrangian (see [31] for a review). For example Fπ is propor-
tional to µ in the high chemical potential limit and the low energy effective
theory is a good expansion in the number of derivatives which allows to con-
sistently incorporate in the theory the Wess-Zumino-Witten term [32] and its
corrections.

2Under specific assumptions which are met when Lorentz invariance is broken via the chemical potential.
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The validity of the anomaly matching conditions have far reaching conse-
quences. Indeed, in the three flavor case, the conditions require the Goldstone
phase to be present in the hadronic as well as in the color superconductive
phase supporting the quark-hadron continuity scenario [30]. At very high
quark chemical potential the effective field theory of low energy modes (not
to be confused with the Goldstone excitations) has positive Euclidean path in-
tegral measure [6]. In this limit the CFL is also shown to be the preferred
phase. Since the fermionic theory has positive measure only at asymptotically
high densities one cannot use this fact to show that the CFL is the preferred
phase for moderate chemical potentials. This is possible using the anomaly
constraints.

While the anomaly matching conditions are still in force at nonzero quark
chemical potential [32] the persistent mass condition [50] ceases to be valid.
Indeed a phase transition, as function of the strange quark mass, between the
CFL and the 2SC phases occurs.

We recall that we can saturate the t’Hooft anomaly conditions either with
massless fermionic degrees of freedom or with gapless bosonic excitations.
However in absence of Lorentz covariance the bosonic excitations are not re-
stricted to be fluctuations related to scalar condensates but may be associated,
for example, to vector condensates [51].
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Abstract We discuss the salient features of the high density effective theory (HDET) of
QCD, elaborating more on the matching for vector-vector correlators and axial-
vector-vector correlators, which are related to screening mass and axial anomaly,
respectively. We then apply HDET to discuss various color-superconducting
phases of dense QCD. We also review a recent proposal to solve the sign problem
in dense fermionic matter, using the positivity property of HDET. Positivity of
HDET allows us to establish rigorous inequalities in QCD at asymptotic density
and to show vector symmetry except the fermion number is not spontaneously
broken at asymptotic density.

Keywords: effective theory, dense QCD, color superconductivity, sign problem

1. Introduction
As physics advances, its frontier has expanded. One of the frontiers under

active exploration is matter at extreme conditions. Recent surprising data, ob-
tained from heavy-ion collisions and compact stars such as neutron stars, and
also some theoretical breakthroughs have stimulated active investigation in this
field [1].

How does matter behave as we squeeze it extremely hard? This question
is directly related to one of the fundamental questions in Nature; what are the
fundamental building blocks of matter and how they interact. According to
QCD, matter at high density is quark matter, since quarks interact weaker and
weaker as they are put closer and closer.

At what temperature and density does the phase transition to quark matter
occur? To determine the phase diagram of thermodynamic QCD is an out-
standing problem. The phases of matter are being mapped out by colliding
heavy-ions and by observing compact stars. Since QCD has only one intrinsic
scale, ΛQCD, the phase transition of QCD matter should occur at that scale as
matter is heated up or squeezed down. Indeed, recent lattice QCD calculations
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found the phase transition does occur at temperature around 175 MeV [2].
Even though lattice QCD has been quite successful at finite temperature but at
zero density, it has not made much progress at finite density due to the noto-
rious sign problem. The lattice calculation is usually done in Euclidean space
and Euclidean QCD with a chemical potential has a complex measure, which
precludes use of importance samplings, the main technique in the Monte Carlo
simulation for lattice calculations.

Lattice QCD at finite density is described by a partition function

Z(µ) =
∫

dAdet (M) e−S(A) , (1)

where M = γµ
EDµ

E + µγ4
E is the Dirac operator of Euclidean QCD with a

chemical potential µ. The eigenvalues of M are in general complex, since
γµ

EDµ
E is anti-Hermitian while µγ4

E is Hermitian. For certain gauge fields such
as Aµ(−x) = −Aµ(x), M can be mapped into M † by a similarity transfor-
mation and thus its determinant M is nonnegative. However, for generic fields
M 
= P−1M †P and det (M) is complex.

Recently there have been some progress in lattice simulation at small chem-
ical potential, using a re-weighting method, to find the phase line [3, 4]. An-
other interesting progress in lattice simulation was made at very high density
in [5, 6], where it was shown that for QCD at high density the sign problem
is either mild or absent, since the modes, responsible for the complexness of
the Dirac determinant, decouple from dynamics or become irrelevant at high
baryon density.

2. High Density Effective Theory
At low temperature or energy, most degrees of freedom of quark matter are

irrelevant due to Pauli blocking. Only quasi-quarks near the Fermi surface are
excited. Therefore, relevant modes for quark matter are quasi-quarks near the
Fermi surface and the physical properties of quark matter like the symmetry of
the ground state are determined by those modes. High density effective theory
(HDET) [7, 8] of QCD is an effective theory for such modes to describe the
low-energy dynamics of quark matter.

To find out the modes near the Fermi surface, one needs to know the energy
spectrum of QCD, which is very difficult in general since it is equivalent to
solving QCD. However, at high density µ � ΛQCD, quarks near the Fermi
surface carry large momenta and the typical interaction involves a large mo-
mentum transfer. Therefore, due to the asymptotic freedom of QCD, the spec-
trum near the Fermi surface at high density looks very much like that of free
fermion: (�α · �p − µ + β m)ψ± = E±ψ± , as shown in Fig. 1. We see that at
low energy, E < 2µ, the states near the Fermi surface (|�p| � pF ), denoted as
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∆E > 2 µ
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ψ−

Figure 1. Energy spectrum of quarks at high density

2Λ

2Λ
Fermi Surface

Figure 2. A patch covering the Fermi surface

ψ+, are easily excited while states deep in the Dirac sea, denoted as ψ−, are
hard to excite.

At low energy, the typical momentum transfer by quarks near the Fermi
surface is much smaller than the Fermi momentum. Therefore, similarly to
the heavy quark effective theory, we may decompose the momentum of quarks
near the Fermi surface as

pµ = µ vµ + lµ, (2)

where vµ = (0, �vF ) and �vF is the Fermi velocity. For quark matter, the typical
size of the residual momentum is |lµ| ∼ ΛQCD, and the Fermi velocity of the
quarks does not change for µ � ΛQCD, when they are scattered off by soft
gluons.

We now introduce patches to cover the Fermi surface, as shown in Fig. 2.
The sizes of each patch are 2Λ in vertical direction to the Fermi surface and
2Λ⊥ in horizontal direction. The quarks in a patch are treated to carry a same
Fermi velocity.
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The energy of the quarks in the patch is given as

E = −µ +
√

p2 + m2 = �l · �vF +
l2

2µ
+ O

(
1
µ2

)
. (3)

We see that at the leading order in 1/µ expansion, the energy is independent
of the residual momentum, �l⊥, perpendicular to the Fermi velocity. In HDET,
therefore, the perpendicular momentum labels the degeneracy and should sat-
isfy a normalization condition

∑
patches

∫
Λ⊥

d2l⊥ = 4πp2
F . (4)

To identify the modes near the Fermi surface, we expand the quark field as

Ψ(x) =
∑
�vF

e−iµ�x·�vF [ψ+(�vF , x) + ψ−(�vF , x)] , (5)

where ψ±(�vF , x) satisfies respectively

1 ± �α · v̂F

2
ψ± = ψ±. (6)

Note that the projection operator P± = (1± �α · v̂F )/2 projects out the particle
state, ψ+, and the anti-particle state, ψ− (or more precisely ψ̄−), from the Dirac
spinor field Ψ. The quasi-quarks in a patch carries the residual momentum lµ

and is given as

ψ+(�vF , x) =
1 + �α · v̂F

2
e−iµ�vF ·�xψ(x) (7)

The Lagrangian for quark fields becomes

L = Ψ̄
(
i 
D + µγ0

)
Ψ =

∑
�vF

ψ̄ (P+ + P−) (µ
 V + 
D) (P+ + P−)ψ

= ψ̄+ i 
D‖ ψ+ + ψ̄−(2µγ0 + i 
D‖)ψ− +
[
ψ̄− i 
D⊥ ψ+ + h.c.

]
, (8)

where we neglected the quark mass term for simplicity and V µ = (1, �vF ).
The parallel component of the covariant derivative is Dµ

‖ = V µ D · V and the
perpendicular component D⊥ = D−D‖. From the quark Lagrangian one can
read off the propagators for ψ±(�vF , x):

S+
F = P+

i


 l‖
, S−

F = P−
iγ0

2µ

[
1 −

iγ0
 l‖
2µ

+ · · ·
]

. (9)
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Figure 3. Tree-level matching: The double line denotes ψ− modes and the single line ψ+.

Figure 4. Tree-level matching: Four-Fermi interaction due to hard gluons

We see indeed that in HDET the quarks near the Fermi surface or ψ+ modes
are the propagating modes, while ψ− are not.

By integrating out ψ− modes and the hard gluons, one obtains the high
density effective theory of QCD. In general the integration results in nonlocal
terms in the effective theory and one needs to expand them in powers of 1/µ.
This is usually done by matching the one-light-particle irreducible amplitudes
of the microscopic theory with those of the effective theory. For tree-level
amplitudes, this is tantamount to eliminating the irrelevant modes, using the
equations of motion.

ψ−(�vF , x) = − iγ0

2µ + i 
D‖
D/⊥ψ+ = − iγ0

2µ

∞∑
n=0

(
−

i 
D‖
2µ

)n

D/⊥ψ+ . (10)

For instance, a one-light particle irreducible amplitude in QCD of two gluons
and two quarks is matched as

ψ̄+i 
D⊥ψ−(�vF , x)ψ̄−i 
D⊥ψ+(�vF , y) = ψ̄+i 
D⊥

(
− iγ0

2µ

)
i 
D⊥ψ+ , (11)

which is shown in Fig. 3. Similarly one can eliminate the hard gluons. Inte-
grating out hard gluons results in four-Fermi interactions of ψ+ modes. (See
Fig. 4.) One continues matching one-loop or higher-loop amplitudes. One in-
teresting feature of HDET is that a new marginal operator arises at the one-loop
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Figure 5. One-loop matching

matching, when incoming quarks are in Cooper-paring kinematics, namely
when they have opposite Fermi velocities. As shown in Fig. 5, when the
incoming quarks have opposite Fermi velocity, the amplitudes in HDET are
ultra-violet divergent while QCD amplitudes are not. Therefore, one needs to
introduce a four-Fermi operator as a counter term to remove the UV diver-
gence. If we collect all the terms in the effective theory, it has a systematic
expansion in 1/µ and coupling constants αs as

LHDET = b1ψ̄+iγµ
‖ Dµψ+ − c1

2µ
ψ̄+γ0(D/⊥)2ψ+ + · · · , (12)

where b1 = 1+O(αs), c1 = 1+O(αs), · · · . Note that HDET has a reparame-
trization invariance, similarly to heavy quark effective theory, which is due to
the fact that the Fermi velocity of quarks in a patch is not uniquely determined.
For a given quark momentum, the corresponding Fermi velocity is determined
up to reparametrization; �vF → �vF + δ�l⊥/µ and �l → �l − δ�l, where δ�l⊥ is a
residual momentum perpendicular to the Fermi velocity. As in the heavy quark
effective theory [9], the renormalization of higher-order operators are restricted
due to the reparametrization invariance. For instance, b1 = c1 at all orders in
αs.

In order for the effective theory to be meaningful, it should have a consistent
power-counting. We find the consistent counting in HDET to be for Λ⊥ = Λ

(
D‖
µ

)n

·
(

D⊥
µ

)m

· ψl
+ ∼
(

Λ
µ

)n+m

Λ3l/2. (13)

To be consistent with the power counting, we impose in loop integration
∫

Λ⊥

d2l⊥ ln⊥ = 0 for n > 0. (14)

So far we have restricted ourselves to operators containing quarks in the same
patch. For operators with quarks in different patches, one has to be careful,
since the loop integration might jeopardize the power-counting rules. Indeed,
consistent counting is to sum up all the hard-loops, as shown by Schäfer [10].



Color superconductivity and high density effective theory 171

3. More on matching
In HDET, the currents are given in terms of particles and holes but without

antiparticles as

Jµ =
∑
�vF

ψ̄(�vF , x)γµ
‖ ψ(�vF , x) − 1

2µ
ψ† [γµ

⊥, i 
D⊥
]
ψ + · · · , (15)

where the color indices are suppressed and we have reverted the notation ψ for
ψ+ henceforth. We find that the HDET current is not conserved unless one
adds a counter term. Consider the current correlator

〈Jµ(x)Jν(y)〉 =
δ2Γeff

δAµ(x)δAν(y)
=
∫

p
e−ip·(x−y)Πµν(p) (16)

where the vacuum polarization tensor

Πµν
ab (p) = − iM2

2
δab

∫
dΩ�vF

4π

(
−2�p · �vF V µV ν

p · V + iε�p · �vF

)
(17)

and M2 = Nfg2
sµ

2/(2π2). We see that the vacuum polarization tensor is
not transverse, pµΠµν

ab (p) 
= 0, which means that the current is not conserved.
The physical reason for this is that not only modes near the Fermi surface but
also modes deep in the Fermi sea respond to external sources collectively. To
recover the current conservation in the effective theory, we need to add the
DeBye screening mass term due to ψ− (See Fig. 6):

Γeff �→ Γ̃eff = Γeff −
∫

x

M2

2

∑
�vF

AµAνg
µν
⊥ . (18)

Then vacuum polarization tensor becomes

Πµν(p) �→ Π̃µν(p) = Πµν − i

2

∑
�vF

gµν
⊥ M2 . (19)

The modified polarization tensor is now transverse, pµΠ̃µν = 0.
Now, let us consider the divergence of axial currents in HDET, which is re-

lated to the axial anomaly and also to how the quark matter responds to external
axial-current sources like electroweak probes.

It is easy to show that the axial anomaly in dense matter is independent
of density or the chemical potential µ [11]. In general one may re-write the
divergence of axial currents in dense QCD as follows:

〈∂µJµ
5 〉 =

g2

16π2
F̃µαFµα + ∆αβ(µ)AαAβ , (20)
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Figure 7. Matching axial anomaly. + denotes ψ+ and − denotes ψ−.

where the first term is the usual axial anomaly in vacuum and the second term
is due to matter. However, one can explicitly calculate the second term, which
is finite, to find ∆αβ(µ) = 0. In HDET, the axial anomaly due to modes near
the Fermi surface is given as

∑
�vF

∫
x,y

eik1·x+ik2·y
〈
∂µJµ

5 (�vF , 0)Jα(�vF , x)Jβ(�vF , y)
〉
≡ ∆αβ

eff (21)

By explicit calculation we find

∆0i
eff = − g2

4π2
· 1
3

(
�k1 × �k2

)i
, ∆ij

eff =
g2

4π2

2
3
εijl (k10k2l − k1lk20) . (22)

We see that the modes near the Fermi surface contributes only some parts of
the axial anomaly. As in the vector current, the rest should come from modes
in the deep Fermi sea and from anti-particles. To recover the full axial anomaly
we add a counter term (See Fig. 7), which is two thirds of the axial anomaly
plus a Chern-Simons term:

∆̃αβ
eff = ∆αβ

eff +
g2

6π2
εαβρσk1ρk2σ +

g2

12π2
εαβ0l (k10k2l − k1lk20) . (23)

4. Color superconductivity in dense QCD
At high density, quarks in dense matter interact weakly with each other and

form a Fermi sea, due to asymptotic freedom. When the energy is much less
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than the quark chemical potential (E � µ), only the quarks near the Fermi
surface are relevant. The dynamics of quarks near the Fermi surface is effec-
tively one-dimensional, since excitations along the Fermi surface do not cost
any energy. The momentum perpendicular to the Fermi momentum just labels
the degeneracy, similarly to the perpendicular momentum of charged particle
under external magnetic field. This dimensional reduction due to the presence
of Fermi surface makes possible for quarks to form a Cooper pair for any arbi-
trary weak attraction, since the critical coupling for the condensation in (1+1)
dimensions is zero, known as the Cooper theorem in condensed matter.

While, in the BCS theory, such attractive force for electron Cooper pair is
provided by phonons, for dense quark matter, where phonons are absent, the
gluon exchange interaction provides the attraction, as one-gluon exchange in-
teraction is attractive in the color anti-triplet channel1 One therefore expects
that color anti-triplet Cooper pairs will form and quark matter is color super-
conducting, which is indeed shown more than 20 years ago [13, 14].

At intermediate density, quarks and gluons are strongly interacting and glu-
ons are therefore presumably screened. Then, QCD at intermediate density
may be modeled by four-Fermi interactions and higher-order terms by massive
gluons.

Leff
QCD � G

2
ψ̄ψψ̄ψ + · · · , (24)

where the ellipsis denotes higher-order terms induced by massive gluons. When
the incoming quarks have opposite momenta, the four-Fermi interaction is mar-
ginally relevant, if attractive, and all others are irrelevant. As the renormaliza-
tion group flows toward the Fermi surface, the attractive four-Fermi interaction
is dominant and blows up, resulting in a Landau pole, which can be avoided
only when a gap opens at the Fermi surface. This is precisely the Cooper-
instability of the Fermi surface. The size of gap can be calculated by solving
the gap equation, which is derived by the variational principle that the gap
minimizes the vacuum energy:

0 =
∂VBCS(∆)

∂∆
=

∆
G

− i

∫
d4k

(2π)4
∆

k2
0 − (�k · �vF )2 − ∆2

, (25)

which gives

∆ = −iG

∫
d4k

(2π)4
∆

[(1 + iε)k0]
2 − (�k · �vF )2 − ∆2

. (26)

1There is also an attractive force between quarks and holes in the color octet channel:
which corresponds to a density wave. However, because of the momentum conservation, the density wave
condensate does not enjoy the full Fermi surface degeneracy. Indeed, for QCD, the diquark condensate is
energetically preferred to the density wave condensate [12].
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Figure 8. Eliashberg equation at high density.

We note that the integrand in Eq. 40 does not depend on k⊥, whose integra-
tion gives the density of states at the Fermi surface, and the iε prescription is
consistent with the Feynman propagator. The pole occurs at

k0 = ±
√

(�k · �vF )2 + ∆2 ∓ iε (27)

or in terms of full momentum p = µ v + k it occurs at

p0 = ±
√

(|�p| − µ)2 + ∆2 ∓ iε . (28)

We find the solution to the gap equation

∆0 = 2µ exp
(
− π2

2Gµ2

)
. (29)

For generic parameters of dense QCD, the gap is estimated to be 10 ∼ 100MeV
at the intermediate density. The free energy of the BCS state is given as

VBCS(∆0) =
∫ ∆0

0

∂VBCS

∂∆
d∆

=
4µ2

G

∫ x0

0

(
x + g2 ln x

)
dx = − µ2

4π2
∆2

0, (30)

where x = ∆/(2µ) and g2 = 2Gµ2/π2. At high density magnetic gluons
are not screened though electric gluons are screened [15–17]. The long-range
pairing force mediated by magnetic gluons leads to the Eliashberg gap equation
(See Fig. 8).

∆(p0) =
g2
s

36π2

∫ µ

−µ
dq0

∆(q0)√
q2
0 + ∆2

ln
(

Λ̄
|p0 − q0|

)
, (31)

where Λ̄ = 4µ/π · (µ/M)5e3/2ξ and ξ is a gauge parameter. Due to the
unscreened but Landau-damped gluons, there is an extra (infrared) logarith-
mic divergence in the gap equation, when the incoming quark momentum is
collinear with the gluon momentum. The Cooper-pair gap at high density is
found to be [17, 18]
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∆0 =
27π4

N
5/2
f

e3ξ/2+1 · µ

g5
s

exp
(
− 3π2

√
2gs

)
. (32)

The numerical prefactor of the gap is not complete, since the contributions
from subleading corrections to the gap equation that lead to logarithmic diver-
gences, such as the wavefunction renormalization and the vertex corrections,
are not taken into account. Recently, however, the contributions to the prefac-
tor, coming from the vertex corrections and the wavefunction renormalization
for quarks were calculated by finding a (nonlocal) gauge [19], where the quark
wavefunction is not renormalized for all momenta, Z(p) = 1. At the nonlocal
gauge, ξ � 1/3. The subleading corrections therefore increase the leading-
order gap at the Coulomb gauge by about two thirds.

5. Quark matter under stress
It is quite likely to find dense quark matter inside compact stars like neutron

stars. However, when we study the quark matter in compact stars, we need to
take into account not only the charge and color neutrality of compact stars and
but also the mass of the strange quark, which is not negligible at the intermedi-
ate density. By the neutrality condition and the strange quark mass, the quarks
with different quantum numbers in general have different chemical potentials
and different Fermi momenta. When the difference in the chemical potential
becomes too large the Cooper-pairs breaks or other exotic phases like kaon
condensation or crystalline phase is more preferred to the BCS phase.

Let us consider for example the pairing between up and strange quarks in
chemical equilibrium. The energy spectrum of up quarks is given as

E = −µ ± |�p|, (33)

while the energy of strange quarks of mass Ms becomes

E = −µ ±
√
|�p|2 + M2

s . (34)

The Fermi sea of up and strange quarks is shown in Fig. 9. Because of the
strange quarks mass, they have different Fermi momenta. Note that the Cooper-
pairing occurs for quarks with same but opposite momenta. Therefore, at least
one of the pairing quarks should be excited away from the Fermi surface, cost-
ing some energy. Let us suppose that the Cooper-pair gap opens at |�p| = p̄
between two Fermi surfaces, ps

F ≤ p̄ ≤ pu
F .

To describe such pairing, we consider small fluctuations of up and strange
quarks near p̄. The energy of such fluctuations of up and down quarks is re-
spectively

Eu = −µ + |p̄ +�l | � −δµu + �vu ·�l, Es � −δµs + �vs ·�l, (35)
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Figure 9. Fermi sea of up and strange quarks.

where δµu = µ− p̄ and δµs = µ−
√

p̄2 + M2
s . �vu and �vs are the velocities of

up and strange quarks at |�p| = p̄. Let ∆ be the BCS gap for the u, s pairing.
Then, the Lagrangian for the u, s quarks is given as

L = ū
(
i 
∂ + µγ0

)
u + s̄c

(
i 
∂ −µγ0−Ms

)
sc−∆ s̄c u + h.c. + Lint, (36)

where sc is the charge conjugate field of s quark. In HDET, the Lagrangian
becomes

LHDET � u† (iVu · ∂ + δµu) u + s†c
(
iV̄s · ∂ − δµs

)
sc − ∆s̄c u + h.c., (37)

where Vu = (1, �vu) and V̄s = (1,−�vs). The Cooper-pair gap equation is then

∆(p)=
∫

l

i∆(l)K(p − l)[
(1 +iε)l0 −�l · �vu +δµu

] [
(1 +iε)l0 +�l · �vs −δµu

]
−∆2

, (38)

where K is the kernel for the gap equation and is a constant for the four-Fermi
interaction. By examining the pole structure, we see that the Cooper-pair gap
does not exist when

−δµuδµs >
∆2

4
. (39)

Only when −δµuδµs < ∆2/4, one can shift l0 → l′0 = l0 + δµu or l0 → l′0 =
l0 − δµs without altering the pole structure. Note that the gap becomes biggest
when δµu = −δµs(≡ δµ), which determines the pairing momentum to be

p̄ = µ − M2
s

4µ
. (40)
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If δµ < ∆/2 or ∆ > M2
s /(2µ), the solution to the Cooper-pair gap exists.

The gap equation then can be written as, shifting l0, in Euclidean space

∆(p) =
∫

d4l

(2π)4
∆(l)

l2‖ + ∆2
K(l − p), (41)

where l2‖ = l20+c2(�l·v̂)2 and c2 = p̄/
√

p̄2 + M2
s . In HDET, one can easily see

that the Cooper-pair gap closes if the effective chemical potential difference,
2δµ, due to an external stress, exceeds the Cooper-pair gap when there is no
stress. One should note that even before the Cooper-pair gap closes other gap
may open as shown by many authors [20, 21]. But, one needs to compare the
free energy of each phases to find the true ground state for quark matter under
stress.

6. Positivity of HDET
Fermionic dense matter generically suffers from the sign problem, which

has thus far precluded lattice simulations [22]. However, the sign problem
usually associated with fermions is absent if one considers only low-energy
degrees of freedom. The complexness of the measure of fermionic dense mat-
ter can be ascribed to modes far from the Fermi surface, which are irrelevant
to dynamics at sufficiently high density in most cases, including quark mat-
ter [5, 6]. For modes near the Fermi surface, there is a discrete symmetry,
relating particles and holes, which pairs the eigenvalues of the Dirac operator
to make its determinant real and nonnegative. Especially, the low energy effec-
tive theory of dense QCD has positive Euclidean path integral measure, which
allows one to establish rigorous inequalities that the color-flavor locked (CFL)
phase is the true vacuum of three flavor, massless QCD.

As simple example, let us consider a fermionic matter in 1+1 dimensions,
where non-relativistic fermions are interacting with a gauge field A. The action
is in general given as

S=
∫

dτdx ψ† [(−∂τ + iφ + εF ) − ε(−i∂x + A)] ψ, (42)

where ε(p) � p2/(2m) + · · · is the energy as a function of momentum. Low
energy modes have momentum near the Fermi points and have energy, mea-
sured from the Fermi points,

E(p ± pF ) � ± vF p, vF =
∂E

∂p

∣∣∣∣
pF

. (43)

If the gauge fields have small amplitude and are slowly varying relative to scale
pF , the fast modes are decoupled from low energy physics. The low energy
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effective theory involving quasi particles and gauge fields has a positive, semi-
definite determinant.

To construct the low energy effective theory of the fermionic system, we
rewrite the fermion fields as

ψ(x, τ) = ψL(x, τ)e+ipF x + ψR(x, τ)e−ipF x, (44)

where ψL,R describes the small fluctuations of quasiparticles near the Fermi
points. Using e±ipF x E(−i∂x +A) e∓ipF x ψ(x) ≈ ± vF (−i∂x +A)ψ(x), we
obtain

Seff=
∫

τ,x

[
ψ†

L(−∂τ + iφ + i∂x −A)ψL + ψ†
R(−∂τ + iφ − i∂x +A)ψR

]
. (45)

Introducing the Euclidean (1+1) gamma matrices γ0,1,2 and ψL,R = 1
2(1 ±

γ2)ψ, we obtain a positive action:

Seff =
∫

dτ dx ψ̄γµ(∂µ + iAµ)ψ ≡
∫

dτdx ψ̄ D/ψ. (46)

Since D/ = γ2D/
†γ2, the determinant of D/ is positive, semi-definite.

In this example, we see that near the Fermi surface, modes have low energy,
slowly varying, and thus lead to an effective theory without any sign problem
what so ever if they couple to slowly varying background fields. QCD at high
baryon density falls into this category, since the coupling constant is small at
high energy due to asymptotic freedom.

HDET of quark matter is described by

LHDET = ψ̄+iγµ
‖ Dµψ+ − 1

2µ
ψ̄+γ0(D/⊥)2ψ+ + · · · , (47)

where γµ
‖ = (γ0, �vF�vF · �γ) = γµ − γµ

⊥. We see that the leading term has a
positive determinant, since

Meft = γE
‖ · D(A) = γ5M

†
eftγ5. (48)

In order to implement this HDET on lattice, it is convenient to introduce an
operator formalism, where the velocity is realized as an operator,

�v =
−i√
−∇2

∂

∂�x
. (49)

Then the quasi quarks near the Fermi surface become

ψ = exp (+iµx · v)
1 + α · v

2
ψ+. (50)
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Now, neglecting the higher order terms, the Lagrangian becomes with X =
exp(iµx · v)(1 + α · v)/2,

LHDET = ψ̄+γµ
‖
(
∂µ + iAµ

+

)
ψ+, (51)

where Aµ
+ = X† Aµ X denotes soft gluons whose momentum |pµ| < µ. Since

v · ∂ v · γ = ∂ · γ , we get

γµ
‖ ∂µ = γµ∂µ (52)

which shows that the operator formalism automatically covers modes near the
full Fermi surface.

Integrating out the fast modes, modes far from the Fermi surface and hard
gluons, the QCD partition function (1) becomes

Z(µ) =
∫

dA+ det (Meff ) e−Seff (A+), (53)

where

Seff =
∫

xE

(
1
4
F a

µνF a
µν +

M2

16π
Aa

⊥µAa
⊥µ

)
+ · · · (54)

and A⊥ = A − A‖, the Debye mass M =
√

Nf/(2π2)gsµ . At high density
the higher order terms (∼ Λ/µ) are negligible and the effective action becomes
positive, semi-definite. Therefore, though it has non-local operators, HDET in
the operator formalism, free from the sign problem, can be used to simulate
the Fermi surface physics like superconductivity. Furthermore, being exactly
positive at asymptotic density, HDET allows to establish rigorous inequalities
relating bound state masses and forbidding the breaking of vector symmetries,
except baryon number, in dense QCD [6].

With the help of previous two examples, we propose a new way of simu-
lating dense QCD, which evades the sign problem. Integrating out quarks far
from the Fermi surface, which are suppressed by 1/µ at high density, we can
expand the determinant of Dirac operator at finite density,

det (M) = [real,positive]
[
1 + O

(
F
µ2

)]
. (55)

As long as the gauge fields are slowly varying, compared to the chemical po-
tential µ, the sign problem can be evaded. As a solution to the sign problem,
we propose to use two lattices with different spacings, a finer lattice with a
lattice spacing adet ∼ µ−1 for fermions and a coarser lattice with a lattice
spacing agauge � µ−1 for gauge fields and then compute the determinant on
such lattices.
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Figure 10. Simulation with two lattices with different lattice spacings

The determinant is a function of plaquettes {Uxµ} which are obtained by
interpolation from the plaquettes on the coarser lattice of lattice spacing agauge.
To get the link variables for the finer lattice, we interpolate the link variables
Uxµ ∈ SU(3) (see Fig. 10): Connect any two points g1, g2 on the group
manifold as

g(t) = g1 + t(g2 − g1) , 0 ≤ t ≤ 1 . (56)

For importance sampling in the lattice simulation, one can use the leading
part of the determinant, [real,positive]. This proposal provides a nontrivial
check on analytic results at asymptotic density and can be used to extrapolate
to intermediate density. Furthermore, it can be applied to condensed matter
systems like High-Tc superconductors, which in general suffers from a sign
problem.

Positivity of the measure allows for rigorous QCD inequalities at asymptotic
density. For example, inequalities among masses of bound states can be ob-
tained using bounds on bare quasiparticle propagators. One subtlety that arises
is that a quark mass term does not lead to a quasiparticle gap (the mass term
just shifts the Fermi surface). Hence, for technical reasons the proof of non-
breaking of vector symmetries [23] must be modified. (Naive application of
the Vafa-Witten theorem would preclude the breaking of baryon number that
is observed in the color-flavor-locked (CFL) phase [24]). A quasiparticle gap
can be inserted by hand to regulate the bare propagator, but it will explicitly vi-
olate baryon number. However, following the logic of the Vafa-Witten proof,
any symmetries which are preserved by the regulator gap cannot be broken
spontaneously. One can, for example, still conclude that isospin symmetry is
never spontaneously broken (although see below for a related subtlety). In the
case of three flavors, one can introduce a regulator d with the color and flavor
structure of the CFL gap to show rigorously that none of the symmetries of the
CFL phase are broken at asymptotic density. On the other hand, by applying
anomaly matching conditions [25], we can prove that the SU(3)A symmetries
are broken. We therefore conclude that the CFL phase is the true ground state
for three light flavors at asymptotic density, a result that was first established
by explicit calculation [26, 8, 27].
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To examine the long-distance behavior of the vector current, we note that
the correlator of the vector current for a given gauge field A can be written as
〈
Ja

µ(�vF , x)Jb
ν(�vF , y)

〉A
= −Tr γµT aSA(x, y; d)γνT bSA(y, x; d), (57)

where the SU(Nf ) flavor current Ja
µ(�vF , x) = ψ̄+(�vF , x)γµT aψ+(�vF , x).

The propagator with SU(3)V -invariant IR regulator d is given as

SA(x, y; d) = 〈x| 1
M

|y〉 =
∫ ∞

0
dτ 〈x| e−iτ(−iM) |y〉

where with D = ∂ + iA

M = γ0

(
D · V d
d† D · V̄

)
(58)

Since the eigenvalues of M are bounded from below by d, we have∣∣∣∣〈x| 1
M

|y〉
∣∣∣∣ ≤
∫ ∞

R
dτ e−d τ

√
〈x|x〉

√
〈y|y〉 =

e−d R

d

√
〈x|x〉

√
〈y|y〉, (59)

where R ≡ |x − y|. The current correlators fall off rapidly as R → ∞;∣∣∣∣
∫

dA+ detMeff(A) e−Seff
〈
JA

µ (�vF , x)JB
ν (�vF , y)

〉A+
∣∣∣

≤
∫

A+

∣∣∣〈JA
µ (�vF , x)JB

ν (�vF , y)
〉A+
∣∣∣ ≤ e−2d R

d2

∫
A+

|〈x|x〉| |〈y|y〉| , (60)

where we used the Schwartz inequality in the first inequality, since the mea-
sure of the effective theory is now positive, and equation (59) in the second
inequality. The IR regulated vector currents do not create massless modes out
of the vacuum or Fermi sea, which implies that there is no Nambu-Goldstone
mode in the SU(3)V channel. Therefore, for three massless flavors SU(3)V
has to be unbroken as in CFL. The rigorous result provides a non-trivial check
on explicit calculations, and applies to any system in which the quasiparticle
dynamics have positive measure.

It is important to note the order of limits necessary to obtain the above re-
sults. Because there are higher-order corrections to the HDET, suppressed by
powers of Λ/µ, that spoil its positivity, there may be contributions on the RHS
of (60) of the form

O
(

Λ
µ

)
f(R) , (61)

where f(R) falls off more slowly than the exponential in (60). To obtain the
desired result, we must first take the limit µ → ∞ at fixed Λ before taking
R → ∞. Therefore, our results only apply in the limit of asymptotic density.
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Although our result precludes breaking of vector symmetries at asymptotic
density in the case of three exactly massless quarks [29], it does not necessarily
apply to the case when the quark masses are allowed to be slightly non-zero. In
that case the results depend on precisely how the limits of zero quark masses
and asymptotic density are taken, as we discuss below.

In [21] the authors investigate the effect of quark masses on the CFL phase.
These calculations are done in the asymptotic limit, and are reliable for suffi-
ciently small quark masses. When mu = md ≡ m << ms (unbroken SU(2)
isospin, but explicitly broken SU(3)), one finds a kaon condensate. The criti-

cal value of ms at which the condensate forms is m∗
s ∼ m1/3∆2/3

0 , where ∆0

is the CFL gap (see, in particular, equation (8) of the first paper). As kaons
transform as a doublet under isospin, the vector SU(2) symmetry is broken in
seeming contradiction with our result.

However, a subtle order of limits is at work here. For simplicity, let us set
m = 0. Note that the CFL regulator d, which was inserted by hand, explicitly
breaks SU(3)A through color-flavor locking, leading to small positive mass
squared for the pions and kaons, given as

m2
π,K ∼ αsd

2 ln
(µ

d

)
. (62)

The meson mass is not suppressed by 1/µ, since, unlike the Dirac mass term,
the regulator, being a Majorana mass, does not involve antiquarks [28].

Therefore, even when the light quarks are massless, there is a critical value
of ms necessary to drive negative the mass-squared of kaons and cause con-
densation:

m∗
s ∼

[
gsdµ ln

(µ

d

)]1/2
> (dµ)1/2 , (63)

where gs is the strong coupling constant. Note the product of gs with the
logarithm grows as µ gets large. To obtain our inequality we must keep the
regulator d non-zero until the end of the calculation in order to see the expo-
nential fall off. To find the phase with kaon condensation identified in [21] we
must keep ms larger than m∗

s. (Note µ → ∞, so to have any chance of finding
this phase we must take d → 0 keeping dR large and dµ small.)

Since the UV cutoff of the HDET must be larger than ms, we have

1 >

(
m∗

s

Λ

)2

>
d

Λ
µ

Λ
, (64)

which implies
Λ
µ

f(R) >
d

Λ
f(R) . (65)

Note the right hand side of this inequality does not necessarily fall off at large
R, and also does not go to zero for µ → ∞ at fixed Λ and d. This is a problem
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since to apply our inequality the exponential falloff from (60) must dominate
the correction term (61), which is just the left hand side of (65). Combining
these equations, we see that the exponential falloff of the correlator is bounded
below,

e−2d R

d2
>

d

Λ
f(R) , (66)

in the scaling region with a kaon condensate, ms > m∗
s.

Alternatively, if we had taken ms to be finite for fixed regulator d (so that,
as µ → ∞, eventually ms < m∗

s), the inequality in (60) could be applied to
exclude a Nambu-Goldstone boson, but we would find ourselves in the phase
without a kaon condensate.

Acknowledgments
The author wishes to thank Mark Alford, Phillipe de Forcrand, Simon Hands,

Krishna Rajagopal, Francesco Sannino, Thomas Schäfer for useful discus-
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after the infinite volume limit is taken. We stress that the source does not have to be a
quark mass (it could be a higher dimension operator), so one can investigate symmetry
breaking even when the quark mass is exactly zero throughout the calculation. (To be
precise, a quark mass does not explicitly violate vector symmetries, so it cannot play the
role of the source in the thermodynamic limit needed here.)

[29] To investigate spontaneous symmetry breaking, one ordinarily has to start at finite volume
and insert a source which explicitly breaks the symmetry. The source is removed only
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Abstract We investigate the phase structure of color superconducting quark matter at in-
termediate densities for two- and three flavor systems. We thereby focus our at-
tention on the influence of charge neutrality conditions as well as β-equilibrium
on the different phases. These constraints are relevant in the context of quark
matter at the interior of compact stars. We analyze the implications of color
superconductivity on compact star configurations using different hadronic and
quark equations of state.
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1. Introduction
The structure of the QCD phase diagram is one of the most exciting topics

in the field of strong interactions ( for reviews see, e.g. [1–3]). For a long
time the discussion was restricted to two phases: the hadronic phase and the
quark-gluon plasma (QGP). The former contains “our” world, where quarks
and gluons are confined to color-neutral hadrons and chiral symmetry is spon-
taneously broken due to the presence of a non-vanishing quark condensate
〈ψ̄ψ〉. In the QGP quarks and gluons are deconfined and chiral symmetry is
(almost) restored, 〈ψ̄ψ〉 � 0.

Although color superconducting phases were discussed already in the ’70s
[4–6] and ’80s [7], until quite recently not much attention was payed to this
possibility. This changed dramatically after it was discovered that due to non-
perturbative effects, the gaps which are related to these phases could be of the
order of ∆ ∼ 100 MeV [8, 9], much larger than expected from the early per-
turbative estimates. Since in standard weak-coupling BCS theory the critical
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temperature is given by Tc � 0.57∆(T = 0), this also implies a sizable exten-
sion of the color superconducting phases into the temperature direction [10].
It was concluded that color superconducting phases could be relevant for com-
pact stars [11, 12] and – in very optimistic cases – even for heavy-ion collisions
[13].

Rather soon after the beginning of this new era, it was noticed that there
is probably more than one color superconducting phase in the QCD phase di-
agram. Due to the large number of quark degrees of freedom –color, flavor,
and spin– there are many channels where diquark condensation is neither for-
bidden by Pauli principle nor by symmetries. Thus the interactions have to
decide about the actual condensation pattern realized at a given density or a
given chemical potential and temperature. The intention of this talk will not be
to discuss all of them, not even all possibilities which have already been dis-
cussed in literature, but we will focus on several examples in order to discuss
the main concepts of color superconductivity for two- and three-flavor systems,
respectively. In the last part of the talk we will discuss some results concerning
the question of stable compact star configurations with a color superconducting
quark matter core.

2. The scalar color antitriplet condensate
Most interactions favor a condensation in the scalar color antitriplet channel.

There are two different condensation patterns in this channel, depending on
whether or not the strange quarks, which are more massive than the light up
and down quarks, participate in forming a condensate,

sAA′ = 〈ψT Cγ5 τA λA′ ψ〉 . (1)

Here both, τA and λA′ are the antisymmetric generators of SU(3), i.e., the
antisymmetric Gell-Mann matrices (A,A′ ∈ {2, 5, 7}), acting in flavor and
color space, respectively. In the two-flavor color superconducting phase (2SC)
where only the light quarks are involved in the condensation, the flavor index
in Eq. (1) is restricted to A = 2. In this case it is always possible, without loss
of generality, to perform a color rotation such that the 2SC phase is described
by s22 
= 0 and sAA′ = 0 if (A,A′) 
= (2, 2).

In a first step we will analyze the dominant condensation pattern in the scalar
color antitriplet channel for a two-flavor system, i.e., we will consider the limit
Ms → ∞. Looking at the transformation properties of the condensate s22 we
can classify the symmetries of the 2SC phase. It is invariant under a global
U(1)-symmetry generated by

B̃ = B −
√

3λ8 ,

where B = 11 is the generator of baryon number. This global U(1) symmetry
can be related to a “rotated” baryon number. In the same way it can be shown
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that there exists a linear combination

Q̃ = Q − 1
2
√

3
λ8 ,

which is related to a conserved local U(1) symmetry, a “rotated” electromag-
netism. Q thereby corresponds to the generator of electric charge. It is ob-
vious from Eq. (1) that s22 only involves quarks of two colors, e.g., red and
green quarks. The quarks of the third color, in our example blue quarks, are
left unpaired. This means that color symmetry is broken down to an SU(2)-
symmetry. This symmetry breaking is –via the Meissner effect– at the origin
of five massive gluons which appear in the spectrum [14]. Flavor symmetry is
conserved by s22. That means in particular that in the chiral limit, i.e., if we
deal with massless current quarks, chiral symmetry is preserved.

Note that this phase breaks no global symmetry at all. This is an important
point in connection with the identification of the lowest lying excitation modes
which in turn strongly influence the thermodynamic properties of the system.
In the 2SC phase we do not find, even in the chiral limit, any real Goldstone
bosons, although there are some low-lying (pseudo)-Goldstones related to the
axial UA(1) [15].

The dispersion law of the four (two flavors, two colors) “gapped” quarks
gets modified by the condensate,

E±
1 (�p) = E±

2 (�p) ≡ E±(�p) =
√

(εp ± µ)2 + |∆|2 , (2)

where εp =
√

�p 2 + M2 is the dispersion law of a noninteracting particle with
mass M . Often M is an effective Dirac mass, related to the chiral conden-
sate 〈ψ̄ψ〉 via a selfconsistency equation [16], see below. The energy gap ∆
is related to the condensate s22 and can be obtained as solution of a selfcon-
sistent gap equation. In general it can also depend on the absolute value of
the momentum. It is found to be typically of the order ∼ 100 MeV in model
calculations [8, 9, 16].

3. Spin-1 condensate for a two-flavor system
Those color or flavor degrees of freedom which do not participate in the

dominant condensate s22, i.e., strange quarks and quarks of the third color,
could pair in different channels, thus forming additional phases [17–20]. For
compact star phenomenology these phases can be interesting because of their
thermodynamic properties. For instance, if all quarks are gapped, the specific
heat of a potential quark core of a compact star (and hence the cooling of the
star) is governed by the size of the smallest gap [2]. The same is true for other
transport properties, like neutrino emissivity or viscosity. We will discuss here
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only one particular example, a more complete discussion of different possibil-
ities can be found in Refs. [20, 21].

Our example deals with quarks of the third color in a phase composed only
of up and down quarks. As only quarks of a single color are involved, the
pairing must take place in a channel which is symmetric in color. Assuming
s-wave condensation in an isospin-singlet channel, a possible candidate is a
spin-1 condensate [8]. We consider the condensate

δ′ = 〈ψT C σ03 τ2 P̂
(c)
3 ψ〉 , (3)

where σµν = i/2 [γµ, γν ] and P̂
(c)
3 = 1/3 − 1/

√
3 λ8 is the projector on

color 3. δ′ is a ground-state expectation value of a complex vector order para-
meter φ0n ≡ φn describing spin-1 and breaking spontaneously the rotational
invariance of the system. There are well-known examples for spin-1 pairing
in condensed matter physics, e.g., superfluid 3He, where some phases are
also anisotropic [22]. In relativistic systems this is certainly not a very fre-
quent phenomenon. It is possible only at finite chemical potential, which itself
breaks Lorentz invariance explicitly. (Relativistic Cooper pairing into spin-1
with nonzero angular momentum was considered elsewhere, e.g., [7, 23].)

Since rotational invariance is a global symmetry of the primary Lagrangian,
an arbitrarily small gap of the anisotropic phase implies specific gapless collec-
tive excitations with certain Landau critical velocity crucial for the superfluid
behavior of the system. We will briefly discuss this at the end of this section.
It is also interesting to note that δ′ is not neutral with respect to the “rotated”
electric charge Q̃ and there is no generalized electric charge for which both,
s22 ≡ δ and δ′ are neutral. This means, if both, δ and δ′, were present in a
compact star, there would be an electromagnetic Meissner effect, which would
strongly influence the magnetic field. Recently, similar effects have been dis-
cussed in Ref. [24]. A detailed evaluation of the Meissner masses and Debye
masses can be found in Ref. [25].

For the quantitative analysis we have to specify the interaction. At asymp-
totically high densities, where the QCD coupling constant becomes small, this
can be analyzed starting from first principles [10, 13, 26], whereas at more
moderate densities, present (presumably) in the interiors of neutron stars, these
methods are no longer justified. In this region the low-energy dynamics of de-
confined quark matter is often studied employing effective Lagrangians Leff

which contain local or non-local four-fermion interactions, most importantly
interactions derived from instantons or on a more phenomenological basis [8,
9, 16]. The non-confining gluon SU(3)c gauge fields are then treated as weak
external perturbations, and neglected in lowest approximation. We will apply
here a phenomenological model with a NJL-type Lagrangian consisting of a
free (Dirac) part,

Lfree = ψ̄(i∂/ − m̂)ψ (4)
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and a quark-quark as well as quark-antiquark interaction part. Guided by the
structure of instanton-induced interactions (see, e.g., [9]) we consider a quark-
antiquark term of the form

Lqq̄ = G
{

(ψ̄ψ)2 − (ψ̄�τψ)2 − (ψ̄iγ5ψ)2 + (ψ̄iγ5�τψ)2
}

(5)

and a quark-quark term

Lqq = −Hs

∑
O=γ5,1

(ψ̄OCτ2λAψ̄T )(ψT COτ2λAψT )

−Ht(ψ̄σµνCτ2λSψ̄T )(ψT Cσµντ2λSψT ) , (6)

where λA and λS are the antisymmetric and symmetric color generators, re-
spectively. ψ here denotes a quark field with two flavors and three colors. The
mass matrix m̂ has the form m̂ = diag(mu,md) in flavor space. Throughout
this talk we will assume mu = md,

For instanton induced interactions the coupling constants fulfill the relation
G : Hs : Ht = 1 : 3

4 : 3
16 , but for the moment we will treat them as ar-

bitrary parameters. As long as they stay positive, the interaction is attractive
in the channels giving rise to the diquark condensates δ and δ′ as well as to
the chiral condensate 〈ψ̄ψ〉. It is straight forward to calculate the mean-field
thermodynamic potential Ω(T, µ) in the presence of these condensates:

Ω(T, µ) = −4
3∑

i=1

∑
+−

∫
d3p

(2π)3
[E±

i

2
+ T ln

(
1 + e−E±

i /T
)]

+
1

4G
(M − m)2 +

1
4Hs

|∆|2 +
1

16Ht
|∆′|2 , (7)

where m = mu = md is the current mass of light quarks, M = m− 2G〈ψ̄ψ〉,
∆ = −2Hsδ, and ∆′ = 4Htδ

′. The dispersion law for quarks of color 3 reads

E∓
3 (�p) =

√
(
√

M2
eff + �p 2 ∓ µeff )2 + |∆′

eff |2 , (8)

where µ2
eff = µ2+|∆′|2 sin2 θ, Meff = Mµ/µeff , and |∆′

eff |2 = |∆′|2 (cos2 θ+
M2/µ2

eff sin2 θ) . Here cos θ = p3/|�p|. Thus, as expected, for ∆′ 
= 0, E±
3 (�p)

is an anisotropic function of �p, clearly exhibiting the spontaneous breakdown
of rotational invariance. For M = 0, the gap ∆′

eff vanishes at θ = π/2. In

general its minimal value is given by ∆′
0 = M |∆′|/

√
µ2 + |∆′|2 . Expanding

E−
3 around its minimum the low-lying quasiparticle spectrum takes the form

E−
3 (p⊥, p3) ≈

√
∆′2

0 + v2
⊥(p⊥ − p0)2 + v2

3p
2
3 , (9)
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Figure 1. Left: ∆i/∆i(T =0) as function of T/∆i(T =0). Dashed: ∆i = ∆, solid: ∆i =
∆′. Right: Specific heat as function of T/T ′

c. Solid: full calculation, dashed: result for M = 0,
dotted: without spin-1 condensate. The dash-dotted line indicates the result of Eq. (14).

where v⊥ = (1 − (µ∆′2
0/(M∆′2))2)1/2, v3 = ∆′

0
M , p0 = v⊥

v3
|∆′|, and p2

⊥ =
p2
1 + p2

2. This leads to a density of states linear in energy:

N(E) =
1
2π

µ2 + |∆′|2
|∆′| E θ(E − ∆′

0) . (10)

The actual values for ∆, ∆′ and M follow from the condition that the sta-
ble solutions correspond to the absolute minimum of Ω with respect to these
quantities. Imposing ∂Ω/∂∆′∗ = 0 we obtain the following gap equation for
∆′:

∆′ = 16Ht∆′
∑
+−

∫
d3p

(2π)3
(1 ± �p 2

⊥
s

)
1

E±
3

tanh
E±

3

2T
, (11)

where s = µeff (�p 2 + M2
eff )1/2. Similarly one can derive gap equations for

∆ and M by the requirements ∂Ω/∂∆∗ = 0 and ∂Ω/∂M = 0, respectively.
Together with Eq. (11), they form a set of three coupled equations, which have
to be solved simultaneously. However, the equations for ∆ and ∆′ are not
directly coupled, but only through their dependence on M .

The values we obtain for ∆′ strongly depend on µ, the value of Ht and,
as a consequence of the factor (1 − �p 2

⊥/s) in the gap equation (11), on value
and form of the cutoff. Using values of the parameters leading to reasonable
vacuum properties and a sharp 3-momentum cutoff, we find ∆′ of the order of
1 MeV with the instanton value for Ht and ∆′ ≈ 10 MeV with twice this value
for Ht. Both results are in agreement with earlier expectations [8] that ∆′ is
small compared with ∆.

In spite of these uncertainties we can derive some more general results from
the above gap equations. With increasing temperature both condensates, δ
and δ′, are reduced and eventually vanish in second-order phase transitions at
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critical temperatures Tc and T ′
c, respectively. It has been shown [10, 13] that

Tc is approximately given by the well-known BCS relation Tc � 0.57∆(T=0).
In order to derive a similar relation for T ′

c we inspect the gap equation (11) at
T = 0 and in the limit T → T ′

c. Neglecting M (since M � µ this is valid up
to higher orders in M2/µ2) and antiparticle contributions one gets
∫

d3p

(2π)3
{[

(1−�p 2
⊥
s

)
1

E−
3 (�p)

]
∆′(T=0)

−(1− �p 2
⊥

µ |�p| )
1

|µ − |�p|| tanh
|µ − |�p||

2T ′
c

}
≈ 0 .

(12)
Since the integrand is strongly peaked near the Fermi surface, the |�p|-integrand
must approximately vanish at |�p| = µ, after the angular integration has been
performed. From this condition one finds to lowest order in ∆′/µ:

T ′
c ≈ 1

3
∆′(T = 0) . (13)

The analogous steps would lead to Tc/∆(T=0) ≈ 1
2 instead of the textbook

value of 0.57. This gives a rough idea about the quality of the approximation.
Numerical results for ∆(T ) and ∆′(T ) are shown on the left panel of Fig. 1.

The quantities have been rescaled in order to facilitate a comparison with the
above relations for Tc and T ′

c. Our results are in reasonable agreement with
our estimates. These findings turn out to be insensitive to the actual choice of
parameters.

The specific heat is given by cv = −T∂2Ω/∂T 2 1. For T � Tc it is
completely dominated by quarks of color 3, since the contribution of the first
two colors is suppressed by a factor e−∆/T. Neglecting the T -dependence of
M and ∆′, and employing Eq. (10), one finds

cv ≈ 12
π

µ2 + |∆′|2
|∆′| T 2 e−

∆′
0

T

3∑
n=0

1
n!

(
∆′

0

T

)n

, (14)

which should be valid for T � T ′
c. In this regime cv depends quadratically on

T for T � ∆′
0, and is exponentially suppressed at lower temperatures.

To test this relation we evaluate cv(T ) explicitly using Eq. (7). The results
for fixed µ =450 MeV are displayed on the right panel of Fig. 1. The critical
temperature is T ′

c � 0.40 ∆′(T=0). For the energy gap we find ∆′
0 = 0.074 T ′

c.
It turns out that Eq. (14), evaluated with constant values of ∆′ and M , (dashed-
dotted) is in almost perfect agreement with the numerical result (solid) up to
T ≈ T ′

c/2. The phase transition, causing the discontinuity of cv at T = T ′
c, is

of course outside the range of validity of Eq. (14). We also display cv for M =
0 (dashed). Since ∆′

0 vanishes in this case there is no exponential suppression,

1Strictly, cv = T/V ∂S/∂T |V,N , but the correction term is small [27].
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and cv is proportional to T 2 down to arbitrarily low temperatures. However,
even when M is included, the exponential suppression is partially canceled by
the extra-terms in the sum of Eq. (14). For comparison we also show cv for a
system with ∆′ = 0, which exhibits a linear T dependence at low temperatures
(dotted).

Because of the spontaneously broken U(1) × O(3) symmetry in Eq. (3),
for ∆′ 
= 0 there should be collective Nambu-Goldstone excitations in the
spectrum. However, due to the Lorentz non-invariance of the system there
can be subtleties [19, 28–30]. The NG spectrum can be analyzed within an
underlying effective Higgs potential

V (φ) = −a2φ†
nφn +

1
2
λ1(φ†

nφn)2 +
1
2
λ2φ

†
nφ†

nφmφm, (15)

for the complex order parameter φn [21, 29], with λ1 + λ2 > 0 for stability.
For λ2 < 0 the ground state is characterized by φ

(1)
vac = ( a2

λ1
)1/2(0, 0, 1) which

corresponds to our ansatz Eq. (3) for the BCS-type diquark condensate δ′. This
solution has the property 〈�S〉2 = (φ(1)†

vac
�Sφ

(1)
vac)2 = 0. The spectrum of small

oscillations above φ
(1)
vac consists of 1+2 NG bosons, all with linear dispersion

law: one zero-sound phonon and two spin waves [29]. Implying a finite Landau
critical velocity, this fact is crucial for a macroscopic superfluid behavior of the
system [30].

Other pairing configurations than the standard BCS-type pairing discussed
so far have been suggested more recently, like for instance crystalline phases
[31], deformed Fermi surfaces [32] or the so called gapless 2SC phase [33].
These phases come into play whenever there exists a large mismatch between
the Fermi surfaces of the different quark species. Partially they have been
covered by other talks during this workshop [34, 35].

4. Neutral quark matter
Let us now come back to pairing in the dominant scalar color antitriplet

channel, see Eq. (1), involving this time strange quarks. In that case we can
no longer restrict the condensation to s22, but in general (although they are
not all independent) all nine condensates sAA′ can be nonzero. By symmetry
considerations it can be shown that the most favored pattern is the so-called
color-flavor-locked (CFL) phase [36] which is characterized by non-vanishing
condensates s22, s55, and s55, i.e., it contains ud as well as us and ds pairs. In
the limiting case of equal masses and chemical potentials for all quarks these
three condensates are equal, whereas in general they can be different from each
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other. In contrast to the 2SC phase in the CFL phase quarks of all flavors and
colors participate in diquark condensates.

A similar analysis as in the two-flavor-case shows that in the CFL phase
we can again define a “rotated” electromagnetism, thus we find a conserved
local U(1). This is not true for baryon number. In color and flavor space
we find that SU(3)c × SU(3)L × SU(3)R is broken to a diagonal subgroup
SU(3)c+V , i.e., chiral symmetry is broken in the CFL phase. This leads to
the existence of eight (pseudo-) Goldstone bosons [37, 38] and all eight gluons
become massive [14, 38–40].

Before we can come to a more quantitative discussion we have to specify
the interaction. Similarly to the previous section we consider an NJL-type
interaction with a free part, a quark-quark interaction part given by

Lqq = H
∑

A=2,5,7

∑
A′=2,5,7

(ψ̄ iγ5τAλA′ Cψ̄T )(ψT C iγ5τAλA′ ψ) . (16)

and a quark-antiquark part by

Lqq̄ = G

8∑
a=0

[
(ψ̄τaψ)2 + (ψ̄iγ5τaψ)2

]

− K
[
detf
(
ψ̄(1 + γ5)ψ

)
+ detf

(
ψ̄(1 − γ5)ψ

)]
. (17)

Here τ0 =
√

2
3 11f is proportional to the unit matrix in flavor space. The quark

field ψ now contains a third component in flavor space, the strange quark,
and consequently the mass matrix m̂, see Eq. (4), is equally enlarged by the
current strange quark mass, ms, which can in general be different from up and
down quark masses. This interaction consists of a U(3)L × U(3)R-symmetric
4-point interaction and a ’t Hooft-type 6-point interaction which breaks the
UA(1) symmetry.

For later convenience we introduce the diquark gaps

∆A = −2H sAA , A = 2, 5, 7, (18)

and the constituent quark masses

Mi = mi − 4Gφi + 2Kφjφk , (i, j, k) = any perm. of (u, d, s) , (19)

where φf = 〈f̄f〉, f = u, d, s, are the quark-antiquark condensates. These
quantities will be determined selfconsistently within mean-field approxima-
tion.
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One of our main interests is to describe quark matter at the interior of a
compact star since this is one of the possibilities to find color superconducting
matter in nature. It is therefore important to consider electrically and color
neutral2 matter in β-equilibrium. In addition to the quarks we also allow for
the presence of leptons, especially electrons muons. As we consider stars older
than a few minutes, when neutrinos can freely leave the system, lepton number
is not conserved. The conditions for charge neutrality read

nQ =
2
3
nu − 1

3
nd −

1
3
ns − ne − nµ ≡ 0 (20)

with ne and nµ being number densities of electrons and muons, respectively.
For color neutrality we have to require nr = ng = nb or, equivalently,

n = nr+ng+nb , n3 = nr−ng ≡ 0 , n8 =
1√
3
(nr+ng−2nb) ≡ 0 .

(21)
Here n corresponds to the total quark number density, while n3 and n8 describe
color asymmetries. Note that n/3 also describes the conserved baryon number.
The charges are related to four chemical potentials, µ, µ3, µ8, and µQ, and the
chemical potentials of all particles in the system can be expressed through these
four chemical potentials. This implies β-equilibrium,

µd,c = µs,c = µu,c + µe for all colors c . (22)

Thus, in the presence of electrons the chemical potentials for up and down
quarks become unequal, rendering ud BCS-pairing difficult. The presence of
negatively charged strange quarks therefore is likely to favor pairing even if the
strange quark mass is considerably larger. Alford and Rajagopal tackled that
problem, performing an expansion in terms of the strange quark mass. They
found that, whenever the 2SC phase is more favored than no pairing at all, the
CFL phase is even more favored [42].

The analysis of Ref. [42] as well as the NJL-type model investigation of
Ref. [43] are based on a comparison of homogeneous phases. The neutrality
conditions can, however, also be fulfilled giving up the requirement of sep-
arately neutral phases and to consider mixed phases in chemical equilibrium
which are only neutral in total. This procedure has been pushed forward by
Glendenning in the context of the quark-hadron phase transition in neutron
stars where a similar problem related to electrical neutrality occurs [44]. For
the case of electrically and color neutral quark matter the phase boundaries are

2Strictly speaking, color neutrality is not sufficient, but color singletness has to be imposed. This does,
however, not induce a large cost in energy [41], such that we can consider matter which is only color
neutral.
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three-dimensional hypersurfaces in the four-dimensional space spanned by µ,
µQ, µ3 and µ8. The regions where electrically and color neutral mixed phases
are possible correspond to one-dimensional lines on these hypersurfaces.

For illustrational purposes we show in Fig. 2 the phase diagram in the
µ − µQ-plane for µ8 = µ3 = 0. We thereby used the values of the model
parameters obtained by the authors of Ref. [45] by fitting masses and decay
constants of pseudoscalar mesons and H = G. Since we are interested in
neutralizing the electrically positive 2SC phase, we choose µQ to be negative.
As long as this is not too large, we find a normal phase at lower values of µ,
the 2SC phase in the intermediate region and the CFL phase for large µ. This
changes dramatically around µQ � 180 MeV where both, the 2SC phase and
the CFL phase disappear and a new phase emerges. This phase is analogous to
the 2SC phase but with ds pairing, instead of ud pairing (“2SCds”). In a small
intermediate regime there is even another phase which contains us and ds but
no ud pairs (“SCus+ds”).

Qualitatively, the existence of these phases is quite plausible: At low values
of |µQ| the Fermi momenta of the up and down quarks are relatively similar to
each other, whereas the strange quarks are suppressed because of their larger
mass. With increasing negative µQ, however, the up quarks become more and
more disfavored and eventually the Fermi momenta are ordered as pu

F < ps
F <

pd
F . It is then easy to imagine that only ds pairing or – in some intermediate

regime – us and ds pairing is possible.
In the phase diagram, Fig. 2, we also indicated the sign of the electric charge

density for the various regions, and the line of electrically neutral matter in the
CFL phase (dotted line). Note that there is no other electrically neutral regime
in this diagram (apart from the vacuum at small µ and µQ = 0). In the normal
phase, there are no quarks below the dashed line, corresponding to the line
µ − 1/3µQ = Md. This region is nevertheless negatively charged due to the
leptons which are present for any µQ < 0. Above the dashed line there are
also d quarks rendering the matter even more negative.

The “new” phases, 2SCds and SCus+ds, are also negatively charged. On
the contrary, the entire 2SC phase is positively charged, even at the largest
values of |µQ|. The difficulty to obtain electrically neutral 2SC matter can be
traced back to the fact that the sum of red and green u quarks is equal to the

phase 2SC 2SCus 2SCds SCud+us SCud+ds SCus+ds CFL
diquark gaps ∆2 ∆5 ∆7 ∆2, ∆5 ∆2, ∆7 ∆5, ∆7 ∆2, ∆5, ∆7

Table 1. Color superconducting phases and corresponding non-vanishing diquark gaps. The
normal phase (“N”) is characterized by the fact that there is no nonzero diquark gap.
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Figure 2. Phase diagram in the µ − µQ plane for T = µ3 = µ8 = 0. The various
phases separated by the solid lines are characterized by different non-vanishing diquark gaps
∆i as indicated in the figure. In the non-superconducting phase quarks are present only above
the dashed line. The “+” and “-” signs indicate the sign of the electric charge density in the
corresponding region. The dotted line corresponds to electrically neutral matter in the CFL
phase.
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sum of red and green d quarks. As long as no strange quarks are present, the
related positive net charge can only be compensated by the blue quarks and
the leptons, which would require a very large negative µQ. However, before
this point is reached it becomes more favored to form a different phase with
a relatively large fraction of strange quarks which then also participate in a
diquark condensate. The selfconsistent treatment, which leads to a sudden
drop of the strange quark mass and hence to a sudden increase of the strange
Fermi momentum, is crucial in this context.

Although it is interesting to examine the different phase structures as func-
tions of the different chemical potentials (for a more detailed analysis see
Ref. [46]), our main intention is to construct color and electrically neutral
(mixed) phases. At large µ a homogeneous neutral CFL phase exists. Our
starting point for the construction of mixed phases is therefore µ = 465.7 MeV,
µ8 = −32.5 MeV, and µ3 = µQ = 0 where the line of neutral CFL matter
meets the boundary to the 2SC phase. At lower values of µ, mixed phases
become possible and are energetically favored as long as Coulomb and surface
effects are neglected. In the present example, we find nine regimes character-
ized by different compositions of coexisting phases (see Table 2). In Table 2
we also list the corresponding minimal and maximal baryon densities, aver-
aged over the components of the respective mixed phase.

In Fig. 3 the volume fractions xi = ni/n of the various components of
the mixed phases are plotted as functions of µ. Whereas the 2SC-CFL-mixed
phase between µ = 430.6 and 465.7 MeV is completely dominated by the
CFL component, at lower µ the CFL fraction becomes quickly smaller with
decreasing µ, while in particular the 2SC component, becomes more and more
important. At µ = 407.7 MeV the CFL component disappears completely.

components µ [MeV] ρB/ρ0

N, 2SC 340.9 - 388.6 0.00 - 2.94
N, 2SC, SCus+ds 388.6 - 388.7 2.94 - 2.94
N, 2SC, SCus+ds, 2SCus 388.7 - 388.8 2.94 - 3.06
2SC, SCus+ds, 2SCus 388.8 - 395.4 3.06 - 3.40
2SC, SCus+ds 395.4 - 407.7 3.40 - 3.86
2SC, SCus+ds, CFL 407.7 - 426.5 3.86 - 5.69
2SC, SCus+ds, CFL, 2SCus 426.5 - 427.1 5.69 - 5.75
2SC, CFL, 2SCus 427.1 - 430.6 5.75 - 6.10
2SC, CFL 430.6 - 465.7 6.10 - 7.69

Table 2. Composition of electrically and color neutral mixed phases, corresponding quark
number chemical potentials and average baryon number densities ρB = n/3 in unities of nu-
clear matter saturation density ρ0 = 0.17/fm3. The various components are defined in Tab. 1.
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Figure 3. Volume fractions xi of the various components in the mixed phase region as
functions of µ: normal (thin solid), 2SC (thick solid), CFL (dashed-dotted), SCus+ds (dashed),
2SCus (dotted).

An admixture of normal quark matter is found below µ = 388.8 MeV. The
fractions of the superconducting phases other than the 2SC phase then rapidly
become smaller and vanish at µ = 388.6 MeV, while the fraction of normal
matter strongly increases. Nevertheless the 2SC phase stays the dominant com-
ponent for µ >∼ 360 MeV. At µ = 340.9 MeV we finally reach the vacuum.

Qualitatively our results are in agreement with those obtained in Ref. [43],
where no mixed phase was admitted. The regions which are dominated by the
CFL phase and the 2SC phase, respectively, correspond roughly to those values
of the chemical potential where the authors of Ref. [43] find that the CFL or
the 2SC phase, respectively, is favored. Of course, since we started from the
same Lagrangian, these homogeneous neutral solutions also exist in our model.
We find, for instance, below µ = 465.7 MeV a color and electrically neutral
CFL phase which is, however, less favored than the 2SC-CFL mixed phase
(see Fig 4). At this point we should recall that in our calculations we have
neglected the surface energy and the energies of the electric and color-electric
fields. Clearly the mixed phases are only stable if the gain in bulk free energy
is larger than these so-far neglected contributions.

For the two-component mixed phases the surface and Coulomb contribu-
tions can be estimated along the lines of the analysis performed in Ref. [47]
for the interface between nuclear and CFL matter. We find a gain in bulk energy
of at most 6 MeV/fm3 which is already weight out by Coulomb and surface en-
ergy for relatively small values of the surface tension σ ≈ 10 MeV/fm2. Note
that the true value of σ is an unknown quantity which does not follow from our
model. However, as argued in Ref. [47] it is likely to be much larger than the
above value. For mixed phases with three or four components the situation is
obviously more complicated. It seems, however, rather unlikely that an admix-
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Figure 4. Pressure as a function of µ for homogeneous neutral quark matter in the CFL
phase (solid), 2SC (dashed), and the normal quark matter phase (dotted). Also shown is the
pressure of the mixed phase solution (dash-dotted).

ture of more than two components can be favored if the surface and Coloumb
energy already inhibits the existence of a phase with two components.

5. Compact stars with a color superconducting
quark matter core

This section will be devoted to the study of the composition of a compact
star including the possibility of a color superconducting quark matter core. Re-
cently this question has been addressed by several authors using a bag-model
description of the quark phase [48] or an NJL-type model [49–52]. In the
following, we will discuss the results of Refs. [49, 52] where –in contrast to
Refs. [50, 51]– strange quarks have been taken into account.

From the above estimations we conclude that is it at least a good approxima-
tion to consider only homogeneous phases to describe the quark matter phase.
In Fig. 4 we display the pressure as a function of µ for neutral homogeneous
quark matter phases. We see that at small µ the 2SC phase (dashed line) is fa-
vored whereas at large µ we find a CFL phase (solid line). Normal quark matter
(dotted line) turns out to be never favored. This will be our input for the de-
scription of the quark matter phase. Of course, in order to construct a compact
star, we also have to take into account the possibility of a hadronic component
in the equation of state (EOS). To this end, we take a given hadronic EOS and
construct a phase transition to quark matter from the requirement of maximal
pressure. This is shown in the left panel of Fig. 5 for an example hadronic
EOS [53]. At the transition point to the quark-matter phase we directly enter
the CFL phase and normal or 2SC quark matter is completely irrelevant in this
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Figure 5. Left: Pressure as a function of µB for a hadronic EOS [53] (dash-dotted line) and
homogeneous quark matter in the normal phase (dotted line), the 2SC phase (dashed line) and
the CFL phase (solid line). Right: Corresponding energy densities as a function of pressure. The
closed (open) circles connected by thin dashed lines indicate the discontinuities at the transition
points from hadronic to CFL (normal) quark matter.

case. In the right panel we display the corresponding EOS. Note the strong
discontinuity of the energy density at the critical chemical potential for the
transition to the quark-matter phase. For comparison, we have also marked the
phase transition to normal quark matter.

We will not examine a mixed phase of hadronic and quark matter. Following
the arguments of Ref. [47] such a mixed phase is unlikely to exist even for
rather small values of the surface tension. In any case, as we will argue below
this assumption does not considerably change our conclusions. This “hybrid”
EOS will then be used as input to integrate the Tolman-Oppenheimer-Volkoff
(TOV) equation describing configurations of static compact stars [54].

Neither the quark matter EOS nor the hadronic EOS are very well known
quantitatively at the densities relevant for compact objects. In order to get
an idea on the uncertainties of our analysis we will consider four different
hadronic EOS and two different parameter sets for the NJL description of quark
matter. The hadronic EOS are:

Microscopic Brueckner-Hartree-Fock (BHF) calculation without hyper-
ons [55] (“BHF(N,l)”)

BHF calculation with hyperons [56] (“BHF(N,H,l)”)

Relativistic mean-field calculation as tabulated in Ref. [57] for a com-
pression modulus K = 240 MeV (“RMF240”)

Relativistic mean-field model based on SU(3) chiral symmetry [53]
(“χSU(3)”), see Fig. 5

The NJL-model parameters are taken from two fits to the masses and decay
constants of pseudoscalar mesons in the vacuum, performed by Rehberg et
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al. [45] (RKH) –these are the parameters we have used in all the calculations
presented so far– and by Hatsuda and Kunihiro [58] (HK). For the coupling
constant in the diquark channel, we take H = G in both cases. The main
difference between the two parameter sets is the treatment of the η′ which lies
above the qq̄ threshold within the model and thus its mass is not well defined.
This results in a smaller constituent mass for the light quarks in vacuum for
parameter set HK.

In Fig. 6 we display the mass-radius relation for different compact star con-
figurations obtained by integrating the TOV equation for the different hadronic
and quark matter EOS as explained above. We do not show the results for the
BHF calculation with hyperons since we do not find a transition to a quark
phase in this case [49]. But, as mentioned during this conference [59] this par-
ticular hadronic EOS produces too small maximum masses because of its soft
character and can therefore perhaps not be trusted up to the densities present at
the interior of a compact star. The dash-dotted lines represent purely hadronic
configurations, the dotted lines configurations with a normal quark-matter core
(shown for comparison) and the solid ones configurations with color supercon-
ducting quark-matter cores in the CFL phase. In the lower right panel we also
find configurations with a 2SC quark matter core (dashed line). This part of
the figure is again shown in more detail on the left hand side of Fig. 7. It is the
only example where we find a transition from the hadronic phase to the 2SC
phase instead of directly entering the CFL phase. In fact, whereas in all other
cases the star becomes unstable at the hadron-quark phase transition, this is
the only example where we find stable star configurations with a quark matter
core. Note, however, that in this case the star becomes unstable at the 2SC-CFL
phase transition.

To interpret this result let us have a closer look at the corresponding EOS
shown on the right hand side of Fig.7. We already noted that the transition from
the hadronic phase to the CFL phase is accompanied by a strong discontinu-
ity in the energy density. The same is true for the 2SC-CFL phase transition
in Fig.7, but not for the hadron-2SC phase transition. This can be attributed
to the relatively large mass of the strange quarks which are very rare in the
2SC phase but represent 1/3 of the total density in the CFL phase, and thus
contribute considerably to its energy density. Thus, in contrast to Alford and
Rajagopal [42] we are tempted to conclude that no CFL phase, but perhaps a
2SC phase could exist at the interior of neutron stars.

Our analysis is, however, not complete in any respect. For instance, as the
large difference in Fermi momenta renders the BCS-type condensation in the
“classical” 2SC phase difficult, it seems to be worthwhile to consider other
possibilities. Among others we thereby think of a crystalline phase, deformed
Fermi surfaces [32, 35], spin-1 pairing [20] or the “gapless” 2SC [33, 34] or
CFL phase [60]. We conclude that whether quark matter exists in hybrid or
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Figure 6. Mass-radius relation of different compact star configurations. The left panels
correspond to calculations with parameter set RKH for the quark matter phase and the right
panels to parameter set HK, respectively. From the upper panel downwards the hadronic phase is
described by a BHF calculation without hyperons [55], a relativistic mean field calculation [57]
and a chiral SU(3) model [53].
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Figure 7. Left: Detail of Fig. 6, lower right. Right: Corresponding EOS. The hadron-normal,
hadron-2SC, and 2SC-CFL transitions are marked by open circles, full circles, and boxes, resp..

even quark stars remains an interesting question which demands still a lot of
work before a definite answer can be given.
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[23] T. Schäfer, Phys. Rev. D 62 (2000) 094007.

[24] A. Schmitt, Q. Wang, D.H. Rischke, Phys.Rev.Lett.91:242301 (2003) nucl-th/0301090.

[25] A. Schmitt, Q. Wang, D.H. Rischke, Phys.Rev.D69:094017 (2003) nucl-th/0311006.

[26] D.T. Son, Phys. Rev. D 59 (1999) 094019; T. Schäfer and F. Wilczek, ibid D 60 (1999)
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Abstract I discuss the deformed Fermi surface superconductivity (DFS) and some of its
alternatives in the context of nucleonic superfluids and two flavor color super-
conductors that may exist in the densest regions of compact stellar objects.

1. Introduction
The astrophysical motivation to study the superconducting phases of dense

matter arises from the importance of pair correlations in the observational man-
ifestations of dense matter in compact stars. If the densest regions of compact
stars contain deconfined quark matter it must be charge neutral and in β equi-
librium with respect to the Urca processes d → u + e + ν̄ and u + e → d + ν,
where e, ν, and ν̄ refer to electron, electron neutrino, and antineutrino. The u
and d quarks in deconfined matter fill two different Fermi spheres which are
separated by a gap of the order of electron chemical potential. At high enough
densities (where the typical chemical potentials become of the order of the rest
mass of a s quark), strangeness nucleation changes the equilibrium composi-
tion of the matter via the reactions s → u+e+ ν̄ and u+e → s+ν. Although
the strangeness content of matter affects its u-d flavor asymmetry, the separa-
tion of the Fermi energies remains a generic feature. The dense quark matter
is expected to be a color superconductor (the early work is in Refs. [1]; recent
developments are summarized in the reviews [2]).

Accurate description of the matter in this regime requires, first, tools to treat
the Lagrangian of QCD in the nonperturbative regime and, second, an un-
derstanding of the superconductivity under asymmetry in the population of
fermions that pair. The first principle lattice QCD calculations are currently
not feasible for the purpose of understanding the physics of compact stars;
the effective models, on the other hand, rarely incorporate all aspects of the
known phenomenology like deconfinement and chiral restoration. Despite of
the limitations of current models, a lot can be learned about generic features of
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possible phases of dense matter at densities where the perturbation theory fails.
This mini-review concentrates on the second issue - the BCS superconductors
under asymmetric conditions. Since the subject is of importance in a broader
context of metallic superconductors, nucleonic superfluids, and dilute atomic
gases, and much of our current understanding comes from the research in these
fields, I will describe the relevant physics of non-relativistic superconductors
first (Sections 2 and 3). Section 4 discusses the flavor asymmetric conden-
sates in the context of QCD within the effective Nambu-Jona-Lasinio model;
the emphasis is on the color superconducting state with deformed Fermi sur-
faces, but the discussion is sufficiently general to be applied to other non-BCS
phases.

A comprehensive coverage of the recent developments is not possible in the
present format; the choice of the topics will be thus personal and the list of the
references necessarily incomplete.

2. Homogeneous superconducting state
Historically, asymmetric superconductors were studied in the early sixties

(shortly after the advent of the Bardeen-Cooper-Schrieffer (BCS) theory of su-
perconductivity) in the context of metallic superconductors with paramagnetic
impurities [3–5, 16]. There is no bulk magnetic field in these systems due to the
Meissner effect, however the paramagnetic impurities flip the spins of electrons
in the collisions thereby inducing an asymmetry in the populations of spin-up
and down fermions (which are assumed to pair in a state of total spin zero).
The effect of impurities can be modeled by an average spin-polarizing field
which gives rise to a separation of the Fermi levels of the spin-up and down
electrons. Weak coupling analysis of the BCS equations revealed a double val-
ued character of the gap as a function of the difference in chemical potentials
δµ ≡ (µ↑ − µ↓)/2, where µ↑↓ are the chemical potentials of the spin up/down
electrons. The first branch corresponds to a constant value ∆(δµ) = ∆(0)
over the asymmetry range 0 ≤ δµ ≤ ∆(0) and vanishes beyond the point
δµ = ∆(0); the second branch exists in the range ∆(0)/2 ≤ δµ ≤ ∆(0) and
increases from zero at the lower limit to ∆(0) at the upper limit. Only the
δµ ≤ ∆(0)/

√
2 portion of the upper branch is stable (that is, only in this range

of asymmetries the superconducting state lowers the grand thermodynamic po-
tential of the normal state). Thus, the dependence of the superconducting state
on the shift in the Fermi surfaces is characterized by a constant value of the gap
which vanishes at the Chandrasekhar-Clogston limit δµ1 = ∆(0)/

√
2 [3, 4].

The picture above, while formally correct, is physically irrelevant to many sys-
tems as it does not conserve the number of particles.

Consider a BCS superconductor under the action of an external field that
produces an asymmetry in the population of the fermions; the effect of such
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field is to transform the symmetric Hamiltonian H → H− σzIa†a, where a†

and a are the creation and destruction operators (in the second quantized form),
σz is the z component of the vector of Pauli matrices, I is the magnitude of the
asymmetry (for example, for fermions in a magnetic field I = µBH , where µB

is the Bohr magneton and H is the field intensity). In a non-relativistic set-up
the gap and the densities of spin-up and spin-down species are determined by
the equations [7–9]

∆k = −
∑
k′

Vk,k′
∆k′

2Ek′

[
1 − f(E↑

k′) − f(E↓
k′)
]
, (1)

ρ↓(↑) =
1
2

∑
k

[(
1 +

ξk

Ek

)
f(E↑(↓)

k ) +
(

1 − ξk

Ek

)
f(−E

↓(↑)
k )

]
, (2)

where Vk,k′ is the pairing interaction, f(E) is the Fermi distribution function,

Ek =
√

ξ2
k + ∆2

k, E↑↓
k = Ek ± δεk , and the symmetric and anti-symmetric

combinations of the single-particle spectra are defined as

ξk =
1
2

(εk↑ + εk↓) , δεk =
1
2

(εk↑ − εk↓) . (3)

In the zero temperature limit the Fermi distribution function f(E) reduces to a
step function θ(−E). The single particle spectra εk↑(↓) are completely general
and may include the differences in the (effective) masses and/or self-energies
of the two species. Eqs. (1) and (2) should be solved self-consistently. In the
research on metallic superconductors these equations were decoupled and Eq.
(1) was solved by parametrizing the asymmetry in terms of the difference in
the chemical potentials, with the understanding that once the gap equation is
solved the densities of the constituents can be computed a posteriori. How-
ever, as the value of δµ is changed so does the density of the system, i.e. such
a scheme (while being correct) does not incorporate the particle number con-
servation. If the particle number conservation is implemented explicitely (by
solving Eqs. (1) and (2) selfconsistently) the gap becomes a single-valued
function of the particle number asymmetry α = (ρ↑ − ρ↓)/(ρ↑ + ρ↓) [7–9].

Minimizing the free-energy of a asymmetric superconductor at fixed den-
sity and temperature leads to stable solutions for the entire region of density
asymmetries where non-trivial solutions of the gap equation exist [8]. This can
be seen in Figs. 1 and 2 where the temperature and asymmetry dependence
of the pairing gap and the free-energy of a homogenous asymmetric supercon-
ductor are shown (the examples here and in Figs. 3-8 below are taken from the
studies of the tensor S-wave pairing in isospin asymmetric nuclear matter, but
the overall picture is generic to all asymmetric superconductors). In particu-
lar, we see that for a fixed temperature the gap and the free-energy are single
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Figure 1. The temperature dependence
of the pairing gap for density asymmetries
α = 0.0 (solid) 0.05 (dashed-doted) 0.07
(dashed) and 0.1 (dotted) [8].

Figure 2. The temperature dependence
of the free energy. The labeling of asym-
metries is as in Fig. 1 [8].

valued functions of the density asymmetry α in a particle number conserving
scheme (contrary to the nonconserving scheme, where double valued solutions
appear).

For large asymmetries the dependence of the gap on the temperature shows
the re-entrance phenomenon - the pairing correlations are restored (e. g. for
α = 0.1 in Fig. 1) as the temperature is increased and a second (lower) crit-
ical temperature appears. The re-entrance in the superconducting state with
increasing temperature can be attributed to the smearing of the Fermi surfaces
which increases the phase-space overlap between the quasi-particles that pair.
Increasing the temperature further suppresses the pairing gap due to the ther-
mal excitation of the system very much the same way as in the symmetric
superconductors. Clearly, the pairing gap has a maximum at some interme-
diate temperature. The values of the two critical temperatures are controlled
by different mechanisms: the superconductivity is destroyed with decreasing
temperature at a lower critical temperature when the smearing of the Fermi sur-
faces becomes insufficient to maintain the phase space coherence. The upper
critical temperature is the analog of the BCS critical temperature and corre-
sponds to a transition to the normal state because of the thermal excitation of
the system. At low temperatures the transition from the normal to the super-
conducting state is of the first order, while at the temperatures near the critical
temperature - of the second order. The order of the phase transition changes
from the first to the second as the temperature is increased. Another aspect of
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the asymmetric superconducting state is the gapless nature of the excitations;
in analogy to the non-ideal Bose gas where only part of the particles are in
the zero-momentum ground state, in the asymmetric superconductors not all
the pairs are gapped (see e.g. [9]). The presence of gapless excitations af-
fects the dynamical properties of superconductors - the heat capacity, thermal
conductivity, photon and sound absorption, etc.

3. Superconducting phases with broken space
symmetries

3.1 LOFF phase
Larkin and Ovchinnikov [10] and, independently, Fulde and Ferrell [11]

(LOFF) discovered in 1964 that the superconducting state can sustain asym-
metries beyond the Chandrasekhar-Clogston limit if one pairs electrons with
nonzero center-of-mass momentum. The weak coupling result for the critical
shift in the Fermi surfaces for LOFF phase is δµ2 = 0.755∆(0) [> δµ1 =
0.707∆(0)]. Since the condensate wave-function depends on the center-of-
mass momentum of the pair its Fourier transform will vary in the configuration
space giving rise to a lattice structure with finite share modulus. This spatial
variation of the order parameter in the configuration space implies that the con-
densate breaks both the rotational and translational symmetries. There are thus
additional massless Goldstone collective excitations associated with the broken
global symmetries (in excess of other collective excitations that are present in
the symmetric phase).

Consider again non-relativistic fermions. Their BCS spectrum (for homo-
geneous systems) is isotropic; when the polarizing field drives apart the Fermi
surfaces of spin-up and down fermions the phase space overlap is lost, the pair
correlations are suppressed, and eventually disappear at the Chandrasekhar-
Clogston limit. The LOFF phase allows for a finite center-of-mass momentum
of Cooper pairs �Q and the quasiparticle spectrum is of the form

ε0
↑↓( �Q, �q) =

1
2m

(
�Q

2
± �q

)2

− µ↑↓ + selfenergy terms. (4)

Thus, the LOFF phase requires a positive ∝ Q2 increase in the kinetic en-
ergy of the quasiparticles which makes it less favorable than the BCS state.
However, the anisotropic term ∝ �Q · �q (which can be interpreted as a dipole
deformation of the isotropic spectrum) modifies the phase space overlap of the
fermions and promotes pairing. The LOFF phase becomes stable when the
loss in the kinetic energy that is needed to move the condensate is smaller than
the gain in the potential pairing energy due to an increase in the phase-space
overlap. The magnitude of the total momentum is a (variational) parameter
for a minimization of the ground state energy of the system. The dependence
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Figure 3. The dependence of the pair-
ing gap in the LOFF phase on the density
asymmetry and the total momentum of the
condensate [12].

Figure 4. The dependence of the free
energy of the LOFF phase on the same pa-
rameters as in Fig. 3 [12].

of the pairing gap and the free-energy of a LOFF superconductor on the total
momentum of the condensate and the density asymmetry is shown in Figs. 3
and 4 [12]. The self-consistent solution of Eqs. (1) and (2) leads to a single
valued pairing gap and stable superconducting state for arbitrary finite momen-
tum of the condensate (below the critical one at which the superconductivity
vanishes); in particular Q → 0 limit is consistent with the earlier discussion
of homogeneous asymmetric BCS condensates. For large enough asymmetries
the minimum of the free-energy moves from the Q = 0 line to intermediate
values of Q, i.e., the ground state of the system corresponds to a condensate
with nonzero center-of-mass momentum of Cooper pairs. Note that for the near
critical range of asymmetries the condensate exists only in the LOFF state and
its dependence on the total momentum shows the re-entrance behavior seen
in the temperature dependence of the homogeneous superconductors. Clearly,
a single wave-vector condensate is an approximation; in general the LOFF
phase can acquire a complicated lattice structure. A large number of lattice
structures were studied in Refs. [13, 14] in the Ginzburg Landau regime, were
it was found that the face-centered cubic lattice has the lowest energy. The
LOFF phase obtains additional collective excitations (Goldstone modes) due
to the breaking of the rotational and translational continuous space symmetries
[15]. Identifying the order of the phase transition from the LOFF to the normal
state is a complex problem and depends, among other things, on the preferred
lattice structure (see Ref. [16] and references therein).
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3.2 DFS phase
To motivate our next step recall that the LOFF spectrum can be view as a

dipole [∝ P1(x)] perturbation of the spherically symmetrical BCS spectrum,
where Pl(x) are the Legendre polynomials, and x is the cosine of the angle
between the particle momentum and the total momentum of the Cooper pair.
The l = 1 term in the expansion about the spherically symmetric form of Fermi
surface corresponds to a translation of the whole system, therefore it preserves
the spherical shapes of the Fermi surfaces. We now relax the assumption that
the Fermi surfaces are spherical and describe their deformations by expanding
the spectrum in spherical harmonics [17, 18]

ε↑(↓)(�Q, �q) = ε0
↑(↓)(�Q, �q) +

∑
l

εl,↑(↓)Pl(x), (5)

where the coefficients εl for l ≥ 2 describe the deformation of the Fermi
surfaces which break the rotational O(3) symmetry down to O(2). The O(2)
symmetry axis is chosen spontaneously and clearly need not coincide with the
direction of the total momentum (this subsection assumes Q = 0). A single-
component and spatially homogeneous system of non-interacting particles fills
the states within its Fermi sphere homogeneously. In Fermi liquids the homo-
geneous filling prescription is extrapolated to (arbitrarily strongly) interacting
quasiparticles. It is by no means obvious that such a prescription should re-

Figure 5. The dependence of the pair-
ing gap in the DFS phase on the density
asymmetry and the total momentum of the
condensate [17].

Figure 6. The dependence of the free
energy of the DFS phase on the same para-
meters as in Fig. 5 [17].
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Figure 7. A projection of the Fermi surfaces on a plane parallel to the axis of the symmetry
breaking. The concentric circles correspond to the two populations of spin/isospin-up and down
fermions in spherically symmetric state (δε = 0), while the deformed figures correspond to the
state with relative deformation δε = 0.64. The density asymmetry is α = 0.35.

main valid for two or multi-component systems which interact, for example,
by pairing forces. The expansion (5) is an example of a non-Fermi-liquid pre-
scription for filling the particle states within a volume bounded by a (deformed)
Fermi surface; the deformations are stable if they lower the ground state en-
ergy of the system with respect to the undeformed state. Note that in solids
the Fermi surfaces are rarely spherical while their topology is dictated by the
form of and interactions with the ion lattice. Note also that one should dis-
tinguish between the spontaneous deformation of Fermi-surfaces and explicit
breaking of rotational symmetry by external fields. In the latter case the ini-
tial Lagrangian contains term(s) that explicitely break the symmetry and the
resulting anisotropy of the self-energies can be interpreted as a deformation of
the Fermi surfaces [19]. These type of deformations are interaction induced
and are unrelated to the spontaneous deformations that appear even if the in-
teraction is O(3) symmetric.

In practice, the deformation parameters εl (l ≥ 2) are determined from the
minimization of the free-energy of the system in full analogy to the total mo-
mentum Q of a Cooper pair. And they can be determined in a volume conserv-
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ing manner by solving Eqs. (1) and (2) simultaneously (the resulting phase is
abbreviated as the DFS phase). It is convenient to work with dimensionless
deformation parameters corresponding to relative and conformal deformations
defined as δε = (ε2,↑ − ε2,↓)/2µ and ε = (ε2,↑ + ε2,↓)/2µ, where µ is the
chemical potential in the symmetric phase. The dependence of the pairing gap
and the free-energy of the DFS phase on asymmetry and the relative deforma-
tion (at zero conformal deformation) is shown in Fig. 5 and 6, respectively.
Although the density asymmetry (α) changes in the interval [−1; 1] in general,
the symmetry of the equations with respect to the indices labeling the species
reduces the range of α to [0; 1]. The relative deformation is not bounded and
can assume both positive and negative values. Fig. 7 shows a typical configu-
ration of deformed Fermi surface which lowers the ground state energy below
the non-deformed state. For α = 0 Eqs. (1), (2) and (3) are symmetrical under
interchange of the sign of δε and the critical deformation for which the pair-
ing vanishes is the same for prolate/oblate deformations. For finite α and the
positive range of δε, the maximum value of the gap is attained at constant δε;
for negative δε the maximum increases as a function of the deformation and
saturates around δε � 1. As for the LOFF phase, the re-entrance phenomenon
sets in for large asymmetries as δε is increased from zero to finite values. And
the mechanism by which the superconductivity is revived is based on the same
phase-space argument, but involves a deformation of the Fermi surfaces rather
than a motion of the condensate. Unlike the LOFF phase, the DFS phases
does not break the translational symmetry of a superconductor (there are still
additional collective excitations generated by the broken continuous rotational
symmetry).

3.3 DFS vs LOFF
Which patterns of symmetry breaking are the most favorable if the Cooper

pairs move with a finite center-of-mass momentum and the Fermi surfaces are
allowed to be deformed? To answer this question we use the set-up of the
previous sections and choose to work with the spectrum (5) at finite values
of Q and δε [18]. Figure 8 displays the difference between the free energies
of the superconducting and normal states δF normalized to its value in the
asymmetric BCS state δF00 = δF(Q = 0, δε = 0). Since the energy of the
pair interactions scales as the square of the pairing gap, the shape of the δF
surface closely resembles that of the pairing gap (see for details Ref. [18]).
The asymmetric BCS state is the stable ground state of the system (δF < 0),
however it corresponds to a saddle point - perturbations for finite δε and Q are
unstable towards evolution to lower energy states. For the pure LOFF phase
(δε = 0) the ground state corresponds to finite momentum Q ∼ 0.5 (in units
of Fermi-momentum pF ). For the pure DFS phase (Q = 0) there are two



218 SUPERDENSE QCD MATTER AND COMPACT STARS

Figure 8. The dependence of the free energy of the combined DFS and LOFF phases on
the center-of-mass momentum of the pairs Q (in units of Fermi momentum pF ) and the relative
deformations δε for a fixed density asymmetry [18].

minima corresponding to δε � −0.8 and δε � 0.55, i.e., prolate and oblate
deformations of the majority Fermi sphere, respectively. In general the position
of the minimum of δF in the δε-Q plane (passing through the minima of the
limiting cases) prefers either large deformations or large finite momenta. The
absolute minimum energy state corresponds to δε � 0.55 and Q = 0; that is,
while the LOFF phase is a local minimum state, it is unstable towards evolution
to a pure DFS phase with oblate and prolate deformations of the majority and
minority Fermi spheres. Further work will be needed to clarify how universal
are these features. In particular, the assumption of a single wave-vector LOFF
phase should be relaxed.

3.4 Alternatives
To complete our discussion of non-relativistic superfluids let us briefly men-

tion some of the alternatives to the LOFF and DFS phases. One possibility is
that the system prefers a phase separation of the superconducting and normal
phases in real space, such that the superconducting phase contains particles
with the same chemical potentials, i.e. is symmetric, while the normal phase
remains asymmetric [20, 21].

Equal spin (isospin, flavor) pairing is another option, if the interaction be-
tween the same spin particles is attractive [22–24]. Since the separation of the
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Fermi surfaces does not affect the spin-1 pairing on each Fermi surface, an
asymmetric superconductor evolves into a spin-1 superconducting state (rather
than a non-superconducting state) as the asymmetry is increased. Therefore,
the spin-1 pairing is the limiting state for very large asymmetries. If the states
corresponding to different Fermi surfaces are characterized by spin (as is the
case in the metallic superconductors) the pairing interaction in a spin-1 state
should be P wave and the transition is from the S to the P wave pairing. For
larger number of discrete quantum numbers that characterize the fermions (say
spin and isospin) the transition may occur between different S wave phases
(e.g. from isospin singlet to the isospin triplet state in nuclear matter).

4. Flavor asymmetric quark condensates
This section deals with the color superconductors and describes a straight-

forward formalism for extending the discussion of the previous sections to rel-
ativistic systems. Below it will be assumed that the superconducting phase is
chirally symmetric and particles are interacting only via a pairing force (self-
energy and vertex renormalization are ignored). The flavor asymmetric color
superconducting quark matter appears in the context of the two-flavor pairing
(2SC-phase) described by the order parameter [1, 2]

∆ ∝ 〈ψT (x)Cγ5τ2λ2ψ(x)〉, (6)

where C = iγ2γ0 is the charge conjugation operator, τ2 is the second compo-
nent of the Pauli matrix acting in the SU(2)f flavor space, λA is the antisym-
metric Gell-Mann matrix acting in the SU(3)c color space. The Ansatz for the
order parameter implies that the color SU(3)c symmetry is reduced to SU(2)c
since only two of the quark colors are involved in the pairing while the third
color remains unpaired. The effective Lagrangian density of the Nambu-Jona-
Lasinio model that describes our system is of the form

Leff = ψ̄(x)(iγµ∂µ)ψ(x)

+ G1(ψT Cγ5τ2λAψ(x))†(ψT Cγ5τ2λAψ(x)). (7)

The partial densities and the gap equation for the up and down paired quarks
can be found from the fixed points of the thermodynamic potential density Ω

∂Ω
∂∆

= 0, − ∂Ω
∂µf

= ρf ; (8)

the flavor index f = u, d refers to up (u) and down (d) quarks. For the La-
grangian density defined by Eq. (6) and the pairing channel Ansatz (6), the
finite temperature thermodynamical potential Ω per unit volume is

Ω = −2
∑
p,ij

{
2p +

1
β

log [f(ξij)]
−1 + Eij +

2
β

log [f(sijEij)]
−1

}
+

∆2

4G1
, (9)
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where the indeces i, j = (+,−) sum over the four branches of the paired and
unpaired quasiparticle spectra defined, respectively, as ξ±± = (p ± µ) ± δµ

and E±± =
√

(p ± µ)2 + |∆|2 ± δµ, where δµ = (µu − µd)/2 and µ =
(µu + µd)/2 with µu and µd being the chemical potentials of the up and down
quarks; s+j = 1 and s−j = sgn(p − µ) and f(ξij) are the Fermi distribution
functions. The variations of the thermodynamic potential (9) provide the gap
equation

∆ = 8G1

∑
p

{
∆

E+− + E++

[
tanh

(
βE++

2

)
+ tanh

(
βE+−

2

)]
+ ex

}
,

(10)

simultaneous interchange of the signs; the partial densities of the up/down
quarks are

ρu/d =
∑

�p,j=±

[
2f(ξ−∓) − 2f(ξ+±) ∓

(
1 ± ξj− + ξj+

Ej− + Ej+

)
tanh

(
βEj−

2

)

±
(

1 ∓ ξj− + ξj+

E−− + Ej+

)
tanh

(
βEj+

2

)]
, (11)

where and the upper/lower sign corresponds to the u/d-quarks. The free en-
ergy F is related to the thermodynamic potential Ω by the relation F = Ω +
µuρu+µdρd and, as already discussed for non-relativistic superconductors, the
energy should be minimized at constant temperature and density of the matter
at various flavor asymmetries defined as α ≡ (ρd − ρu)/(ρd + ρu) [25]. Eqs.
(9) and (10) are the (ultra)relativistic counterparts of Eqs. (1) and (2) which,
apart from the relativistic form of the spectrum, include the contribution of
anti-particles.

To obtain the selfconsistent solutions we employ a three-dimensional mo-
mentum space cut-off |p| < Λ to regularize the divergent integrals. The phe-
nomenological value of the coupling constant G1 in the 〈qq〉 Cooper channel
is related to the coupling constant in the 〈qq̄〉 diquark channel by the relation
G1 = Nc/(2Nc − 2)G; the latter coupling constant and the cut-off are fixed
by adjusting the model to the vacuum properties of the system [26, 27]. Fig-
ure 9 summarizes the main features of the color superconducting DFS phase
[25]. The physically relevant regime of flavor asymmetries which is likely to
occur in the charge-neutral matter under β equilibrium is 0.1 ≤ α ≤ 0.3 [28,
18, 14, 31]. The dependence of the color superconducting gap (left panel) and
the free energy difference between the superconducting state and normal state

where ex abbreviates a second term which follows from the first one via a
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Figure 9. The color superconducting gap (left panel) and the free energy (right panel) as
a function of relative deformation parameter εA for the values of the flavor asymmetry α = 0
(solid lines), 0.1 (dashed lines), 0.2 (short dashed lines) and 0.3 (dashed dotted lines) at density
ρB = 0.31 fm−3 and temperature T = 2 MeV [25].

(right panel) are shown as a function of deformation parameter εA for several
flavor asymmetries at the baryonic density ρB = 0.31 fm−3 and temperature
T = 2 MeV (the conformal deformation εS = 0). The β equilibrated quark
matter requires an excess of the d over u quarks, therefore the range of the fla-
vor asymmetry is restricted to the positive values. The deformation parameter
εA assumes both positive and negative values. The main features seen in Fig.
9 are consistent with the results obtained for the non-relativistic superconduc-
tors: for a fixed α 
= 0 and εA > 0, the gap is larger in the DFS state than in
the ordinary BCS state (εA = 0), i.e., the 2SC phase is unstable towards de-
formation of the Fermi surfaces. Accordingly, the minimum of the free energy
corresponds to the DFS state with εA � 0.25 and its position weakly depends
on the magnitude of the asymmetry α.

5. Concluding remarks
The properties of the asymmetric superconductors have been an exciting

subject since the advent of the BCS theory of superconductivity more than four
decades ago. While the early studies were motivated by the effects of the para-
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magnetic impurities on the superconducting state and the possible coexistence
of the ferromagnetic and superconducting phases in metallic superconductors,
the recent work on this subject has been motivated by the need to understand
the nucleonic superfluids, the colored quark superconductors and the dilute
trapped atomic gases.

This mini-review focused on several non-BCS phases that may be featured
by the asymmetric superconductors. The main points are summarized below:

For small asymmetries, the superconducting state is homogeneous and
the order parameter preserves the space symmetries. For most of the
systems of interest the number conservation should be implemented by
solving equations for the gap function and the densities of species self-
consistently. In such a scheme the physical quantities are single valued
functions of the asymmetry and temperature, contrary to the double val-
ued results obtained in the non-conserving schemes.

For large enough asymmetries the homogeneous state becomes unsta-
ble towards formation of either the LOFF phase - a superconducting
state with nonzero center-of-mass momentum of the Cooper pairs, or
the DFS phase - a superconducting state which requires a quadrapole
deformation of Fermi surfaces. A combined treatment of these phases in
non-relativistic systems shows that while the LOFF phase corresponds
to a local minimum, the DFS phase has energy lower that the LOFF
phase. These phases break either the rotational, the translational or both
symmetries.

The temperature dependence of the pairing gap for the homogeneous,
LOFF and DFS superconducting phases shows the phenomenon of re-
entrance: the superconducting state is revived at finite temperatures.
There exist two critical temperatures corresponding to phase transitions
from the normal to the superconducting state and back as the tempera-
ture is increased from zero to finite values.

The color superconducting DFS-phase, which is treated in a four-fermion
contact interaction model, is preferred to the homogeneous 2SC state for
asymmetries that are typical to matter under β-equilibrium.
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Abstract The ground state of dense up and down quark matter under local and global
charge neutrality conditions with β-equilibrium has at least four possibilities:
normal, regular 2SC, gapless 2SC phases, and mixed phase composed of 2SC
phase and normal components. The discussion is focused on the unusual prop-
erties of gapless 2SC phase at zero as well as at finite temperature.

Keywords: Local and global charge neutrality conditions, mixed phase, gapless color super-
conductivity

1. Introduction
Currently, our knowledge of sufficiently cold and dense matter is very lim-

ited. There are neither experimental data nor lattice data in this region. From
the BCS theorem, it is speculated that if the matter is dense enough, the ground
state of the deconfined quark matter at low temperature will be a color super-
conductor [1]. Recent studies show that dense quark matter has a rich phase
structure, see Ref. [2] for reviews. At asymptotically high baryon densities,
this phenomenon can be studied from first principles [3]. If all three colors of
the three light quarks participate in the Cooper pairing, the ground state will
be in the color-flavor-locking (CFL) phase [4].

In reality, we are more interested in the intermediate density region, where
the color superconducting phase may exist in the interior of neutron stars or
may be created in heavy ion collisions. Unfortunately, we have little knowl-
edge about this region: we are not sure how the deconfinement and the chiral
restoration phase transitions happen, how the QCD coupling constant evolves
and how the strange quark behaves in dense matter, etc. Primarily, our current
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understanding of the QCD phase structure in this region is based on assump-
tions.

In the framework of the bag model [5], or, in general, under the assumption
that the strange quark mass is small [6], one can exclude the 2SC phase in the
interior of compact stars when charge neutrality is considered.

However, there is another possibility, if the strange quark becomes light at
a larger chemical potential than the u, d quarks, there will be a density re-
gion where only u, d quarks exist. Here, we focus on the dense quark mat-
ter composed of only u and d quarks, assuming that the strange quark is too
heavy to involve in the system. If bulk u, d quark matter exists in the inte-
rior of compact stars, it should be neutral with respect to electrical as well as
color charges [6–13]. Also, such matter should remain in β-equilibrium, i.e.,
the chemical potential for each flavor and color should satisfy the relationship
µij,αβ = (µδij −µeQij)δαβ +2/

√
3µ8δij(T8)αβ , where Q and T8 are genera-

tors of U(1)em of electromagnetism and the U(1)8 subgroup of the color gauge
group. Satisfying these requirements imposes nontrivial relations between the
chemical potentials of different quarks. We will see that these requirements
play very important role in determining the ground state of dense u, d quark
matter.

The charge neutrality condition can be satisfied locally [6–11] or globally
[12, 13]. In the following, we will firstly discuss the homogeneous phase when
the charge neutrality is satisfied locally, then discuss the mixed phase when the
charge neutrality condition is satisfied globally.

2. Local charge neutrality: homogeneous phase

2.1 Correct way to find the neutral ground state
To neutralize the electrical charge in the homogeneous dense u, d quark

matter, roughly speaking, twice as many d quarks as u quarks are needed, i.e.,
nd � 2nu, where nu,d are the number densities for u and d quarks. This
induces a mismatch between the Fermi surfaces of pairing quarks, i.e., µd −
µu = µe = 2δµ, where µe is the electron chemical potential.

To get the ground state of the system, we need to know the thermodynamical
potential. For simplicity, we use Nambu–Jona-Lasinio (NJL) model [14] to
describe 2-flavor quark matter,

L = q̄iγµ∂µq + GS

[
(q̄q)2 + (q̄iγ5τ̃ q)2

]
+GD

[
(iq̄Cεεbγ5q)(iq̄εεbγ5q

C)
]
, (1)

where qC = Cq̄T is the charge-conjugate spinor and C = iγ2γ0 is the charge
conjugation matrix. The quark field q ≡ qiα is a four-component Dirac spinor
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that carries flavor (i = 1, 2) and color (α = 1, 2, 3) indices. The Pauli matrices
are denoted by �τ = (τ1, τ2, τ3), while (ε)ik ≡ εik and (εb)αβ ≡ εαβb are
the antisymmetric tensors in the flavor and color spaces, respectively. We also
introduce a momentum cutoff Λ, and two independent coupling constants in
the scalar quark-antiquark and scalar diquark channels, GS and GD . We define
η = GD/GS , and η = 0.75 is the value from the Fierz transformation, but in
principle, η is a free parameter.

In the mean-field approximation, the thermodynamical potential for u, d
quarks in β-equilibrium with electrons takes the form [7, 9]:

Ωu,d,e = Ω0 −
1

12π2

(
µ4

e + 2π2T 2µ2
e +

7π4

15
T 4

)
+

m2

4GS

+
∆2

4GD
−
∑

a

∫
d3p

(2π)3
[
Ea + 2T ln

(
1 + e−Ea/T

)]
, (2)

where Ω0 is a constant added to make the pressure of the vacuum zero, and the
electron mass was taken to be zero, which is sufficient for the purposes of the
current study. The sum in the second line of Eq. (2) runs over all (6 quark and 6
antiquark) quasi-particles. The explicit dispersion relations and the degeneracy
factors of the quasi-particles read

E±
ub = E(p) ± µub, [×1] (3)

E±
db = E(p) ± µdb, [×1] (4)

E±
∆± = E±

∆(p) ± δµ. [×2] (5)

Here we introduced the following shorthand notation: E(p) =
√

p2 + m2 and
E±

∆(p) =
√

[E(p) ± µ̄]2 + ∆2 with µ̄ ≡ µ − µe/6 + µ8/3.
If a macroscopic chunk of quark matter is created in heavy ion collisions or

exists inside the compact stars, it must be in color singlet. So in the following
discussions, color charge neutrality condition is always satisfied.

Now, we discuss the role of electrical charge neutrality condition. If a
macroscopic chunk of quark matter has nonzero net electrical charge density
nQ, the total thermodynamical potential for the system should be given by

Ω = ΩCoulomb + Ωu,d,e, (6)

where ΩCoulomb ∼ n2
QV 2/3 (V is the volume of the system) is induced by

the repulsive Coulomb interaction. The energy density grows with increasing
the volume of the system, as a result, it is almost impossible for matter inside
stars to remain charged over macroscopic distances. So the bulk quark matter
should also satisfy electrical neutrality condition, thus ΩCoulomb|nQ=0 = 0,
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Figure 1. The effective potential as a function of the diquark gap ∆ calculated at a fixed
value of the electrical chemical potential µe = 148 MeV (dashed line), and the effective
potential defined along the neutrality line (solid line). The results are plotted for µ = 400 MeV
with η = 0.75.

and Ωu,d,e|nQ=0 is on the neutrality line. Under the charge neutrality condition,
the total thermodynamical potential of the system is Ω|nQ=0 = Ωu,d,e|nQ=0.

Here, we want to emphasize that: The correct way to find the ground state of
the homogeneous neutral u, d quark matter is to minimize the thermodynam-
ical potential along the neutrality line Ω|nQ=0 = Ωu,d,e|nQ=0, not like in the
flavor asymmetric quark system, where β-equilibrium is required but µe is a
free parameter, and the ground state is determined by minimizing the thermo-
dynamical potential Ωu,d,e.

From Figure 1, we can see the difference in determining the ground state
for a charge neutral system and for a flavor asymmetric system. In Figure 1,
at a given chemical potential µ = 400 MeV and η = 0.75, the thermody-
namical potential along the charge neutrality line Ω|nQ=0 as a function of the
diquark gap ∆ is shown by the solid line. The minimum gives the ground state
of the neutral system, and the corresponding values of the chemical potential
and the diquark gap are µe = 148 MeV and ∆ = 68 MeV, respectively. If
we switch off the charge neutrality conditions, and consider the flavor asym-
metric u, d quark matter in β− equilibrium [15], the electrical chemical poten-
tial µe becomes a free parameter. At a fixed µe = 148 MeV and with color
charge neutrality, the thermodynamical potential is shown as a function of the
diquark gap by the dashed line in Figure 1. The minimum gives the ground
state of the flavor asymmetric system, and the corresponding diquark gap is
∆ = 104 MeV, but this state has positive electrical charge density, and cannot
exist in the interior of compact stars.
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Figure 2. The graphical representation of the solution to the charge neutrality conditions
(thick dash-dotted line) and the solution to the gap equation for three different values of the
diquark coupling constant (thick solid and dashed lines). The intersection points represent the
solutions to both. The thin solid line divides two qualitatively different regions, ∆ < δµ and
∆ > δµ. The results are plotted for µ = 400 MeV and three values of diquark coupling
constant GD = ηGS with η = 0.5, η = 0.75, and η = 1.0.

2.2 η dependent solutions
In the last subsection, by looking for the minimum of the thermodynamic

potential along the charge neutrality line, we found the ground state for the
charge neutral u, d quark system.

Equivalently, the neutral ground state can also be determined by solving
the diquark gap equation together with the charge neutrality conditions. We
visualize this method in Figure 2, with color neutrality always satisfied, at a
given chemical potential µ = 400 MeV. The nontrivial solutions to the diquark
gap equation as functions of the electrical chemical potential µe are shown by
a thick-solid line (η = 0.75), a long-dashed line (η = 1.0), and a short-dashed
line (η = 0.5). It is found that for each η, the solution is divided into two
branches by the thin-solid line ∆ = δµ, and the solution is very sensitive to
η. Also, there is always a trivial solution to the diquark gap equation, i.e.,
∆ = 0. The solution of the charge neutrality conditions is shown by a thick
dash-dotted line, which is also divided into two branches by the thin-solid line
∆ = δµ, but the solution of the charge neutrality is independent of η.

The cross-point of the solutions to the charge neutrality conditions and the
diquark gap gives the solution of the system. We find that the neutral ground
state is sensitive to the coupling constant GD = ηGS in the diquark channel.
In the case of a very strong coupling (e.g., η = 1.0 case), the charge neutrality
line crosses the upper branch of the solution to the diquark gap, the ground
state is a charge neutral regular 2SC phase with ∆ > δµ. In the case of weak
coupling (e.g., η = 0.5), the charge neutrality line crosses the trivial solution
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Figure 3. The quasi-particle dispersion relations at low energies in the 2SC phase (left panel)
and in the g2SC phase (right panel).

of the diquark gap, i.e., the ground state is a charge neutral normal quark matter
with ∆ = 0. The regime of intermediate coupling (see, e.g., η = 0.75 case)
is most interesting, the charge neutrality line crosses the lower branch of the
solution of the diquark gap. We will see that this phase is a gapless 2SC (g2SC)
phase with ∆ < δµ, which is different from the regular 2SC phase, and has
some unusual properties.

2.3 g2SC phase
In this subsection, we will explain why we call the color superconducting

phase with ∆ < δµ the g2SC phase, and we will show some special properties
of this phase.

Quasi-particle spectrum

It is instructive to start with the excitation spectrum in the case of the ordi-
nary 2SC phase when δµ = 0. With the conventional choice of the gap point-
ing in the anti-blue direction in color space, the blue quarks are not affected
by the pairing dynamics, and the other four quasi-particle excitations are linear
superpositions of ur,g and dr,g quarks and holes. The quasi-particle is nearly
identical with a quark at large momenta and with a hole at small momenta. We
represent the quasi-particle in the form of Q(quark, hole), then the four quasi-
particles can be represented explicitly as Q(ur, dg), Q(ug, dr), Q(dr, ug) and
Q(dg, ur). When δµ = 0, the four quasi-particles are degenerate, and have a
common gap ∆.
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If there is a small mismatch (δµ < ∆) between the Fermi surfaces of the
pairing u and d quarks, the excitation spectrum will change. For example,
we show the excitation spectrum of Q(ur, dg) and Q(dg, ur) in the left panel
of Figure 3. We can see that δµ induces two different dispersion relations,
the quasi-particle Q(dg, ur) has a smaller gap ∆ − µ, and the quasi-particle
Q(ur, dg) has a larger gap ∆+µ. This is similar to the case when the mismatch
is induced by the mass difference of the pairing quarks [16].

If the mismatch δµ is larger than the gap parameter ∆, the lower disper-
sion relation for the quasi-particle Q(dg, ur) will cross the zero-energy axis,
as shown in the right panel of Figure 3. The energy of the quasi-particle
Q(dg, ur) vanishes at two values of momenta p = µ− and p = µ+ where
µ± ≡ µ̄ ±

√
(δµ)2 − ∆2. This is why we call this phase gapless 2SC (g2SC)

phase. An unstable gapless CFL phase has been found in Ref. [16], and a sim-
ilar stable gapless color superconductivity could also appear in a cold atomic
gas or in u, s or d, s quark matter when the number densities are kept fixed
[17].

As one would expect, far outside the pairing region, p � µ̄, the quasi-
particle dispersion relations are similar to those in the 2SC phase. Also, around
p � µ̄, the quasi-particle Q(ur, dg) resembles the dispersion relations with that
in the regular 2SC phase. The most remarkable property of the quasi-particle
spectra in the g2SC phase is that the low energy excitations (E � δµ − ∆)
are very similar to those in the normal phase represented by solid lines. The
only difference is that the values of the chemical potentials of the up and down
quarks µur = µug and µdg = µdr are replaced by the values µ− and µ+,
respectively. This observation suggests, in particular, that the low energy (large
distance scale) properties of the g2SC phase should look similar to those in the
normal phase.

Finite temperature properties

In a superconducting system, when one increases the temperature at a given
chemical potential, thermal motion will eventually break up the quark Cooper
pairs. In the weakly interacting Bardeen-Copper-Schrieffer (BCS) theory, the
transition between the superconducting and normal phases is usually of second
order. The ratio of the critical temperature TBCS

c to the zero temperature value
of the gap ∆BCS

0 is a universal value [18]

rBCS =
TBCS

c

∆BCS
0

=
eγE

π
≈ 0.567, (7)

where γE ≈ 0.577 is the Euler constant. In the conventional 2SC phase of
quark matter with equal densities of the up and down quarks, the ratio of the
critical temperature to the zero temperature value of the gap is also the same
as in the BCS theory [19]. In the spin-0 color flavor locked phase as well as in
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Figure 4. The temperature dependence of the diquark gap (solid line) and the value of
δµ ≡ µe/2 (dashed line) in neutral quark matter. For comparison, the diquark gap in the model
with µe = 0 and µ8 = 0 is also shown (dash-dotted line). The results are plotted for µ = 400
MeV and η = 0.75.

the spin-1 color spin locked phase, on the other hand, this ratio is larger than
the BCS ratio by the factors 21/3 and 22/3, respectively. These deviations are
related directly to the presence of two different types of quasi-particles with
nonequal gaps [20].

For the g2SC phase, the typical results for the default choice of parameters
µ = 400 MeV and η = 0.75 are shown in Figure 4. Both the values of the
diquark gap (solid line) and the mismatch parameter δµ = µe/2 (dashed line)
are plotted. One very unusual property of the shown temperature dependence
of the gap is a nonmonotonic behavior. Only at sufficiently high temperatures,
the gap is a decreasing function. In the low temperature region, T ≤ 10 MeV,
however, it increases with temperature. For comparison, in the same figure, the
diquark gap in the model with µe = 0 and µ8 = 0 is also shown (dash-dotted
line). This latter has the standard BCS shape.

Another interesting thing regarding the temperature dependences in Figure 4
appears in the intermediate temperature region, 22.5 ≤ T ≤ 37 MeV. By com-
paring the values of ∆(T ) and δµ in this region, we see that the g2SC phase
is replaced by a “transitional” 2SC phase there. Indeed, the energy spectrum
of the quasi-particles even at finite temperature is determined by the same re-
lations in Eqs. (3) and (5) that we used at zero temperature. When ∆ > δµ,
the modes determined by Eq. (5) are gapped. Then, according to our standard
classification, the ground state is the 2SC phase.

It is fair to say, of course, that the qualitative difference of the g2SC and 2SC
phases is not so striking at finite temperature as it is at zero temperature. This
difference is particularly negligible in the region of interest where temperatures
22.5 ≤ T ≤ 37 MeV are considerably larger than the actual value of the



Neutral Dense Quark Matter 233

10 20 30 40 50
T (MeV )

20

40

60

∆
(M
e
V

)

η=0.64

η=0.66

η=0.684

η=0.70

η=0.75

Figure 5. The temperature dependence of the diquark gap in neutral quark matter calculated
for several values of the diquark coupling strength η = GD/GS .

smaller gap, ∆−δµ. However, by increasing the value of the coupling constant
slightly, the transitional 2SC phase can be made much stronger and the window
of intermediate temperatures can become considerably wider. In either case,
we find it rather unusual that the g2SC phase of neutral quark matter is replaced
by a transitional 2SC phase at intermediate temperatures which, is replaced by
the g2SC phase again at higher temperatures.

It appears that the temperature dependence of the diquark gap is very sensi-
tive to the choice of the diquark coupling strength η = GD/GS in the model
at hand. This is not surprising because the solution to the gap equation is very
sensitive to this choice. The resulting interplay of the solution for ∆ with
the condition of charge neutrality, however, is very interesting. This is demon-
strated by the plot of the temperature dependence of the diquark gap calculated
for several values of the diquark coupling constant in Figure 5.

The most amazing are the results for weak coupling. It appears that the gap
function could have sizable values at finite temperature even if it is exactly zero
at zero temperature. This possibility comes about only because of the strong
influence of the neutrality condition on the ground state preference in quark
matter. Because of the thermal effects, the positive electrical charge of the
diquark condensate is easier to accommodate at finite temperature. We should
mention that somewhat similar results for the temperature dependence of the
gap were also obtained in Ref. [21] in a study of the asymmetric nuclear matter,
and in Ref. [22] when number density was fixed.

The numerical results for the ratio of the critical temperature to the zero
temperature gap in the g2SC case as a function of the diquark coupling strength
η = GD/GS are plotted in Figure 6. The dependence is shown for the most
interesting range of values of η = GD/GS , 0.68 ≤ η ≤ 0.81, which allows the
g2SC stable ground state at zero temperature. When the coupling gets weaker
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Figure 6. The ratio of the critical temperature to the zero temperature gap in neutral quark
matter as a function of the coupling strength η = GD/GS .

in this range, the zero temperature gap vanishes gradually. As we saw from
Figure 5, however, this does not mean that the critical temperature vanishes
too. Therefore, the ratio of a finite value of Tc to the vanishing value of the gap
can become arbitrarily large. In fact, it remains strictly infinite for a range of
couplings.

3. Global charge neutrality: mixed phase
We have discussed the homogeneous 2-flavor quark matter when charge

neutrality conditions are satisfied locally, and found that the local charge neu-
trality conditions impose very strong constraints on determining the ground
state of the system.

On the other hand, one can construct mixed phase when charge neutrality
conditions are satisfied globally. Inside mixed phases, the charge neutrality is
satisfied “on average” rather than locally. This means that different compo-
nents of mixed phases may have non-zero densities of conserved charges, but
the total charge of all components still vanishes. In this case, one says that the
local charge neutrality condition is replaced by a global one. There are three
possible components: (i) normal phase, (ii) 2SC phase, and (iii) g2SC phase.

The pressure of the main three phases of two-flavor quark matter as a func-
tion of the baryon and electrical chemical potentials is shown in Figure 7 at
η = 0.75. In this figure, we also show the pressure of the neutral normal quark
and gapless 2SC phases (two dark solid lines). The surface of the g2SC phase
extends only over a finite range of the values of µe. It merges with the pres-
sure surfaces of the normal quark phase (on the left) and with the ordinary 2SC
phase (on the right).
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Figure 7. At η = 0.75, pressure as a function of µ ≡ µB/3 and µe for the normal and color
superconducting quark phases. The dark solid lines represent two locally neutral phases: (i) the
neutral normal quark phase on the left, and (ii) the neutral gapless 2SC phase on the right. The
appearance of the swallowtail structure is related to the first order type of the phase transition in
quark matter.

It is interesting to notice that the three pressure surfaces in Figure 7 form
a characteristic swallowtail structure. As one could see, the appearance of
this structure is directly related to the fact that the phase transition between
color superconducting and normal quark matter, which is driven by changing
parameter µe, is of first order. In fact, one should expect the appearance of a
similar swallowtail structure also in a self-consistent description of the hadron-
quark phase transition. Such a description, however, is not available yet.

From Figure 7, one could see that the surfaces of normal and 2SC quark
phases intersect along a common line. This means that the two phases have the
same pressure along this line, and therefore could potentially co-exist. More-
over, as is easy to check, normal quark matter is negatively charged, while 2SC
quark matter is positively charged on this line. This observation suggests that
the appearance of the corresponding mixed phase is almost inevitable.

Let us start by giving a brief introduction into the general method of con-
structing mixed phases by imposing the Gibbs conditions of equilibrium [23,
18]. From the physical point of view, the Gibbs conditions enforce the me-
chanical as well as chemical equilibrium between different components of a
mixed phase. This is achieved by requiring that the pressure of different com-
ponents inside the mixed phase are equal, and that the chemical potentials (µ
and µe) are the same across the whole mixed phase. For example, in relation
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Figure 8. At η = 0.75, pressure as a function of µ ≡ µB/3 and µe for the normal and
color superconducting quark phases (the same as in Figure 7, but from a different viewpoint).
The dark solid line represents the mixed phase of negatively charged normal quark matter and
positively charged 2SC matter.

to the mixed phase of normal and 2SC quark matter, these conditions read

P (NQ)(µ, µe) = P (2SC)(µ, µe), (8)

µ = µ(NQ) = µ(2SC), (9)

µe = µ(NQ)
e = µ(2SC)

e . (10)

It is easy to visualize these conditions by plotting the pressure as a function
of chemical potentials (µ and µe) for both components of the mixed phase.
This is shown in Figure 8. As should be clear, the above Gibbs conditions
are automatically satisfied along the intersection line of two pressure surfaces
(dark solid line in Figure 8).

Different components of the mixed phase occupy different volumes of space.
To describe this quantitatively, we introduce the volume fraction of normal
quark matter as follows: χNQ

2SC ≡ VNQ/V (notation χA
B means volume frac-

tion of phase A in a mixture with phase B). Then, the volume fraction of the
2SC phase is given by χ2SC

NQ = (1−χNQ
2SC). From the definition, it is clear that

0 ≤ χNQ
2SC ≤ 1.

The average electrical charge density of the mixed phase is determined by
the charge densities of its components taken in the proportion of the corre-
sponding volume fractions. Thus,

n(MP )
e = χNQ

2SCn(NQ)
e (µ, µe) + (1 − χNQ

2SC)n(2SC)
e (µ, µe). (11)
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If the charge densities of the two components have opposite signs, one can im-
pose the global charge neutrality condition, n

(MP )
e = 0. Otherwise, a neutral

mixed phase could not exist. In the case of quark matter, the charge density
of the normal quark phase is negative, while the charge density of the 2SC
phase is positive along the line of the Gibbs construction (dark solid line in
Figure 8). Therefore, a neutral mixed phase exists. The volume fractions of its
components are

χNQ
2SC =

n
(2SC)
e

n
(2SC)
e − n

(NQ)
e

, (12)

χ2SC
NQ ≡ 1 − χNQ

2SC =
n

(NQ)
e

n
(NQ)
e − n

(2SC)
e

. (13)

After the volume fractions have been determined from the condition of the
global charge neutrality, we could also calculate the energy density of the cor-
responding mixed phase,

ε(MP ) = χNQ
2SCε(NQ)(µ, µe) + (1 − χNQ

2SC)ε(2SC)(µ, µe). (14)

This is essentially all that we need in order to construct the equation of state of
the mixed phase.

So far, we were neglecting the effects of the Coulomb forces and the surface
tension between different components of the mixed phase. In a real system,
however, these are important. In particular, the balance between the Coulomb
forces and the surface tension determines the size and geometry of different
components inside the mixed phase.

In our case, nearly equal volume fractions of the two quark phases are likely
to form alternating layers (slabs) of matter. The energy cost per unit volume to
produce such layers scales as σ2/3(n(2SC)

e − n
(NQ)
e )2/3 where σ is the surface

tension [25]. Therefore, the quark mixed phase is a favorable phase of matter
only if the surface tension is not too large. Our simple estimates show that
σmax ≤ 20 MeV/fm2. However, even for slightly larger values, 20 ≤ σ ≤ 50
MeV/fm2, the mixed phase is still possible, but its first appearance would occur
at larger densities, 3ρ0 ≤ ρB ≤ 5ρ0. The value of the maximum surface
tension obtained here is comparable to the estimate in the case of the hadronic-
CFL mixed phase obtained in Ref. [26]. The thickness of the layers scales
as σ1/3(n(2SC)

e − n
(NQ)
e )−2/3 [25], and its typical value is of order 10 fm in

the quark mixed phase. This is similar to the estimates in various hadron-
quark and hadron-hadron mixed phases [25, 26]. While the actual value of the
surface tension in quark matter is not known, in this study we assume that it is
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not very large. Otherwise, the homogeneous gapless 2SC phase should be the
most favorable phase of nonstrange quark matter [9].

Under the assumptions that the effect of Coulomb forces and the surface
tension is small, the mixed phase of normal and 2SC quark matter is the most
favorable neutral phase of matter in the model at hand with η = 0.75. This
should be clear from observing the pressure surfaces in Figs. 7 and 8. For a
given value of the baryon chemical potential µ = µB/3, the mixed phase is
more favorable than the gapless 2SC phase, while the gapless 2SC phase is
more favorable than the neutral normal quark phase.

4. Conclusion
Dense u, d quark matter under local and global charge neutrality conditions

in β-equilibrium has been discussed.
Under local charge neutrality condition, the homogeneous neutral ground

state is sensitive to the coupling constant in the diquark channel, it will be in the
regular 2SC phase when the coupling is strong, in the normal phase when the
coupling is weak, and in the g2SC phase in the case of intermediate coupling.
The low energy quasi-particle spectrum in g2SC phase contains four gapless
and only two gapped modes, and this phase has rather unusual properties at
zero as well as at finite temperature.

Under global charge neutrality condition, assuming that the effect of Coulomb
forces and the surface tension is small, one can construct a mixed phase com-
posed of positive charged 2SC phase and negative charged normal quark mat-
ter.
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Abstract Two aspects of quark matter at high density are addressed: one is color super-
conductivity and the other is ferromagnetism. We are mainly concerned with
the latter and its relation to color superconductivity, which we call color mag-
netic superconductivity. The relation of ferromagnetism and chiral symmetry
restoration is also discussed.

1. Introduction
Nowadays it is widely accepted that there should be realized various phases

of QCD in temperature (T ) - density (ρB) plane. When we emphasize the
low T and high ρB region, the subjects are sometimes called physics of high-
density QCD. The main purposes in this field should be to figure out the prop-
erties of phase transitions and new phases, and to extract their symmetry break-
ing pattern and low-energy excitation modes there on the basis of QCD. On the
other hand, these studies have phenomenological implications on relativistic
heavy-ion collisions and compact stars like neutron stars or quark stars.

In this talk we’d like to address magnetic properties of quark matter at low
temperature. We first discuss the ferromagnetic phase transition and then a pos-
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sibility of the coexistence of ferromagnetism (FM) and color superconductivity
(CSC). We also present an idea about how FM is related to chiral symmetry.

CSC should be very popular and many people believe that it is robust due to
the Cooper instability even for small attractive quark-quark interaction in color
3̄ channel [1]. On the contrary, we are afraid that FM has not been so familiar
yet. So, we’d like to begin with a brief introduction about our motivation for
the study of FM.

Phenomenologically the concept of magnetism should be directly related
to the origin of strong magnetic field observed in compact stars [2]; e.g., it
amounts to O(1012G) at the surface of radio pulsars. Recently a new class of
pulsars called magnetars has been discovered with super strong magnetic field,
Bs ∼ 1014−15G, estimated from the P − Ṗ curve [3, 4]. First observations
are indirect evidences for super strong magnetic field, but discoveries of some
absorption lines stemming from the cyclotron frequency of protons have been
currently reported [5].

The origin of the strong magnetic field has been a long standing problem
since the first pulsar was discovered [2]. A naive working hypothesis is the
conservation of the magnetic flux and its squeezing during the evolution from
a main-sequence progenitor star to a compact star, Bs ∝ R−2 with R being
the radius [6].

Table 1. Surface magnetic field and the radius of stars by the conservation of the magnetic
flux.

BS[G] R[cm]

Sun (obs.) 103 1010

Neutron star 1011 106

Magnetar 1015 104

The relation of the radius and the expected strength of the magnetic field is
listed by the use of the hypothesis in Table. 1. Then, it looks to work well for
explaining the strength of the magnetic field observed for radio pulsars. How-
ever, it does not work for magnetars; considering the Schwarzschild radius,

RSch = 2GM/c2 = 4 × 105[cm] � 104[cm], (1)

for the canonical mass of M = 1.4M�, we are immediately led to a contradic-
tion.

Since there should be developed hadronic matter inside compact stars, it
would be reasonable to consider a microscopic origin of such strong magnetic
field: ferromagnetism or spin polarization is one of the candidates to explain
it. To grasp a rough idea about how hadronic matter can give such a super
strong magnetic field rather easily, it should be interesting to compare typical
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energy scales in some systems (see Table 2): the magnetic interaction energy
is estimated as Emag = µiB with the magnetic moment, µi = ei/(2mi). Thus

Table 2. Magnetic interaction energies Emag for 1015G and the typical energy scales Etyp in
electron, nucleon and quark systems.

electron proton quark

mi[MeV] 0.5 103 1- 100
Emag[MeV] 5 - 6 2.5 × 10−3 2.5 × 10−2 − 2.5

Etyp KeV MeV MeV

we can see Etyp � Emag for electrons, while Etyp > Emag for nucleons
or quarks. This simple consideration may imply that strong interaction gives
a feasible origin for the strong magnetic field. The possibility of ferromag-
netism in nuclear matter has been elaborately studied when the pulsars were
observed, but negative results have been reported so far [7]. Here we consider
its possibility in quark matter from a different point of view [8].

2. What is ferromagnetism in quark matter?
Quark matter bears some resemblance to electron gas interacting with the

Coulomb potential; the gluon exchange interaction in QCD is similar to the
electromagnetic interaction in QED and color neutrality of quark matter corre-
sponds to charge neutrality of electron gas under the background of positively
charged ions. It was Bloch who first suggested a mechanism leading to fer-
romagnetism of itinerant electrons [9, 10]. The mechanism is very simple but
largely reflects the Fermion nature of electrons. Since there works no direct
interaction between electrons as a whole, the Fock exchange interaction gives
a leading contribution; it can be represented as

VFock = −e2 1 + ζ · ζ′

|k − q|2 , (2)

between two electrons with momenta, k and q, and spin polarizations, ζ and
ζ′, where the vector ζ specifies the definite spin polarized state, e.g. ζ =
(0, 0,±1) for spin up and down state. Then it is immediately conceivable that
a most attractive channel is the parallel spin pair, whereas electrons with oppo-
site polarizations gives null contribution. This is nothing but a consequence of
the Pauli exclusion principle: electrons with the same spin polarization cannot
closely approach to each other, which effectively avoid the Coulomb repulsion.
On the other hand a polarized state should give a larger kinetic energy by rear-
ranging the two Fermi spheres. Thus there is a trade-off between kinetic and
interaction energies, which leads to a spontaneous spin polarization (SSP) or



244 SUPERDENSE QCD MATTER AND COMPACT STARS

FM at some density 1 . One of the essential points we learned here is that we
need no spin-dependent interaction at the original Lagrangian to see SSP. We
can see a similar phenomenon in dealing with nuclear matter within the rela-
tivistic mean-field theory, where the Fock interaction can be extracted by way
of the Fierz transformation from the original Lagrangian [11].

Then it might be natural to ask how about in QCD. We list here some fea-
tures of QCD related to this subject. (1) the quark-gluon interaction in QCD is
rather simple, compared with the nuclear force; it is a gauge interaction like in
QED. (2) quark matter should be a color neutral system and only the exchange
interaction is relevant like in the electron system. (3) there is an additional fla-
vor degree of freedom in quark matter; gluon exchange never change flavor
but it comes in through the generalized Pauli principle. (4) quarks should be
treated relativistically, different from the electron system.

The last feature requires a new definition and formulation of SSP or FM in
relativistic systems since“spin” is no more a good quantum number in relativis-
tic theories; spin couples with momentum and its direction changes during the
motion. It is well known that the Pauli-Lubanski vector W µ is the four vector
to represent the spin degree of freedom in a covariant form,

W µ = −1
4
εµνρσkνσρσ. (3)

In the rest frame,

W 0 = 0,
W
m

=
1
2
γ5γ0γ =

1
2
Σ, (4)

where Σ =
(

σ 0
0 σ

)
in the usual basis. For any space-like four vector a

orthogonal to k, aµkµ = 0, we then have a property,

W · a = −1
2
γ5a/k/. (5)

By taking a 4-pseudovector aµ s.t.

a = ζ +
k(ζ · k)

m(Ek + m)
, a0 =

k · ζ
m

(6)

with the axial vector ζ, we can see the operator

P (a) =
1
2
(1 + γ5a/) (7)

1FM does not necessarily accompany SSP in some cases with internal degrees of freedom, as is seen in
section 4.
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is the projection operator for the definite spin-polarized states; actually aµ is
reduced to a three vector (0, ζ) in the rest frame and we can allocate ζ =
(0, 0,±1) to spin “up” and “down” states. Thus we can still use ζ to specify
the two intrinsic polarized states even in the general Lorentz frame.

We briefly present a heuristic argument how quark matter becomes ferro-
magnetic by the use of above definition [8]. The Fock exchange interaction,
fkζ,qζ′, between two quarks is defined by

fkζ,qζ′ =
m

Ek

m

Eq
Mkζ,qζ′ . (8)

Mkζ,qζ′ is the usual Lorentz invariant matrix element and can be written in the
lowest order as

Mkζ,qζ′ = g2 2
9m2

[2m2 − k · q − m2a · b] 1
(k − q)2

, (9)

where the spin dependent term renders

a · b = − 1
m2

q

[
−(k · ζ)(q · ζ′) + m2ζ · ζ ′

+
{
m(Ek + m)(ζ · q)(ζ ′ · q) + m(Eq + m)(ζ ′ · k)(ζ · k)

+ (k · q)(ζ · k)(ζ ′ · q)
}

/(Ek + m)(Eq + m)
]
. (10)

It exhibits a complicated spin-dependent structure arising from the Dirac four
spinor, while it is reduced to a simple form,

−2
9
g2 1 + ζ · ζ ′

(k− q)2
(11)

in the non-relativistic limit as in the electron system. Eq. (11) clearly shows
why parallel spin pairs are favored, while we cannot see it clearly in the rel-
ativistic expression (10). We have explicitly demonstrated that the ferromag-
netic phase should be realized at relatively low density region [8].

Relativistic ferromagnetism
If we understand FM or magnetic properties of quark matter more deeply,

we must proceeds to a self-consistent approach, like Hartree-Fock theory, be-
yond the previous perturbative argument. In ref. [11] we have described how
the axial-vector mean field (AV) and the tensor one appear as a consequence
of the Fierz transformation within the relativistic mean-field theory for nuclear
matter, which is one of the nonperturbative frameworks in many-body theo-
ries and corresponds to the Hatree-Fock approximation. We also demonstrated
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they are responsible to ferromagnetism of nuclear matter. An important point
obtained there is the “condensation” of AV. 2

When we consider the non-vanishing AV in quark matter,

V = −γ5γ3UA, UA//ẑ, (12)

we see an interaction between quarks and AV,

Hint ∝ σ ·UA = σ3UA, UA ≥ 0, (13)

in a similar form to the magnetic interaction in QED. Then the quark propaga-
tor in AV renders

G−1
A (p) = p/ − m − µ/ + γ5U/A. (14)

The poles of GA(p), detG−1
A (p0=εn)=0, give the single-particle energy spec-

trum:

εn = ±ε± (15)

ε± =

√
p2 + U2

A + m2 ± 2
√

m2U2
A + (p ·UA)2, (16)

where the subscript ± in the energy spectrum represents spin degrees of free-
dom, and the dissolution of the degeneracy corresponds to the exchange split-
ting of different “spin” states [10]. Actually it is reduced to a familiar form,
ε± = m + p2

2m ± UA, in the non-relativistic limit, while

ε± =
√

p2
t + (|pz| ± UA)2 (17)

in the extremely relativistic limit, m → 0. Note that UA only shifts the value
of momentum in Eq. (17), so that it should be redundant in the massless case.

There are two Fermi seas for a given quark number with different volumes
due to the exchange splitting in the energy spectrum. The appearance of the
rotation symmetry breaking term, ∝ p · UA in the energy spectrum (16) im-
plies deformation of the Fermi sea: so rotation symmetry is violated in the
momentum space as well as the coordinate space, O(3) → O(2). Accordingly
the Fermi sea of majority quarks exhibits a prolate shape (F−), while that of
minority quarks an oblate shape (F+) as seen Fig. 1 3 .

2There appears no tensor mean field in QCD as a result of chiral symmetry. So we, hereafter, only consider
AV.
3On the contrary, the Fermi sea remains spherical in the non-relativistic case [10]. It would be also interest-
ing to compare our results with those given in the different context [12].
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0

0

p x
,y

pz pz pz

Figure 1. Modification of the Fermi sea as UA is increased from left to right. The larger
Fermi sea (F−) takes a prolate shape, while the smaller one (F+) an oblate shape for a given
UA. In the large UA limit (completely polarized case), F+ disappears as in the right panel.

The mean spin polarization is then given by

s̄z =
1
2
〈Σz〉 = −i

∫
C

d4p

(2π)4
tr[γ5γ3GA(p)] (18)

=
1
2

[∫
F+

d3p

(2π)3
UA + β

ε+
+
∫

F−

d3p

(2π)3
UA − β

ε−

]
(19)

with β =
√

p2
z + m2, from which we can immediately see the non-vanishing

value of UA gives rise to spin polarization. Since the spin polarization is not
necessarily measurable quantity, we’d better to see another observable, the
magnetization, which is defined as the magnetic moment per unit volume and
the magnetic field directly couples with it. In QED the magnetic field couples
with quarks by way of the term, µq q̄σµνqF

µν , with the Dirac magnetic moment
µq = e/(2m), and we can easily see that the magnetization M is directed to
the z direction;

M3 = −i

∫
C

d4p

(2π)4
tr[γ0γ5γ3GA(p)] (20)

=
1
2

[
−
∫

F+

d3p

(2π)3
m

β
+
∫

F−

d3p

(2π)3
m

β

]
(21)

with β =
√

p2
z + m2 in the units of the Dirac magnetic moment. Note that

the magnetization of each Fermi sea has now the opposite direction and it does
not explicitly depend on UA, but the net magnetization arises by way of the
exchange splitting of the Fermi sea. Thus we see the ground state holds ferro-
magnetism in the presence of UA.

3. Color magnetic superconductivity
If FM is realized in quark matter, it might be in the CSC phase. In this

section we discuss a possibility of the coexistence of FM and CSC, which we
call Color magnetic superconductivity [13].
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In passing, it would be worth mentioning the corresponding situation in
condensed matter physics. Magnetism and superconductivity (SC) have been
two major concepts in condensed matter physics and their interplay has been
repeatedly discussed [14]. Very recently some materials have been observed to
exhibit the coexistence phase of FM and SC, which properties have not been
fully understood yet; itinerant electrons are responsible to both phenomena
in these materials and one of the important features is both phases cease at
the same critical pressure [15]. In our case we shall see somewhat different
features, but the similar aspects as well.

We begin with an OGE-type action:

Iint = −g2 1
2

∫
d4x

∫
d4y

[
ψ̄(x)γµ λa

2
ψ(x)

]
Dµν(x, y)

[
ψ̄(y)γν λa

2
ψ(y)
]

, (22)

where Dµν denotes the gluon propagator. By way of the mean-field approxi-
mation, we have

IMF =
1
2

∫
d4p

(2π)4

(
ψ̄(p)
ψ̄c(p)

)T

G−1(p)
(

ψ(p)
ψc(p)

)
(23)

in the Nambu-Gorkov formalism. The inverse quark Green function G−1(p)
involves various self-energy (mean-field) terms, of which we only keep the
color singlet particle-hole V (p) and color 3̄ particle-particle (∆) mean-fields;
the former is responsible to ferromagnetism, while the latter to superconduc-
tivity,

G−1(p) =
(

p/ − m + µ/ + V (p) γ0∆†(p)γ0

∆(p) p/− m − µ/ + V (p)

)
,

=
(

G11(p) G12(p)
G21(p) G22(p)

)−1

(24)

where
ψc(k) = Cψ̄T (−k), V ≡ CV T C−1. (25)

Taking into account the lowest diagram, we can then write down the self-
consistent equations for the mean-fields, V and ∆:

−V (k) = (−ig)2
∫

d4p

i(2π)4
{−iDµν(k − p)}γµ

λα

2
{−iG11(p)}γν

λα

2
. (26)

and

−∆(k) = (−ig)2
∫

d4p

i(2π)4
{−iDµν(k − p)}γµ

−(λα)T

2
{−iG21(p)}γν

λα

2
.

(27)
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Γ∼
G21

G11

∆

V

=

=
Γ ΓA

Nc -1
2
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Nc +1

Γ BA

B

Figure 2. Graphical interpretations of the coupled equations (26) and (27) with coefficients
in front of R.H.S. given by Nc.

Applying the Fierz transformation for the Fock exchange energy term (26)
we can see that there appear the color-singlet scalar, pseudoscalar, vector and
axial-vector self-energies. In general we must take into account these self-
energies in V , V = Us + γ5Ups + γµUµ

v + γµγ5U
µ
av with the mean-fields Ui.

Here we retain only Us, U
0
v , U3

av in V and suppose that others to be vanished.
We shall see this ansatz gives self-consistent solutions for Eq.(26) because of
axial and reflection symmetries of the Fermi seas under the zero-range approxi-
mation for the gluon propagator. We furthermore discard the scalar mean-field
Us and the time component of the vector mean-field U0

v for simplicity since
they are irrelevant for the spin degree of freedom.

According to the above assumptions and considerations the mean-field V in
Eq.(24) renders

V = γ3γ5UA, UA ≡ U3
av , (28)

with VA UA. Then the diagonal component of the Green function G11(p) is
written as

G11(p) =
[
G−1

A − γ0∆†γ0G̃A∆
]−1

(29)

with

G−1
A (p) =/p − m +/µ − γ5γ3UA, (30)

G̃−1
A (p) =/p − m −/µ − γ5γ3UA, (31)

where γ5γ3 = γ5γ3 and GA(p) is the Green function with UA which is deter-
mined self-consistently by way of Eq. (26).

Before constructing the gap function ∆, we first find the single-particle
spectrum and their eigenspinors in the absence of ∆, which is achieved by di-
agonalization of the operator G−1

A . We have already known four single-particle
energies ε± (positive energies) and −ε± (negative energies), which are given
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as

ε±(p) =
√

p2 + U2
A + m2 ± 2UA

√
m2 + p2

z, (32)

and the eigenspinors φs, s = ± should satisfy the equation, G−1
A (εs,p)φs =

0.
Here we take the following ansatz for ∆:

∆(p) =
∑
s=±

∆̃s(p)Bs(p),

Bs(p) = γ0φ−s(p)φ†
s(p). (33)

The structure of the gap function (33) is then inspired by a physical con-
sideration of a quark pair as in the usual BCS theory: we consider here the
quark pair on each Fermi surface with opposite momenta, p and −p so that
they result in a linear combination of Jπ = 0−, 1− (see Fig. 3). 4

∆̃s is still a matrix in the color-flavor space. Since the antisymmetric nature
of the fermion self-energy imposes a constraint on the gap function [1],

C∆(p)C−1 = ∆T (−p). (34)

∆̃n(p) must be a symmetric matrix in the spaces of internal degrees of free-
dom. Taking into account the property that the most attractive channel of the
OGE interaction is the color antisymmetric 3̄ state, it must be in the flavor
singlet state.

Thus we can choose the form of the gap function as
(
∆̃s

)
αβ;ij

= εαβ3εij∆s (35)

for the two-flavor case (2SC), where α, β denote the color indices and i, j the
flavor indices. Then the quasi-particle spectrum can be obtained by looking for
poles of the diagonal Green function, G11:

Es(p) =
{ √

(εs(p) − µ)2 + |∆s(p)|2 for color 1, 2√
(εs(p) − µ)2 for color 3

(36)

Note that the quasi-particle energy is independent of color and flavor in this
case, since we have assumed a singlet pair in flavor and color.

4Note that this choice is not unique; actually we are now studying another possibility of quark pair between
different Fermi surfaces [16].
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Figure 3. Deformed Fermi seas and the
quark pair on each surface. The top figures
show those in the absence of ∆± and the
middle figures diffusion of the Fermi sur-
faces in the presence of ∆±. The bottom
ones show the quark pairing on the Fermi
surfaces.

Figure 4. Schematic view of the polar-
angle dependence of the gap functions at
the Fermi surface, (a) for m = 0 and (b)
for m �= 0.

Gathering all these stuffs to put them in the self-consistent equations, we
have the coupled gap equations for ∆s,

∆s′(k, θk)=
Nc+1
2Nc

g̃2

∫
dp dθp

(2π)2
p2 sin θp

∑
s

Ts′s(k, θk, p, θp)
∆s(p, θp)
2Es(p, θp)

, (37)

and the equation for UA,

UA = −N2
c − 1
4N2

c

g̃2

∫
d3p

(2π)3
∑

s

{
θ(µ − εs(p)) + 2v2

s (p)
} UA + sβp

εs(p)
, (38)

within the “contact” interaction, g̃2 ≡ g2/Λ2, (see Eq. (40)), where v2
s(p)

denotes the momentum distribution of the quasi-particles. We find that the
expression for UA, Eq. (38), is nothing but the simple sum of the expectation
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value of the spin operator with the weight of the occupation probability of the
quasi-particles v2

s for two colors and the step function for remaining one color
(cf. (19)).

Carefully analyzing the structure of the function Ts′s in Eq. (37), we can
easily find that the gap function ∆s should have the polar angle (θ) dependence
on the Fermi surface,

∆s(pF
s , θ) =

pF
s (θ) sin θ

µ

(
−s

m√
m2 + (pF

s (θ) cos θ)2
R + F

)
, (39)

with constants F and R to be determined (see Fig. 4).
As a characteristic feature, both the gap functions have nodes at poles (θ =

0, π) and take the maximal values at the vicinity of equator (θ = π/2), keeping
the relation, ∆− ≥ ∆+. This feature is very similar to 3P pairing in liquid 3He
or nuclear matter [17, 18]; actually we can see our pairing function Eq. (39) to
exhibit an effective P wave nature by a genuine relativistic effect by the Dirac
spinors. Accordingly the quasi-particle distribution is diffused (see Fig. 3)

Self-consistent solutions
Here we demonstrate some numerical results; we replaced the original OGE

by the “contact” interaction with the cutoff around the Fermi surface in the
momentum space,

Dµν → −gµν/Λ2, ∆s(p) → ∆s(p)θ(δ − |εs − µ|) (40)

as in the BCS theory in the weak-coupling limit [19].
First we show the magnitude of UA (Fig. 5). It is seen that the axial-vector

mean-field (spin polarization) appears above a critical density and becomes
larger as baryon number density gets higher. Moreover, the results for different
values of the quark mass show that spin polarization grows more for the larger
quark mass. This is because a large quark mass gives rise to much difference
in the Fermi seas of two different “spin” states, which leads to growth of the
exchange energy in the axial-vector channel. A slight reduction of UA arises
as a result of diffuseness of the Fermi surface due to ∆s. As seen in Eq. (38),
UA can be obtained as addition and cancellation of the contributions by two
different Fermi seas; the latter term is more momentum dependent than the
former one and thereby v2

s(p) enhances the cancellation term (see Fig. 3).
Next we show the gap function as a function of ρB (Fig. 6). To see the bulk

behavior of the gap function, we use the mean-value with respect to the polar
angle on the Fermi surface,

〈∆±〉 ≡
(∫ π

0
dθ

sin θ

2
∆2

±

)1/2

. (41)
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Figure 5. Axial-vector mean-field (VA)
as a function of baryon number density
ρB(ρ0 = 0.16fm−3). Solid (dashed) lines
denote VA in the presence (absence) of
CSC.

Figure 6. Mean values of the gap func-
tions, ∆± and their mass dependence.

The mean values 〈∆±〉 begin to split with each other at a density where UA

becomes finite. We’d like to make a comment here. One may be surprised to
see their value of O(GeV), coming from our parameter choice. However, what
we’d like to reveal here is not their realistic values but a possibility of color
magnetic superconductivity and its qualitative features. More realistic study,
of course, is needed by carefully checking our approximations, especially the
contact interaction and the sharp cutoff at the Fermi surface.

With these figures we can say that FM and CSC barely interfere with each
other.

4. Chiral symmetry and magnetism
We have seen that the quark mass dependence of ferromagnetism should

be important, while we have treated it as an input parameter. When we con-
sider the realization of chiral symmetry in QCD, the quark mass should be
dynamically generated as a result of the vacuum “superconductivity”; qq̄ pairs
are condensed in the vacuum. We consider here SU(2)L × SU(2)R symme-
try. Then Lagrangian should be globally invariant under the operation of any
group element with constant parameters, except the symmetry-breaking term
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stemming from the small current mass, mc. Here we’d like to suggest another
mechanism leading to FM in quark matter with recourse to chiral symmetry.
We shall see that FM may be realized without accompanying spin polarization.

Consider the following parameterization for the combination of the quark
bilinear fields by introducing the auxiliary fields, ρ and θi:

ψ̄ψ + iγ5τ ψ̄iγ5τψ = ρ exp(iγ5τ · θ). (42)

Then it resides on the chiral “circle” with “modulus ”ρ and “ phase”θi , any
point on which is equivalent with each other in the chiral limit, mc = 0,
and moved to another point by a chiral transformation. We conventionally
choose a definite point, 〈vac|ρ|vac〉 = fπ (fπ: the pion decay constant) and
〈vac|θi|vac〉 = 0, for the vacuum, which is flavor singlet and parity eigenstate.
In the following we shall see that the phase degree of freedom is related to spin
polarization; that is, the “phase condensation” with a non-vanishing value of
θi leads to FM [20].

Separating the fields ρ and θi into the classical ones and fluctuations around
them, and discarding any fluctuation the mean-field theory proceeds:

ρ → 〈ρ〉[≥ 0], θi → 〈θi〉. (43)

Assuming the simplest but nontrivial form of the classical chiral angle such that
θ3(r) = q · r, θ1,2 = 0, we call this set a dual chiral density wave (DCDW) 5 :

〈ψ̄ψ〉 = ∆ cosq · r
〈ψ̄iγ5τ3ψ〉 = ∆ sinq · r. (44)

It should be obvious that if ∆ vanishes, the phase degree of freedom has to
become redundant, as seen later. It would be worth mentioning that similar
configuration has been studied in other contexts [21–23]. Note that the config-
uration in (44) breaks rotational invariance as well as translational invariance,
but the latter invariance is recovered by an isospin rotation [26].

Taking the Nambu-Jona-Lasinio (NJL) model as a simple but nontrivial
model [27], we explicitly demonstrate that quark matter becomes unstable for
a formation of DCDW above a critical density; the NJL model has been origi-
nally presented to demonstrate a realization of chiral symmetry in the vacuum,
while recently it been also used as an effective model embodying spontaneous
breaking of chiral symmetry in terms of quark degree of freedom [28] 6

LNJL = ψ̄(i∂/ − mc)ψ + G[(ψ̄ψ)2 + (ψ̄iγ5τψ)2] (45)

5Some authors considered similar configuration [24] and called a chiral density wave in analogy with spin
density wave (SDW) by Overhauser in condensed-matter physics [25]. However, only the scalar density
oscillates with finite wave number and the pseudo-scalar one is discarded in their ansatz.
6We can see that the OGE interaction gives the same form after the Fierz transformation in the zero-range
limit.
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Using the mean-field approximation (MFA) with the DCDW configuration, we
introduce a new quark field ψW by the Weinberg transformation [29],

ψW = exp[iγ5τ3q · r/2]ψ, (46)

to get the transformed Lagrangian,

LMF = ψ̄W [i∂/ − M − 1/2γ5τ3q/]ψW − G∆2, (47)

with the dynamically generated mass, M ≡ −2G∆ and qµ = (0,q). This
procedure embodies translational invariance of the ground state, and shows that
we essentially consider a “uniform” problem, while we introduced the space-
dependent mean-fields at the beginning. We briefly summarize in Table 3 the
relation of the transformed frame to the original one. Note that the transformed
Lagrangian becomes the same as the familiar form used in discussions of chiral
symmetry realization within the NJL model, except the isovector and axial-
vector coupling term γ5τ3q/. We can see the role of the wave vector q is the
same as AV introduced in the previous sections.

Table 3. Diagram of the Weinberg transformation.

〈ψ̄ψ〉 �= 0 ⇐⇒ 〈ψ̄W ψW 〉 = ∆( �= 0)

〈ψ̄iγ5τ3ψ〉 �= 0 〈ψ̄W iγ5τ3ψW 〉 = 0

q/2 ∝ ∇θ (“AV”)

non-uniform uniform

The Dirac equation for ψW then renders

(i∂/ − M − 1/2τ3γ5q/) ψW = 0. (48)

We can find a spatially uniform solution for the quark wave function, ψW =
uW (p) exp(ip · r), 7 and the energy eigenvalue is given as

E±
p =

√
E2

p + |q|2/4 ±
√

(p · q)2 + M2|q|2, Ep = (M2 + |p|2)1/2 (49)

for positive energy (valence) quarks with different polarizations. For negative
energy quarks in the Dirac sea, they have a spectrum symmetric with respect
to null line because of charge conjugation symmetry in the Lagrangian (47).
The single-particle spectrum (49) shows again an analogous feature to the ex-
change splitting between two eigenenergies with different polarizations in the

7This feature is very different from refs.[24], where the wave function is no more plane wave.
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presence of q; hereafter, we choose q//ẑ, q = (0, 0, q), q ≥ 0, without loss
of generality.

Thus each flavor quark shows the same energy spectrum (49) even in the
presence of the isospin dependent AV and its form is the same as in Eq. (14).
However, there is one and important difference from the previous sections;
we have considered the flavor singlet AV, while we are now considering the
isovector AV here. The eigenspinor u±

W,i, i = u, d for each flavor satisfies the
same Dirac equation for a given energy eigenvalue, except the different sign in
the AV term, so that we have the different form for each flavor; u±

W,u = u∓
W,d.

The mean-value of the spin operator Σz =
(

σ3 0
0 σ3

)
is then given by

s̄±z,u =
1
2
u±†

W,uΣzu
±
W,u =

1
2

q/2 ± β

E±
p

, (50)

with β =
√

p2
z + M2 for u quarks. The corresponding value for d quarks is

also given as s̄±z,d = −s̄±z,u. Thus we can see two flavors are oppositely polar-

ized to each other. Since the integral of s̄±z,i over the Fermi seas should be finite
for q 
= 0 for each flavor, the spin polarization of each flavor is finite but has
opposite direction to each other. Consequently the total spin polarization or the
flavor singlet AV is always vanished in this case. However, note that this result
is never conflicted with FM of quark matter by considering the magnetization.
As we have already noted, the response of the system to the magnetic field
goes through the magnetization. Taking into account the difference of electric
charges of two flavors Qi, Qu = +2/3e and Qd = −1/3e, we can see that
each flavor coherently contributes to the magnetization, instead.

Thermodynamic potential
The thermodynamic potential is given as

Ωtotal = γ
∑
s=±

∫
d3p

(2π)3
(Es

p − µ)θs − γ
∑
s=±

∫
d3p

(2π)3
Es

p + M2/4G

≡ Ωval + Ωvac + M2/4G. (51)

where θ± = θ(µ − E±
p ), µ the chemical potential and γ is the degeneracy

factor γ = NfNc. The first term Ωval is the contribution by the valence quarks
filled up to the chemical potential, while the second term Ωvac is the vacuum
contribution that is formally divergent. We shall see both contributions are in-
dispensable in our discussion. Once Ωtotal is properly evaluated, the equations
to be solved to determine the optimal values of ∆ and q are

∂Ωtotal

∂∆
=

∂Ωtotal

∂q
= 0. (52)
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Since the NJL model is not renormalizable, we need some regularization
procedure to get a meaningful finite value for the vacuum contribution. Con-
sider the sum of the negative energy over the Dirac sea,

Ωvac = −γ
∑
s=±

∫
d3p

(2π)3
Es

p − Ωref , (53)

where we subtracted an irrelevant constant Ωref = −2γ
∫ d3p

(2π)3
Ep with an ar-

bitrary reference mass M = Mref to make the following procedure mathemat-
ically well-defined. Since the energy spectrum is no more rotation symmetric,
we cannot apply the usual momentum cut-off regularization (MCOR) scheme
to regularize Ωvac. Instead, we adopt the proper-time regularization (PTR)
scheme [30]. We think this is a most suitable one for our purpose, since Ωvac

counts the spectrum change under the “external” axial-vector field. It has been
shown that the vacuum polarization effect under the external electromagnetic
field can be treated in a gauge invariant way, where the energy spectrum is also
deformed depending on the field strength [30]. It is also known that the con-
sequences from the NJL model are almost regularization-scheme independent
[28], including the PTR scheme.

Introducing the proper-time variable τ , we eventually find

Ωvac =
γ

8π3/2

∫ ∞

0

dτ

τ5/2

∫ ∞

−∞

dpz

2π

[
e−(

√
p2

z+M2+q/2)2τ +e−(
√

p2
z+M2−q/2)2τ

]
,

(54)
except an irrelevant constant Ωref , which is reduced to the standard formula
[28] in the limit q → 0.

We can easily see, from Eq. (54), that the q degree of freedom becomes su-
perfluous and theory must become trivial in the limit m → 0, which is equiv-
alent to ∆ → 0 in the chiral limit: all the observables must be independent of
q. This salient feature is consistent with the form of DCDW. The integral with
respect to the proper time τ is not well defined as it is, since it is still divergent
due to the τ ∼ 0 contribution. Regularization proceeds by replacing the lower
bound of the integration range by 1/Λ2, which corresponds to the momentum
cut-off in the MCOR scheme.

For given chemical potential µ, and M and q we can evaluate the valence
contribution Ωval using Eq. (49) and write down the general formula analyti-
cally. Then the thermodynamic potential can be expressed as Ωval = εval(q)−
µρval(q), where εval(q) and ρval(q) are the energy density and the quark-number
density, respectively. They consist of two terms corresponding to the two
Fermi seas with different polarizations: εval(q) = ε−(q)+ε+(q) and ρval(q) =
ρ−val(q) + ρ+

val(q). We present some examples about the instability of the usual
NJL ground state with respect to spontaneous generation of DCDW. In the
present calculation chiral symmetry restoration occurs at the first order in the
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case without DCDW. 8 We can see the NJL ground state becomes unstable at
the critical chemical potential µc1, and symmetry restoration is delayed until
µc2 by the presence of DCDW. This dragging effect by DCDW is one of the
important features.
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Figure 7. Countour map of the thermo-
dynamic potential in the dynamical mass
(M ) - wave number (q) plane. The ab-
solute minimum is denoted by the cross for
given density. We have the first order phase
transitions in this calculation.

Figure 8. Density dependence of M
and q, compared with the usual result with
q = 0. There appear two critical chemical
potentials; the lower one indicates the in-
stability of the ground state for formation
of DCDW, while the higher one restoration
of chiral symmetry.

5. Summary and Concluding remarks
In this talk we have discussed a magnetic aspect of quark matter based on

QCD. First, we have introduced “ferromagnetism” (FM) in QCD, where the
Fock exchange interaction plays an important role. Presence of the axial-vector
mean-field (AV) after the Fierz transformation is essential to give rise to FM,
in the context of self-consistent framework. As one of the features of the rel-
ativistic FM, we have seen that the Fermi sea is deformed in the presence of

8Note that this is not a unique possibility: we may have the second order phase transitions for other para-
meter sets [28].
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AV; the Fermi sea has a prolate shape for the majority spin particles, while an
oblate shape for the minority spin particles.

We have then discussed a possibility of color magnetic superconductivity
and seen coexistence of FM and CSC is possible. Our ansatz for quark pairing
shows an effective P - wave pair condensation and gives a polar angle depen-
dence of the gap function, which looks similar to liquid 3He A - phase. Note
that this ansatz is never unique for color magnetic superconductivity and other
types may be also possible [16], where the gap function should show other an-
gle dependence. In this context recent studies about S = 1 quark pairing may
be interesting [31].

We have briefly discussed a relation of magnetism to chiral symmetry and
presented an idea, dual chiral density wave (DCDW), which should lead to
FM. Using, e.g., the NJL model we have demonstrated under what conditions
the ground state becomes unstable for formation of DCDW. We have found the
usual ground state becomes surely unstable at the critical density and stays in
FM between the first and the second critical densities.

The FM induced by DCDW has many interesting features different from the
Bloch mechanism. Unfortunately we have not revealed them yet, but it would
be interesting to examine whether DCDW is possible in the CSC phase.

The symmetry breaking pattern is summarized as follows: in the condensa-
tion of the flavor singlet AV, it violates rotation symmetry,

O(3) → O(2), (55)

while the DCDW state does flavor symmetry as well as rotation symmetry,

O(3) × SU(2)V → O(2) × UI3(1). (56)

The latter situation is similar to the neutral pion condensation in nuclear matter.
It would be important to figure out the low energy excitation modes (Nambu-

Goldstone modes) built on the ferromagnetic phase. The spin waves are well
known in the Heisenberg model [10]. Then , how about our case [32]?

If quark matter is in the ferromagnetic phase, it may produce the dipolar
magnetic field by their magnetic moment. Since the total magnetic dipole mo-
ment Mq should be simply given as Mq = µq · (4π/3 · r3

q)nq for the quark
sphere with the quark core radius rq and the quark number density nq. Then
the dipolar magnetic field at the star surface R takes the maximal strength at
the poles,

Bmax =
8π
3

(rq

R

)3
µqnq = 1015[G]

(rq

R

)3
(

µq

µN

)(
nq

0.1fm−3

)
. (57)

We have not considered the electromagnetic interaction between quarks and
the induced magnetic field. It would be interesting to see how the situation
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changes when we take it into account; symmetry restoration [33] or mixing
between magnetic field and gluon field are among them [34].

Finally we’d like to give a comment about fluctuations. In this talk we have
completely discarded fluctuations and been only concerned with the mean-
field. It would be reasonable to study the phase transition, at least qualitatively.
However, we know some fluctuations or correlations between relevant opera-
tors should have some effects even before the phase transitions. In particular
the axial and magnetic susceptibilities in normal quark matter would be inter-
esting; they might have important consequence,e.g., for quark-quark pairing
correlation as in 3He superfluidity [17].
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Abstract The behavior of the magnetic field of a rotating neutron star with a superconduct-
ing color-flavor-locked (CFL) quark matter core is investigated in the framework
of the Ginzburg-Landau theory. We take into account the simultaneous coupling
of the diquark condensate field to the magnetic and gluomagnetic gauge fields.
We solve the Ginzburg-Landau equations by properly taking into account the
boundary conditions, in particular the gluon confinement condition. The rota-
tion of the CFL condensate produces neutral vortices with normal cores. We
find the distribution of the magnetic field in both the quark and the hadronic
phases and show that a magnetic field penetrates into quark phase through nor-
mal cores of the rotational vortices. As a result, equivalent ”magnetic vortices”
are formed due to the induced Meissner currents.

1. Introduction
Recently, the possible formation of diquark condensates in QCD at finite

density has been re-investigated in a series of papers following Refs. [1, 2]. It
has been shown that in chiral quark models with nonperturbatrive 4-point in-
teraction motivated from instantons [3] or nonperturbative gluon propagators
[4, 5], the anomalous quark pair amplitudes can be very large - of the order of
100 MeV. The diquark pairs that are formed as a result of the attractive inter-
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action have zero total angular momentum [6, 7]. Because of the large number
of the internal degrees of freedom of quarks various types of order parameters
can be constructed; two J=0 pairing states with condensates antisymmetric in
color and flavor have emerged as the energetically most favorable candidates.
One pairing state, known to be favored at low densities, is the two-flavor color
antitriplet 2SC state [1–4], in which s-quarks are absent and u- and d-quarks
of two of the three colors participate in the pairing. The other pairing state, fa-
vored at sufficiently high density, is the color-flavor locked (CFL) state [8–10],
where color superconductivity is complete in the sense that diquark condensate
produces gap for quarks of all three flavors and colors.

The high-density phases of QCD at low temperatures can be realized in ro-
tating compact stars - pulsars. Therefore, the observational data from pulsars
could provide potentially important information on the state of matter at super-
nuclear densities, in particular the superconducting quark matter.

Bailin and Love [7] investigated the magnetic structure of the 2SC phase.
They used a perturbative gluon propagator which yielded a very small pairing
gap and concluded that quark matter is a type I superconductor, which expels
the magnetic field out of a neutron star within 104 years. The authors of Ref.
[11] find that within the recent nonperturbative approach for the effective quark
interaction the ud-condensate forms a type II superconductor. Using the frame-
work of the Ginzburg-Landau theory they concluded that the magnetic field in
the quark core can exist in quantized flux tubes. The simultaneous coupling of
the quark fields to gluonic and electromagnetic gauge fields which leads to the
”rotated electomagnetism” was ignored in Ref. [11].

The authors of Ref. [12] reconsidered the problem of magnetic field in quark
matter taking into account the ”rotated electromagnetism”. They came to the
conclusion that magnetic field can exist in superconducting quark matter in
any case, although it does not form a quantized vortex lattice, because it obeys
sourceless Maxwell equations and there is no Meissner effect. In our opinion
this latter result is incorrect, since the equations for gauge fields were not taken
into account and the boundary conditions were not posed correctly.

In Ref. [13] the Ginzburg-Landau equations for 2SC phase were derived
taking into account the ”rotated electromagnetism”. These equations introduce
a ”new” charge of diquark pair qsc =

√
e2 + 3g2/3, where g is the strong

coupling constant (g2/4π = 1). This ”new” charge is much larger than e/3
(about 20 times). It changes also the penetration depth λq, the quantum of
magnetic flux Φq, and therefore the lower Hq

c1 and upper Hq
c2 critical magnetic

fields.
These Ginzburg-Landau equations have been solved in Ref. [14] for the case

of a homogeneous external magnetic field for three types of superconducting
regions: a) a semi-infinite region with planar boundary, b) a cylindrical region
and c) a spherical region. It was shown, that the Meissner effect always exists
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inside a color superconductor. The distribution of the magnetic field in the
2SC quark and hadronic phases of a neutron star was found in Ref. [15]. It
was shown that the magnetic field penetrates into a quark core in the form of
quark vortices due to the Meissner currents.

The Ginzburg-Landau theory for the CFL phase has been derived in Refs.
[10, 16–19]. The authors of Ref. [19] have taken into account the ”rotated
electromagnetism” and the rotation of the star. They conclude that ordinary
quantized magnetic vortices are unstable in the CFL phase, but the rotational
vortices are topologically stable. They have not considered boundary problems
and concluded that the CFL condensate in an external magnetic field behaves
like a type I superconductor.

In this paper we study the distribution of the magnetic field of a neutron
star with superconducting CFL quark matter core in the framework of the
Ginzburg-Landau theory. We solve the Ginzburg-Landau equations with proper
boundary conditions.

2. Free Energy
We consider the CFL phase, described by the gapindexGap [10]

Φabij = kA(δaiδbj − δajδbi), (1)

where a, b and i, j are respectively color and flavor indices. The analysis of
the covariant derivative of the Higgs field conducted in [16] has shown that the
field

�Ay = cos α �A − sinα�G (2)

is massless in the CFL phase. The orthogonal linear combination

�Ax = sinα �A + cos α�G (3)

is massive. Here �A is real electromagnetic gauge field.
The linear combination of color gauge fields �G and the ”mixing” angle are

defined by

�G =
√

3
2

�A3 +
1
2

�A8, cos α =
g√

g2 + η2e2
, (4)

where η = 2/
√

3. At densities relevant to neutron stars the gluons are strongly
coupled while the protons are coupled weakly (e2 /4π = 1), therefore α =
ηe/g = 1/10. In order to preserve the normalization we need to introduce the
third rotated field

�Az = −1
2

�A3 +
√

3
2

�A8. (5)
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In the absence of electromagnetic and gluonic fields the free energy density F
of a homogeneous color superconducting phase near Tc is [10, 17]

Fh = Fn + αTr(Φ+Φ) + λ1

[
Tr(Φ+Φ)

]2 + λ2Tr(Φ+Φ)2, (6)

where α = N(µ/3) ln(T/Tc), λ2 = 7ζ(3)N(µ/3)/16(πTc)2, λ1 = 0 in the
weak coupling limit. Here N(µ/3) = (1/2π2)(µ/3)2 is the ideal gas density
of states at the Fermi surface. This structure follows from the invariance of the
free energy under special color and flavor rotations. The CFL phase is realized
if λ2 > 0. It is shown in [18] that in the mean field approximation λ1 = 0,
λ2 > 0. In the inhomogeneous states Φ depends not only on the relative pair
momentum k, but also on the center-of-mass coordinate, �r. Such a situation
will emerge in an external magnetic field Hext .

We construct the expression for the free energy density of color supercon-
ducting state in the external magnetic field by adding to the homogeneous free
energy density (6) the kinetic energy density and the energy densities of the
electromagnetic and color gauge fields as follows

F = Fh +
1
2
γTr
[
DlΦ(DlΦ)+

]
+

1
8π

(curl �A)2 +
1
8π

8∑
a=1

(rot �Aa)2, (7)

where γ = 7ζ(3)n/16π2T 2
c µ [7], n is the baryon density, µ - the chemical

potential, Tc - the critical temperature. Here the ordinary derivative ∂lΦ is
replaced by the covariant derivative DlΦ [16]

DlΦ = ∂lΦ +
1
2
ig [(λa)∗Φ + Φλa]Aa

l + ieQΦAl, (8)

where λa are the Gell-Mann matrices, Qabij = δab(qi + qj) is the electric
charge matrix of the pair. We assume here, that self-couplings of the induced
gluon fields are negligible. Note that the term containing γ is the kinetic en-
ergy.

In the absence of magnetic and chromomagnetic fields and in the homoge-
neous limit the free energy density becomes

Fh = Fn + 12α |kA|2 + 24λ2 |kA|4 . (9)

The magnitude of the gap is defined by the following equation

α + 4λ2 |kA|2 = 0. (10)

This solution motivates the existence of a complete Meissner effect for all
gauge fields inside quark superconductor. It corresponds to the absolute mini-
mum value of free energy Fmin = Fn − 3α2/2λ2 in the bulk.
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We now rewrite the free energy (7) by introducing rotated fields �Ax, �Ay , �Az

and the ”new” charge q =
√

g2 + η2e2/
√

6 in the following form

F = Fh + 6γ
[
|�kA|2 + q2 |kA|2

(
�Ax

)2
]

+ γg2 |kA|2
(

�Az

)2
+

+ γg2 |kA|2
7∑

a=1,a�=3

(
�Aa

)2
+

1
8π

(
curl �A

)2
+

1
8π

8∑
a=1

(
curl �Aa

)2
.

(11)

In the kinetic energy term [the first line of Eq. (11)] q2 is the actual coupling
constant associated with the rotated massive field �Ax, g2 is the analogous con-
stant associated with the chromomagnetic fields �Aa and the rotated field �Az .

3. Ginzburg-Landau equations
To determine the response of the condensate to an external electromagnetic

field we derive field equations by minimizing the free energy with respect to
the macroscopic fields �Ax,

−→
A y

−→
, Az and

−→
Aa (a 
= 3, 8) . We find

sin α curl curl �A + cos α curl curl�G + 48πγq2 �Ax = 0, (12)

cos α curl curl �A − sin α curl curl�G = 0, (13)

curl curl �Az + 8πγg2 |kA|2 �Az = 0, (14)

curl curl �Aa + 8πγg2 |kA|2 �Aa = 0. (15)

Equations (12) and (13) can be written in the following form

λ2
q curl curl �A + sin 2α�A = − sin α cos α�G, (16)

λ2
q curl curl�G + cos2 α�G = − sin α cos α �A, (17)

where λq is
λ−1

q = 4
√

3πγq |kA| . (18)

In the case when α =const, Eqs. (12)-(15) will take the form

�jx = −12γq2 |kA|2 �Ax , (19)
�jy = 0, (20)

�jz = −2γg2 |kA|2 �Az, (21)
�ja = −2γg2 |kA|2 �Aa , a 
= 3, 8 , (22)

where �ji = curl curl �Ai/4π , i = x, y, z, a. Equations (19), (21) and (22)
imply that eight of the nine gauge fields have a magnetic mass, as originally
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shown in Ref. [8]. We can divide the field variables in (19) - (22) into two
groups, the first group contains �Ax and �Ay, while the second one includes �Az

and �Aa (a 
= 3, 8) . The fields �Ax and �Ay are coupled to the electromagnetic
field, so they will respond to the external electromagnetic field, while the fields
�Az and �Aa are decoupled from the electromagnetic field and in the absence
of external chromomagnetic fields can be taken equal to zero without loss of
generality. Introducing the Abelian field strengths �Bx = curl �Ax and �By =
curl �Ay we obtain

λ2
q curl curl�Bx + �Bx = 0, (23)

curl �By = 0; (24)

thus the ”rotated” field �Bx is screened by Meissner currents within penetration
depth λq, see Eq. (18).

In an external magnetic field �Hext the free energy (11) reduces to

F = Fh + 6γ
[
|∇kA|2 + q2 |kA|2

(
�Ax

)2
]

+
1
8π

�Bx +
1
8π

�By . (25)

We obtain the gap equation by minimizing (25) with respect to k∗
A

2αkA + 8λ2 |kA|2 kA − γ∇2kA + γq2kA

(
�Ax

)2
= 0 . (26)

An external magnetic field does not create vortex lines because currents
induced by gradients of the phase of kA are absent [see Eq. (19)]. To determine
the response of the CFL condensate to rotation we shall consider its free energy
Fr in the frame of reference, rotating with a constant angular velocity �ω. This
energy is defined as follows

Fr = F − �ω �M, (27)

where M is the angular momentum density [19]

�M = �r × 4iγµ (k∗
A � kA − kA � k∗

A) . (28)

Here µ is the mass of a baryon, 2µ/3 - the mass of a diquark pair. The free
energy in the rotating frame now can be written as

Fr = Fh +6γ
[
|�kA|2 + q2 |kA|2

(
�Ax

)2
]
−4iγµ�vn (k∗

A � kA − kA � k∗
A) ,

(29)
where �vn = �ω × �r is the rigid body rotation velocity. We derive the Ginzburg-
Landau equation for the order parameter by minimizing the free energy (29)
with respect to k∗

A. In this manner we find

6γkA+24λ2 |kA|2 kA−3γ�2kA−4iγµ�vn�kA+3γq2kA

(
�Ax

)2
= 0. (30)
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We note that there is a gradient term in Eq. (30), which is independent of the
vector potentials; so the rotation of the condensate produces a lattice of neutral
vortex lines [12, 19], which simulates the rigid body rotation. We emphasize
also that the equations for the current (19) and (20) do not change, because
�jx = −∂Fr/∂ �Ax , �jy = −∂Fr/∂ �Ay .

4. Vortex Structure
The superfluid baryon current density is defined by

�js = − 1
µ

∂Fr

∂�vn
= 4iγ� (k∗

A∇kA − kA∇k∗
A) = ns�vs. (31)

The wave function of a singly quantized rotational vortex centered on the cylin-
der axis is kA = |kA| exp (−iϕ), where ϕ is the azimuthal angle around the
vortex line. Therefore the superfluid number density ns and the superfluid
velocity �vs are

ns =
16γµ

3
|kA|2 , �vs =

3�

2µ
∇ϕ. (32)

The superfluid velocity circulation is∮
�vsd�l =

3π�

µ
. (33)

Thus, the quantum of circulation of an individual quark vortex is 3π�/µ, and
the vortex velocity vs = 3�/2µr, where r is the radius of a circular contour.
Then we obtain for the energy per unit length of an isolated vortex and for the
critical velocity of the vortex appearance the following expressions:

E =
9πns�

2

4µ
ln

R

ξ
, ωc1 =

3�

µR2
ln

R

ξ
, (34)

where R is the radius of the CFL phase, ξ - the diquark pair’s correlation length
in the CFL phase or the radius of the vortex normal core.

For the angular velocities ω � ωc1 a triangular lattice of singly quantized

vortices with lattice constant b =
(
2
√

3π�/µω
)1/2

forms in a rotating diquark
condensate. The total number of vortices Nv = 2µωR2/3� can be determined
from the net circulation around a cylinder. For the superfluid velocity we have
the following relation

curl�vs =
3π��ez

µ

∑
i

δ (�r − �ri) , (35)

where �ri are the two dimensional radius-vectors of the centers of vortex lines,
�ez - unit vector. We shall assume that a rotating neutron star with a radius
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R possesses a spherical core of radius a consisting of quark matter with CFL
condensate surrounded by a spherical shell of hadronic matter with thickness
R − a containing neutron and proton superfluids. The triangular lattice of
singly quantized neutron vortices with quantum of circulation π�/µ forms in
response to the rotation. Since the quark vortices carry 3π�/µ quantum of
circulation, the three singly quantized neutron vortices connect at the spherical
interface with one singly quantized quark vortex so that the baryon chemical
potential is continuous across the interface [19].

The entrainment of superfluid protons by rotating superfluid neutrons leads
to appearance of proton vortices and to generation of a homogeneous mean
magnetic field with amplitude �B and direction parallel to the axis of rotation
of the star [20]. This field will penetrate into the quark core through the normal
cores of quark vortices.

In the hadronic phase due to the entrainment effect around each neutron
vortex appears a cluster of proton vortices which generates mean magnetic
field B = 4 · 1014G. The magnetic flux of such a cluster is

Φcl = Bπδ2
n = 1.25 · 105G · cm2, (36)

where δn = 10−5cm is the radius of the cluster [21]. The magnetic field
of three proton clusters penetrates through normal core of a singly quantized
quark vortex. Due to the Meissner effect, the screening supercurrents will
arise and a neutral vortex will become much alike a magnetic vortex in a type
II superconductor. Eqs. (23) and (24) can be rewritten as follows

λ2
q curl curl�Bx + �Bx = Φ�ez

∑
i

δ (�r − �ri) , (37)

curl �By = 0, (38)

where Φ = 3Φcl. The solution of Eq. (37) is well known from the theory of
ordinary superconductors:

�Bx (�r) =
Φ�ez

2πλ2
q

∑
i

K0

(
|�r − �ri|

λq

)
. (39)

Therefore the triangular lattice of quark ”magnetic vortices” is present in the
rotating CFL phase. A very crude estimate of the mean magnetic field Bq in
the quark core is: Bq = 3ΦclNv/a

2 , where Nv = 1013ω. Thus, we find
Bq = 3.75 · 1010G for ω = 200s−1, and a = 105cm .
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5. Solution of Ginzburg-Landau Equations
Let us rewrite equations (16) and (17), by taking into account the lattice of

”magnetic vortices”, in the following form:

λ2
q curl curl �A + sin 2α �A = �f sin α − sin α cos α�G, (40)

λ2
q curl curl�G + cos2 α�G = �f cos α − sin α cos α �A, (41)

where �f obeys the equation

curl curl�f = 0. (42)

If we introduce

�A′ = �A −
�f

sin α
, �G′ = �G −

�f

2 cos α
, (43)

then equations (40) and (41) can be rewritten in the form:

λ2
q curl curl �A′ + sin2 α �A′ = − sin α cos α�G′ , (44)

λ2
q curl curl�G′ + cos2 α�G′ = − sin α cos α �A′ . (45)

We can define �G′ from (44) as follows

�G′ = −
λ2

q curl curl �A′ + sin 2α �A′

sin α cos α
. (46)

From equations (45) and (46) we obtain the following relation

curl curl�G′ = cot α curl curl �A. (47)

The substitution of �G′ from (46) into (47) in the case of α = const yields

λ2
q curl curl �M ′ + �M ′ = 0 , (48)

�M ′ = curl curl �A′. (49)

Thus the function �A′ can be determined by a simultaneous solution of Eqs. (48)
and (49), whereas the electromagnetic potential �A and the gluonic potential
�G can be found from Eqs. (43) and (46). For the solution of equations (46),
(48) and (49) we shall require at the quark-hadronic matter boundary both the
continuity of the magnetic field and the vanishing of the gluon potentials ( �G =
0, e.g. �A3 = 0, �A8 = 0) due to gluon confinement. Also the potential �G and
the magnetic induction can not be infinite within the region of their existence.

Due to the symmetry of the star the functions �M ′, �A and �G in the spheri-
cal coordinates (r, ϑ, ϕ) have only ϕ−components: M ′

ϕ(r, ϑ), Aϕ(r, ϑ) and
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Gϕ(r, ϑ). For the solution of Eq. (48) we make the ansatz M ′
ϕ(r, ϑ) =

Mϕ(r) sin ϑ. Then Eq. (48) can be written as

d2Mϕ(r)
dr2

+
2
r

dMϕ(r)
dr

−
(

2
r2

+
1
λ2

q

)
Mϕ(r) = 0. (50)

The solution of Eq. (50) is [14]:

Mϕ(r) =
1
r2

[
c′1(1 − r

λq
) exp(

r

λq
) + c′2(1 +

r

λq
) exp(− r

λq
)
]

. (51)

The condition that Mϕ(r) tends to zero at the center of the quark core gives
c′1 = −c′2 , so that

Mϕ(r) =
c1

r2

[
sin h

r

λq
− r

λq
cosh

r

λq

]
. (52)

Substituting the solution (52) into Eq. (49) for �A′ we obtain the following
solution

A′
ϕ(r, ϑ) = M ′

ϕ(r, ϑ) + c′0r sin ϑ. (53)

Therefore the substitution of Eq. (53) into the definition (43) yields

Aϕ(r, θ) = M ′
ϕ(r, ϑ) + c′0r sin ϑ +

fϕ(r, ϑ)
2 sin α

. (54)

We will find the unknown function fϕ(r, ϑ) from the solution of Eq. (42)
which gives

fϕ(r, ϑ) = c0r sin ϑ. (55)

Using equations (43) and (46), we find the gluonic potential Gϕ in the form

Gϕ(r, ϑ) =
[
cot αMϕ(r, ϑ) − tan αc′0r +

c0r

2 cos α

]
sin ϑ. (56)

We can define the constant c′0 using gluon confinement condition on the surface
of the quark matter core Gϕ(a, ϑ) = 0. This condition will define c′0 as

c′0 = cot2 α
Mϕ(a)

a
+

c0

2 sin α
, (57)

which is to be substituted into Eqs. (54) and (56). We thus obtain the final
expressions for electromagnetic and gluonic potentials

Aϕ(r, ϑ) =
[
Mϕ(r) +

r

a
Mϕ(a) cot2 α +

c0r

sin α

]
sin ϑ, (58)

Gϕ(r, ϑ) =
[
Mϕ(r) − r

a
Mϕ(a)

]
cot α sin ϑ. (59)
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We note that the expression (58) for the electromagnetic potential in a quark
core coincides with the analogous one in the 2SC phase [15], but the expression
(59) for the gluonic potential differs from analogous one in Ref [15] by its sign.

To conclude this section we mention that the electromagnetic potential in
the hadronic phase of a neutron star can be found from the solution (51) by re-
placing the penetration depth for quark matter λq with that for hadronic matter
λp.

6. The Magnetic Field Components
The components of the magnetic fields in quark and hadronic matter can

be found from those of the vector potentials using the formula �B = curl �A.
In spherical coordinates we have for the case of quark matter the following
expressions (for r ≤ a)

Bq
r =

[
2Mϕ(r)

r
+ 2cot2 α

Mϕ(a)
a

+
2c0

sin α

]
cos ϑ, (60)

Bq
ϑ = −

[
1
r

d

dr
(rMϕ(r)) + 2 cot2 α

Mϕ(a)
a

+
2c0

sin α

]
sin ϑ, (61)

where Mϕ(r) is defined by Eq. (52).
We can find the magnetic field in the hadronic matter phase from the solu-

tion (51) by taking into account that proton vortices in this phase generate a
homogeneous mean magnetic field with amplitude B and direction parallel to
the axis of rotation of the star [22]. For the components of the magnetic field
�Bp in the hadronic phase (for a ≤ r ≤ R) we get the following expressions

Bp
r =

[
2Aϕ(r)

r
+ B

]
cos ϑ, (62)

Bp
ϑ = −

[
1
r

d

dr
(rAϕ (r)) + B

]
sin ϑ, (63)

where

Aϕ (r) =
c2

r2

(
1 − r

λp

)
exp
(

r

λp

)
+

c3

r2

(
1 +

r

λp

)
exp
(
− r

λp

)
. (64)

The external magnetic field �Be in the external region (r � R) has to be dipolar
and their components can be written as

Be
r =

2M
r3

cos ϑ, Be
ϑ =

M

r3
sin ϑ, (65)

where M is the full magnetic moment of the star. The unknown constants
c0, c1, c2, c3 and M in equations (52), (58), (64) and (65) have to be defined
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from the continuity conditions of the magnetic field components at r = a and
r = R and from the condition

BqV1 + BV2 =
8π
3

M, (66)

where Bq is the z component of the magnetic field in the quark matter region
with volume V1 . V2 is the volume of the hadronic matter region. Here we
suppose that the magnetic field in both regions is mainly constant and parallel
to the axis of rotation z .

We shall consider the behavior of the magnetic field at distances r much
larger than λp and λq. Also we take into account that λq ≤ λp ≤ a , λq ≤
λp ≤ R and λq ≤ λp ≤ R − a . Therefore the components of the magnetic
field in the different regions of neutron star are: for r ≤ a

Bq
r =


2D

ar2

exp−a−r
λq

sin 2α + λq

λp

λq

λp
+ 2cot2 α

Mϕ (a)
a

+
2c0

sin α


 cos ϑ, (67)

Bq
ϑ = −


 D

arλp

exp−a−r
λq

sin 2α + λq

λp

+ 2cot2 α
Mϕ (a)

a
+

c0

sin α


 sin ϑ, (68)

for a ≤ r ≤ R

Bp
r =


− 2D

ar2

exp− r−a
λp

sin 2α + λq

λp

λq

λp
+ B


 cos ϑ, (69)

Bp
ϑ = −


 D

arλp

exp− r−a
λp

sin 2α + λq

λp

+ B


 sin ϑ, (70)

and for r ≥ R

Be
r =

BR3

r3
cos ϑ, Be

ϑ =
BR3

2r3
sin ϑ, (71)

where

D =
Ba3

2
sin 2α − c0a

3 sin α. (72)

As can be seen from obtained solutions, the magnetic field in both quark and
hadronic phases depends on r only very close to the phase boundary at r = a.
So we conclude that in the main part of the volume of the quark and hadron
phases the magnetic field is constant and directed parallel to the rotation axis
of the star, see the solutions (67) - (70). In this approximation the condition
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(66) is satisfied. Therefore inserting in Eq. (66) the relation M = BR3/2 ,
see Eq. (71), we have

Bq = 2cot2 α
Mϕ (a)

a
+

2c0

sin α
= B. (73)

Solving equations (72) and (73) we finally obtain

c0 =
B sin α

2
, D = 0 . (74)

Thus in this approximation the magnetic field �B enters from the hadronic
phase into the CFL quark phase in the form of quark magnetic vortices. The
transition zone is of the order λq + λp which entails that quantity D is small,
of the order (λp + λq) /a, so that the condition D = 0 is well fulfilled.

7. Summary
We have investigated the behavior of the magnetic field of a rotating neu-

tron star with superconducting CFL quark matter core in the framework of
the Ginzburg-Landau theory. We take into account the simultaneous coupling
of the CFL diquark condensate field to the usual magnetic and gluomagnetic
gauge fields. We have solved the Ginzburg-Landau equations for this problem
by properly taking into account the boundary conditions, in particular the gluon
confinement condition. The rotation of the CFL condensate produces neutral
quantized vortices with normal cores. We have found the distribution of the
magnetic field in CFL quark and hadronic phases of a neutron star and have
shown that the magnetic field penetrates into the quark core through the nor-
mal cores of rotational vortices . Therefore equivalent ”magnetic vortices” are
formed in the CFL phase due to the presence of Meissner currents. Thus, the
CFL diquark condensate in the external magnetic field is like an ”equivalent”
type II superconductor.
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Abstract Thermal fluctuations of the color superconducting order parameter in dense
quark matter are investigated in terms of the phenomenological Ginzburg - Lan-
dau approach. Our estimates show that fluctuations of the diquark gap may
strongly affect some of the thermodynamic quantities even far below and above
the critical temperature. If the critical temperature Tc of the diquark phase tran-
sition were rather high (>∼ (50 ÷ 70) MeV) one could expect a manifestation of
fluctuations of the diquark gap in the course of heavy ion collisions (above Tc).
For Tc ∼ 50 MeV color superconducting fluctuations may also affect an initial
stage of the hybrid star evolution.

Keywords: color superconductivity, order parameter, temperature, fluctuations

1. Introduction
Thequark-quark interaction in the color antitriplet channel is attractive driving

the pairing, cf. [1]. The problem has been re-investigated in a series of papers
following Refs. [25, 3], see review [4] and Refs. therein. The attraction comes
from the one-gluon exchange, or from a nonperturbative 4-point interaction
motivated by instantons [5], or nonperturbative gluon propagators [6]. The
zero-temperature pairing gap ∆ was predicted to be ∼ (20÷200) MeV for the
quark chemical potentials µq ∼ (300÷500) MeV. In the standard BCS theory,
cf. [4], the critical temperature is estimated as Tc � 0.57∆.

One expects the diquark condensate to dominate the physics at densities
beyond the deconfinement/chiral restoration transition and below the critical
temperature. Various phases are possible. E.g., the so called 2-color supercon-
ductivity (2SC) phase allows for unpaired quarks of one color. There may also
exist a color-flavor locked (CFL) phase [7] for not too large value of the strange
quark mass ms, for 2∆ > m2

s/µq, cf. [8], where the color superconductivity
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(CSC) is complete in the sense that the diquark condensation produces a gap
for quarks of all three colors and flavors. The values of the gap are of the
same order of magnitude for 2SC and CFL phases, whereas relations between
critical temperature and the gap might be different, Tc � 0.57∆ for 2SC and
Tc � 0.7∆ for CFL phase [9]. There are also another possibilities, e.g., of
pairing in the spin-one channel, for which the pairing gap proves to be small
∆ <∼ 1 MeV, see [9].

The high-density phases of QCD at low temperatures may exist in the inte-
riors of most massive neutron stars (so called hybrid stars containing a quark
core and a hadron shell) affecting the cooling, rotation and magnetic field,
cf. [10–12]. It is also possible to ask: Is CSC relevant for terrestrial experi-
ments? To produce color superconducting matter in the laboratory one would
need to cook a dense and not too hot baryon enriched matter. The nuclear
matter prepared in heavy ion collisions at SIS, AGS, SPS or RHIC in all the
cases has presumably not sufficiently high baryon density and, on the other
hand, the matter prepared at SPS or RHIC is feasibly too hot in order to expect
a manifestation of the CSC. The most relevant is probably the GSI “Com-
pressed baryon matter” future heavy ion collision facility which may cook a
sufficiently dense and not too hot state. Baryon densities up to ten normal
nuclear matter density (<∼ 10ρ0) at temperatures T <∼ 170 MeV are expected
to be reached at an initial collision stage. It is supposed that the system is in
the quark-gluon plasma state at such conditions. Then the system expands and
cools down. In this process the temperature decreases down to T ∼ 140 MeV
at still rather high baryon density at an intermediate collision stage. Although
the temperatures at relevant densities are most likely larger than the critical
temperature Tc of CSC, one may raise the question about possible manifes-
tations of precursor phenomena of the CSC phase transition, if Tc is rather
high (Tc

>∼ (50 ÷ 70) MeV). Recently, ref. [13] considered such a possibility
within the Nambu-Jona-Lasinio model and demonstrated that the fluctuating
pair field results in a prominent peak of the spectral function, which survives
in the temperature interval |T − Tc| <∼ (0.1 ÷ 0.2)Tc. Besides, it is interesting
to investigate the role of the order parameter fluctuations for T < Tc, if Tc

is ∼ 50 MeV, that still may affect the neutrino radiation of the most massive
hot neutron stars (if they indeed have quark cores) and the heat transport at an
initial stage of their evolution.

This paper is an extended version of the work [14]. We will study precursor
phenomena of the CSC in the framework of the phenomenological Ginzburg -
Landau approach. To be specific, we will consider condensates with total an-
gular momentum J = 0 that are antisymmetric in color and flavor. Such pair-
ing states can occur in the weak coupling limit because one-gluon exchange is
attractive in the color anti-triplet channel. Although for reasonable values of
densities and temperatures the conditions of applicability of the weak coupling
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limit are hardly fulfilled, in order to get a feeling on possible relevance of fluc-
tuation effects we will still use this limit. At the same time we will by hand
vary the relation ∆(µq), since the corresponding exponential dependence is
most sensitive to corrections of the running QCD coupling constant compared
to its perturbative value. We will restrict our discussion by the consideration
of phases, which feasibly have large gaps, like 2SC and CFL, as the most in-
teresting case for applications.

2. Physics of pairing fluctuations
Like there always exists a vapor under the water, there are excitations on the

ground of any condensate. They appear due to quantum and thermal fluctua-
tions. In classical systems and also at not too small temperatures in quantum
systems, quantum fluctuations are suppressed compared to thermal fluctua-
tions. Excitations are produced and dissolved with the time passage, although
the mean number of them is fixed at given temperature. Pairing fluctuations
are associated with formation and breaking of excitations of a particular type,
Cooper pairs out of the condensate. Fluctuation theory of phase transitions is a
well developed field. In particular, ten thousands of papers in condensed mat-
ter physics are devoted to the study of pairing fluctuations. At this instant we
refer to an excellent review of Larkin and Varlamov [15].

In some phenomena pairing fluctuations behave similarly to quasiparticles.
However there are also differences:

Typical “binding energy” Ebind of pairing fluctuation is of the same or-
der as inverse life-time τ−1

l.t. ∝ 1/|T − Tc|, whereas for quasiparticles
E � τ−1

l.t. .

Typical size l ∝ 1/
√

|T − Tc| is large for T near Tc. Quasiparticles
have a small typical size.

Fluctuations near Tc behave as classical fields in sense of Rayleigh-
Jeans: 3-momentum distribution is n(p) ∼ T/E(p) in the vicinity of
Tc.

We will demonstrate below that the Ginzburg number (Gi = ∆T/Tc),
which determines the broadness of the energy region near the critical tem-
perature, where fluctuations essentially contribute, is Gi ∼ A(Tc/µq)4 with
A ∼ 500 in our case. To compare, for clean metals A ∼ 100, µq → µe, the
latter is the electron chemical potential. Thus Gi ∼ 1, if Tc is rather high,
Tc ∼ (1

3 ÷ 1
5)µq, and we expect a broad region of temperatures, where fluctu-

ation effects might be important.
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3. Thermodynamical potential and its mean
field solution

The Fourier component of the density of the thermodynamic potential (ther-
modynamic potential per unit volume V ) in the superconducting quark matter
with the diquark pairing can be written in the following form [12, 16], cf. also
[1, 11],

Ω̃ = Ω̃n +
∑
α,i

(−c0|∂τdi
α|2 + c|∇di

α|2) + aD +
b

2
D2 , (1)

D =
∑
α,i

|di
α|2, γ =

1
D2

∑
α,β,i

|di,∗
α · di

β|2, b = b1 + γb2 .

The Greek indices α, β = {R,B,G} count colors, the Latin indices i =
{u, d, s} count flavors. The expansion is presented up to the fourth order
in the diquark field operators (related to the gap) assuming the second or-
der phase transition, although at zero temperature the transition might be of
the first order, cf. [17]. Ω̃n is the density of the thermodynamic potential
of the normal state. The order parameter squared is D = |�dIS|2 = |�dR|2 +
|�dG|2 + |�dB |2, �dR‖�dG‖�dB for the isoscalar phase (IS), and D = 3|�dCFL|2,
|�dR|2 = |�dG|2 = |�dB |2 = |�dCFL|2, �d∗R · �dG = �d∗G · �dB = �d∗B · �dR = 0
for the CFL phase, �dα = {du

α, dd
α, ds

α}. The so called 2SC phase is the IS
phase with unpaired quarks of one color (to say R). The interaction of the
diquark field with fluctuation gluon fields is usually introduced in the standard
way through the corresponding gauge-shifted full covariant derivatives. Re-
cent paper [18] demonstrated that the gluon fluctuations contribute essentially
to thermodynamic quantities only at temperatures in a narrow vicinity of the
critical temperature, ∆T/Tc

<∼ 0.1 for relevant values of parameters. In this
rather small temperature interval, ∆T , gluon field fluctuations change the na-
ture of the phase transition (from the second to the first order). As we will
show below, the value ∆T is much less than the temperature region, where
fluctuations of the diquark order parameter might be important. Thereby in the
latter discussion we suppress the gluon fields as well as the discussion of any
peculiarities of this narrow temperature region near Tc.

Near the critical point coefficients of (1) can be expanded in t = (T −
Tc)/Tc. In the weak coupling limit they render:

a = a0ln(T/Tc) � a0t, a0 =
2µ2

q

π2
, (2)

b1 = b2 = b/(1 + γ) =
7ζ(3)µ2

q

8π4T 2
c

, c =
b

3(1 + γ)
, c0 = 3c.

For the classical (mean) fields γ = 1 in the IS phase and γ = 1/3 in the CFL
phase, cf. [12], µq = µB/3, µB is the baryon chemical potential (the contri-



Thermal Color-superconducting Fluctuations in DenseQuark Matter 281

bution of the strange quark mass is neglected), ζ(3) = 1.202... The critical
temperature Tc is the same for the IS and the CFL phases for ms → 0. For
ms 
= 0, Tc would depend on ms that would result in a smaller Tc for the CFL
phase than for the IS phase.

The value of the order parameter follows by solving the equation of motion
for the field operators, δΩ̃/δdi

α = 0 :

−c0∂
2
τ di

α + c∆di
α − adi

α − bDdi
α = 0. (3)

The stationary, spatially-homogeneous mean field solution of (3) (without
taking into account of fluctuations) is

DMF = −aΘ(−t)/b, δΩ̃MF = −a2

2b
Θ(−t), (4)

where the step function Θ(−t) = 1 for t < 0 and Θ(−t) = 0 for t > 0.
To be specific, discussing T < Tc we further consider the CFL case. For the

finite system of a large spherical size R � ξ, with ξ having the meaning of the
coherence length, we obtain

di
α,MF = ± δi

α

(NcNf )1/4

√
DMF Θ(−t) th

[
(R − r)√

2 ξ

]
, ξ =

√
c

|a| , (5)

where Nc = 3 is the number of colors, Nf = 3 is the number of flavors and to
be specific we assumed the simplest structure di

α,MF ∝ δi
α.

4. Fluctuations of gap in self-consistent Hartree
approximation

Now we will consider fluctuations. Below Tc we present di
α, as di

α = di
α,c +

di, ′
α , and above Tc, as di

α = di, ′
α , where index ”c” labels the classical solution.

Since δF̃ (V, T ) = δΩ̃(µ, T ), cf. [19], the density of the free energy of the
CFL phase expanded in (di, ′

α )2 terms renders

δF̃ = δF̃c + δF̃ ′ =
∑
α,i

(−c0|∂τdi
α, c|2 + c|∇di

α, c|2) + aDc

+
b1 + b2/3

2
D2

c +
5
3
(b1 + b2/3)DcNcNf

∑
k

|φ ′
k|2

+ NcNf

∑
k

(
−c0ω

2 + c�k 2 + a
)
|φ ′

k|2

+ νH
b1 + b2

2
[NcNf

∑
k

|φ ′
k|2]2. (6)
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The last term is introduced within the self-consistent Hartree approximation
(within the Φ functional up to one vertex), νH = 10/9 accounts different
coefficients in Φ functional for the self-interaction terms (d4 - for the given
field d and (di

α)2(dj
β)2 terms), cf [20]. We presented di,′

α =
∑

k di, ′
α,ke

−ikµxµ ,

kµ = (ω,�k), xµ = (τ,−�r), and introduced the notation

∑
i,α,k

|di,′
α,k|

2 =
∑

k

|φ ′
k|2 = i

∫
d4k

(2π)4
1

c0ω2 − c�k 2 − m2
. (7)

In Matsubara technique the temperature dependence is introduced by the re-
placements: ω → ωn = 2πinT , −i

∫
d4k

(2π)4
→ T

∑n=∞
n=−∞

∫
d3k

(2π)3
. We re-

stricted ourselves by the self-consistent Hartree approximation. Effects of the
damping of fluctuations, being produced by the two- and more vertex diagrams
of Φ, are beyond the scope of this simple approximation. As we argue below,
the main effects we discuss in this paper are not essentially affected by the
width terms.

Variation of Eq. (5) over φ ′
k yields the spectrum of fluctuations

c0ω
2 − c�k 2 − m2 = 0, (8)

with the squared mass parameter

m2 = η|a| =
5
3
(b1 + b2/3)Dc + a + νH(b1 + b2)NcNf

∑
k

|φ ′
k|2 . (9)

Notice that the real physical meaning of the effective mass has the quantity
m/

√
c0 rather than m, as follows from (8).

Solution of the equation for the fluctuating field presented in the coordinate
space is characterized by the length scale l = ξ/

√
η and by the time scale τ̃ =

ξc
1/2
0 (cη)−1/2. Above the critical point Dc = 0, m2 = a + O(

∑
k |φ ′

k|2) > 0,
and neglecting |φ ′

k|2 terms one gets the parameter η � 1.
Variation of (5) over di,∗

α,c yields the equation of motion for the classical field

−c0∂
2
τdi

α,c + c∆di
α,c −

(
a +

5
3
(b1 + b2/3)NcNf

∑
k

|φ ′
k|2
)

di
α,c

−(b1 + b2/3)Dcd
i
α,c = 0. (10)

Only dropping the term responsible for fluctuations we find Dc = DMF,
di

α, c = di
α, MF, m2 = m2

MF = ηMF|a| for T < Tc, cf. (4), (9), and we obtain
ηMF = 2/3. In reality fluctuations affect the classical solution and renormalize
the critical temperature of the phase transition Tc yielding T ren

c < Tc. More
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generally
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The contribution of fluctuations to the specific heat density is then given by

C̃ ′
V = −T

∂m2

∂T
NcNf

∂
∑

k |φ ′
k|2

∂T
− T

∂2m2

∂T 2
NcNf

∑
k

|φ ′
k|2

� −T
∂m2

MF

∂T
NcNf

∂
∑

k |φ ′
k|2

∂T
,

∂m2
MF

∂T
� −ηMFa0/Tc. (16)

In the second line (15) we remained only the terms quadratic in fluctuation

fields, i.e. we assumed |∂m2
MF

∂T | � |∂δm2

∂T |.
Knowing the contribution of fluctuations to the entropy and specific heat we

may recover their contribution to the free energy and energy densities

δF̃ ′ =
∫ T

0
S̃ ′|ρqdT, δẼ ′ =

∫ T

0
C̃ ′

V |ρqdT. (17)

With (15) – (17) one may recover fluctuation contribution to all thermodynamic
quantities.

Now we are able to calculate the quantity iG−−(X = 0) =
∑

k |φ′
k|2 and

its temperature derivative, where iG−−(X) is the time-ordered Green function.
Using the Matsubara replacement ω → ωn = 2πinT and the relation

∑
n(y2+

n2)−1 = π
y cth(πy), or the corresponding relation between the non-equilibrium

Green functions iG−−(X) and ImGret at finite temperature, we arrive at the
expression

∑
k

|φ ′
k|2 =

1
2
√

c0

∫
d3k

(2π)3
1√

c�k 2 + m2
cth

(√
c�k 2 + m2

2T
√

c0

)
. (18)

Using that cth(y/2) = 2nB(y) + 1, where nB(y) = (ey − 1)−1 are Bose
occupations, and dropping the regular contribution of quantum fluctuations we
obtain

∑
k

|φ ′
k|2T =

1√
c0

∫
d3k

(2π)3
1√

c�k 2 + m2
nB

(√
c�k 2 + m2

T
√

c0

)
. (19)

By index ”T” we indicate the thermal contribution.
The integration is performed analytically in the limiting cases. Let m �

T
√

c0. Then nB(y) � e−y . In the very same approximation one has c�k2 �
m2 for typical momenta. Then

∑
k

|φ ′
k|2T =

c
1/4
0

8m

(
2mT

πc

)3/2

exp

(
− m

T
√

c0

)
, m � 2T

√
c0 . (20)

In the opposite limiting case, m � 2T
√

c0, there are two contributions to the
integral (19), from the region of typical momenta c�k 2 ∼ m2 and from the
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where NG is the number of pseudo-Goldstone modes. One can see that the
contribution (25) is numerically small compared to those terms (cf. (22), (24))
we have evaluated for temperatures within the fluctuation region.

Now we are able to discuss the validity of the self-consistent Hartree ap-
proximation in our problem. Adding the contribution to Φ functional with
two vertices produces the sun-set diagram in the diquark self-energy. In such
a way beyond the Hartree approximation there appears the width term in the
self-energy (behaving as −iγω for small ω). Such a term governs the slow
relaxation of the order parameter in the phase transition phenomena outside
the equilibrium. In our case (thermal equilibrium) this term can be dropped
compared to the c0ω

2 term, which we have in the thermodynamic potential (1)
from the very beginning, at least in both the low and high temperature lim-
its. Indeed, in the low temperature limit three Green functions entering the
sun-set diagram produce an extra exponentially small particle occupation fac-
tor compared to that governs the Hartree term (20). Near Tc, i.e. in the high
temperature limit, we may remain only n = 0 term in the Matsubara sum
over frequencies, as we have argued, thus suppressing both the linear and the
quadratic terms in ω.

6. Ginzburg – Levanyuk criterion and Ginzburg
number

Comparing the mean field (12) and the fluctuation (15) contributions to the
specific heat (in the low and high temperature limiting cases one may use Eqs.
(22), (24)) we may estimate the fluctuation temperature TC

fl,< < Tc, at which
the contribution of fluctuations of the order parameter becomes to be as impor-
tant as the mean field one (so called Ginzburg - Levanyuk criterion),

C̃ ′
V � C̃MF

V , for T < Tc. (26)

Fluctuations dominate for T > TC
fl,<. For typical values µq ∼ (350÷500) MeV

and for Tc
>∼ (50 ÷ 70) MeV in the weak coupling limit from (26), (22) we

estimate TC
fl,< � (0.6 ÷ 0.8)Tc. If we took into account the suppression fac-

tor f of the mean field term ∝ e−∆(0)/T , a decrease of the mass m due to the
fluctuation contribution (cf. (11)), and the pseudo-Goldstone contribution (25),
we would get still smaller value of TC

fl,< (<∼ 0.5Tc). We see that fluctuations
start to contribute at temperatures when one can still use approximate expres-
sions (22), (20) valid in the low temperature limit. Thus the time (frequency)
dependence of the fluctuating fields is important in case of CSC.

In the condensed matter physics one usually performs calculations in the
high temperature limit. In this limit one neglects the time (frequency) depen-
dent terms considering quasi-static thermal fluctuations of the order parameter.
Then the fluctuation contribution is determined with the help of the functional
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integration

exp(−δF ′/T ) =
∫

Dd ′ exp(−δF ′[d ′]/T ), (27)

δF ′[d ′] =
∑
i,α,�k

(c�k 2 + η|a|)(di, ′
α,�k

)2.

The integration yields

δF̃ ′ = TNfNc

∫
d3k

(2π)3
ln[c�k 2 + η|a|]. (28)

Comparison of Eqs. (28) and (14) shows that the high temperature expression
(28) is recovered, if one drops all the terms except n = 0 in the corresponding
Matsubara sum over ωn = 2πinT in Eq. (14). The contribution of n 
= 0
terms to the

∑
k |φ ′

k|2 is suppressed in the limit c04π2T 2 � m2. Then one
immediately arrives at the specific heat given by the first term of (24). Thus in
our case one may suppress the frequency dependence of fluctuations only for
|t| � 1.

Simplifying, the energy width of the fluctuation region, where the fluctua-
tion effects prevail over the mean field ones, is usually estimated following the
Ginzburg criterion. The probability of the fluctuation in the volume Vfl is given
by W ∼ exp(−δΩ(Vfl)/T ). It is ∼ 1 for δΩ(Vfl) ∼ T , where δΩ(Vfl) (the con-
tribution to the thermodynamic potential in the corresponding variables) is the
work necessary to prepare the fluctuation within the volume Vfl. The minimal
size of the fluctuation region characterized by an order parameter d ∼

√
DMF

is ξ(T )
√

2/η, cf. (5), (8). Thus, taking δΩ(Vfl) = δΩMF(Vfl) = TG
fl for the

typical temperature TG
fl , when fluctuations start to dominate, we obtain

TG
fl � a2

2b
4π(
√

2/η ξ(TG
fl ))3

3
� 4πa

1/2
0 c3/2|t(TG

fl )|1/2

η3/2b

√
2

3
. (29)

Although the above estimate is very rough we took care of all the numeri-
cal factors. This allows us to notice that the value TC

fl,< estimated from (26),

if one uses Eq. (24) for C̃ ′
V remaining there only the first term, is TC

fl,< �
0.5|t(TC

fl,<)/t(TG
fl )|1/2TG

fl for Nc = Nf = 3. All the dependencies on the

parameters in expressions for TC
fl,< and TG

fl were proven to be essentially the
same.

Fluctuation region is determined by the Ginzburg number Gi = |Tc −
TC

fl |/Tc. The larger the value Gi is the broader is the fluctuation region. For
clean conventional superconductors [15] Gi � A(Tc/µ)4 ∼ 10−12 ÷ 10−14,
A ∼ 80, whereas for superfluid He4 and in our case Gi ∼ 1 (since A ∼ 500
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and T/µq can be as large as 1
3 ÷

1
5 in favorable cases). The role of fluctuations

increases in cases, when the effective dimensionality of the droplet decreases
or/and when the quark mean free path decreases. Both possibilities result in
a significant increase of the Gi-number. In the case of quark droplets of the
typical size L � ξ one deals with the zero-dimensional system, Gi ∝ ξ3/L3

and the fluctuation contribution to the specific heat behaves as C̃ ′
V ∼ 1/t2, for

Gi � |t| � 1. For dirty superconductors Gi increases ∝ 1/(pFele), where
pFe is the electron Fermi momentum and le is the electron mean free path. A
significant decrease of the quark mean free path is expected due to the presence
of the hadron impurities inside the quark droplet. Thus, there is still a variety
of possibilities for a further enhancement of superconducting fluctuations.

7. Fluctuations of the gap above Tc

All above expressions for fluctuating quantities (except the vanishing of the
pseudo-Goldstone contribution above Tc and the appearance of an extra di-
quark decay contribution to the width) are also valid for T > Tc, if one puts
Dc = 0 in general expressions or m2

MF = a > 0, Dc = 0, η = ηMF = 1
in the corresponding approximate expressions. Above Tc we should compare
the fluctuation contribution to a thermodynamic quantity with the quark and
gluon contributions of the normal state of the quark-gluon plasma. In the weak
coupling limit for the specific heat density of the quark-gluon plasma one has,
cf. [22],

C̃qg
V � 6µ2

qT +
42π2T 3

15
+

32π2T 3

15
. (30)

The first two terms are quark contributions and the third term is the gluon
contribution. We omitted a contribution of strange quarks which is rather small
for T < ms and we neglected the temperature dependent effective gluon mass.
We also disregarded the αs corrections to the quark and gluon terms since
such corrections were not taken into account for condensate quantities. If we
included the quark-gluon masses that appear in the framework of the approach
[23] matching the quasiparticle quark-gluon description and the lattice results,
we would get even smaller contribution of C̃qg

V , that is in favor of fluctuation
effects.

Above Tc, Eqs. (22) and (24) yield rather smooth functions of T except
the region t � 1. The fluctuation region is rather wide since C̃ ′

V ∼ C̃qg
V

even at T essentially larger then Tc. The appearance of an extra channel of
the diquark decay width, 2γdecω, beyond the Hartree approximation does not
qualitatively change the situation since γdec is a regular function of T , γdec ∝
T − Tc, and vanishes in the critical point. Thus the applicability of the high
temperature limit (one can put ωn = 0 in the Matsubara sum) is preserved in a
wide temperature region, T ∼ Tc, [15]. Only far above Tc situation might be
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changed. The main uncertainty comes from the values of coefficients (2) which
were derived for T rather near Tc and in the weak coupling limit. Bearing all
this in mind we estimate the value of the fluctuation temperature TC

fl,> ∼ 2Tc

for typical value Tc/µq ∼ 0.1÷0.3. The higher this ratio is, the stronger is the
contribution of fluctuations at the given ratio T/Tc. Note that a decrease of µq

with increase of the temperature results in an increase of the ratio Tc/µq(T ).
On the other hand µq should be at least larger than zero temperature gap in
order one could speak of any pairing fluctuations at given temperature..

Thus we see that fluctuations of the diquark gap may essentially contribute
to the thermodynamic quantities even well below Tc and above Tc.

8. Assumptions which we have done
Note that several simplifying assumptions were done. The coefficients (2)

were derived for |t| � 1 in the weak coupling limit neglecting the strange
quark mass, but applied in a wider temperature region for may be not suffi-
ciently large µq. Only Gaussian fluctuations were taken into account within
the self-consistent Hartree approximation. Thus, diquark width effects were
assumed to be suppressed. We used the expansion of the thermodynamic po-
tential up to the fourth order terms in the mean field neglecting a small jump
in the order parameter due to gluon fluctuations. We incorporated in the ther-
modynamic quantities only the terms which have a tendency to an irregular
behavior near Tc, whereas above Tc the short range correlations begin to be
more and more important with the increase of the temperature. Therefore one
certainly should be cautious applying above rough estimates outside the region
of their quantitative validity. However, as we know from the experience of the
condensate matter physics, see [15], such extrapolation equations work usually
not too bad even for temperatures well below and above Tc.

9. Fluctuations of temperature, density,
magnetic susceptibility

So far we have discussed the specific behavior of fluctuations of the order
parameter at fixed temperature and density. There are also fluctuations of the
temperature and the local quark density. They are statistically independent
quantities [19], < δTδρq >= 0, and their mean squares are

< (δT )2 >=
T 2

VflC̃V

, < (δρq)2 >=
Tρq

Vfl

(
∂ρq

∂P

)
T

. (31)

The averaging is done over the volume, P is the pressure, Vfl is as above the
volume related to the fluctuation. In the limiting case C̃ ′

V � C̃qg
V , we ob-

tain < (δT )2 > /T 2 � ρq/(Nfl
q C̃qg

V ), where Nfl
q is the number of quarks

involved in the volume Vfl. Thus, far from the critical point the contribution
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of fluctuations is suppressed as
√

< (δT )2 > /T 2 ∝ 1/
√

Nfl
q . This standard

fluctuation behavior is essentially changed for C̃ ′
V

>∼ C̃qg
V . Then we get even

larger suppression of the temperature fluctuations. For |t| � 1 in the high
temperature limit we obtain

√
< (δT )2 > /T 2

c ∼ |t| → 0 for |t| → 0, where
we assumed that fluctuations are most probable within the typical fluctuation
volume Vfl = 4πξ3/3 and ξ ∝ 1/

√
|t| for t → 0. Thus, if the system is at the

temperature T in a narrow vicinity of Tc, fluctuations of the temperature are
significantly suppressed. Being formed at 0 < −t � 1 the condensate region
evolves very slowly, since the heat transport is then delayed (the typical evolu-
tion time is roughly τ ∝ 1/

√
|t|). At temperatures T outside a narrow vicinity

of Tc, fluctuations of the temperature resulting in a significant decrease of the
temperature in the volume Vfl are rather probable,

√
< (δT )2 > /T 2

c ∼ 1.
This is the consequence of a very short coherence length and, thus, not too
large number of quarks contained in the volume Vfl, ξ � 0.13/(Tc

√
|t|) being

� 0.5 fm for Tc � 50 MeV and for |t| ∼ 1. Fluctuations of the quark density
are also large for typical |t| ∼ 1, due to the smallness of Vfl. Thereby, we argue
that the system may produce the diquark condensate regions of the typical size
ξ, thus feeling the possibility of the phase transition even if its temperature and
density are in average rather far from the critical values.

Other quantities associated with second derivatives of the thermodynamic
potential are also enhanced near the critical point demonstrating typical 1/

√
|t|

behavior, cf. [21]. However numerical coefficients depend strongly on what
quantity is studied. E.g. fluctuation contributions above Tc to the color dia-
magnetic susceptibilities

χα = −
(
∂2δF/∂ �H2

α

)
�Hα=0

, �Hα = curl �Aα , (32)

are proven to be � 1 everywhere except very narrow vicinity of the critical
point. In spite of a smallness, as we know, in metals the fluctuation diamag-
netism turns out to be of the order of the Pauli paramagnetism even far from
the transition. Also for T � Tc contribution of fluctuations to the magneto-
conductivity of 2D electron systems is experimentally distinguishable, [15].

10. How gap fluctuations may manifest in heavy
ion collisions

Anomalous behavior of fluctuations might manifest itself in the event-by-
event analysis of the heavy ion collision data. In small (L) size systems, L < ξ,
(zero dimension case would be L � ξ) the contribution of fluctuations of the
order parameter to the specific heat is still increased, as we have mentioned,
see [15]. The anomalous behavior of the specific heat may affect the heat
transport. Also kinetic coefficients are substantially affected by fluctuations
due to the shortening of the particle mean free paths, as the consequence of
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their rescatterings on diquark fluctuations. If thermalization happened at an
initial heavy ion collision stage, and a large size system expands rather slowly,
its evolution is governed by the approximately constant value of the entropy.
Due to a large contribution to the specific heat (and to the entropy) of diquark
fluctuations, an extra decrease of the temperature may occur resulting in an
essential slowing of the fireball expansion process (due to smaller pressure).
Having the diquark quantum numbers, fluctuations of the gap may affect the
dilepton production rate from the quark-gluon plasma, as it has been noted in
[13]. Another question is how one can distinguish diquark fluctuations related
to the CSC from the quark fluctuations, which may relate to the deconfinement
transition? Theoretically, since Tc is, in general, different from the deconfine-
ment transition temperature Tdec, in assumption that Tc > Tdec there might
be two anomalous fluctuation peaks related to two distinct collision energies.
E.g., if the observed peak [25] in the K+/π+ ratio at ∼ (30 ÷ 40) GeV/A is,
indeed, associated with the deconfinement transition [26], it would be worth to
search a possibility of another peak at a somewhat higher collision energy than
the first one, related to the CSC phase transition, and vice versa, if the observed
peak relates to the CSC, another peak at a somewhat lower energy could relate
to the deconfinement. However it remains unclear is it possible to distinguish
these peaks experimentally, if Tc and Tdec are rather close to each other. One
needs a careful measurement of K+/π+ ratio in the whole collision energy
interval.

11. Pairing fluctuations in hybrid stars
Besides the crust and the hadron shell, the hybrid star contains also a quark

core. Both the nucleon shell and the quark core can be in superconduct-
ing phases, in dependence on the value of the temperature. Fluctuations af-
fect transport coefficients, specific heat, emissivity, masses of low-lying ex-
citations and respectively electromagnetic properties of the star, like electro-
conductivity and magnetic field structure, e.g., renormalizing critical values of
the magnetic field (Hc1, Hc, Hc2).

The effect of thermal pion fluctuations on the specific heat and the neu-
trino emissivity of neutron stars was discussed in [27, 28] together with other
in-medium effects, see also reviews [29, 30]. Neutron pair breaking and for-
mation (PBF) neutrino process on the neutral current was studied in [31, 32]
for the hadron matter. Also ref. [32] added the proton PBF process in the
hadron matter and correlation processes, and ref. [33] included quark PBF
processes in quark matter. PBF processes were studied by two different meth-
ods; with the help of Bogolubov transformation for the fermion wave function
[31, 33] and within Schwinger-Kadanoff-Baym-Keldysh formalism for non-
equilibrium normal and anomalous fermion Green functions [32, 28, 29].
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As was observed in [32, 28], analogously to the Direct Urca (DU) process
n → peν̄, these processes (n → nνν̄ and p → pνν̄) have a large (one-nucleon)
phase space volume, if the pairing gap is ∆ >∼ 1 MeV in some density interval
(in addition to that DU and PBF emissivities have similar exponential suppres-
sion factors ∝ e−∆/T ). Moreover, these processes are affected by nucleon-
nucleon [32] and electron-electron [34, 35, 30] correlations in such a way
that the emissivity of the process n → nνν̄ is not significantly changed but
the emissivity of the process p → pνν̄ increases up to ten – hundred times.
This enhancement is due to the fact that the square of the bare vertex for the
p → pνν̄ reaction contains a very small ∼ c2

v � 0.006 factor compared to
the corresponding factor ∼ 1 for the n → nνν̄ reaction channel. However
the proton may produce the neutron-neutron hole by the strong interaction and
the electron-electron hole by the electromagnetic interaction, which then may
couple to the weak current. This circumstance is still ignored in a number of
works, which rediscovered this process with vacuum vertices and used it within
the cooling code, e.g., see [36]. It seems that an artificial a ten – hundred times
suppression of the relevant process may affect their conclusions. Numerical
simulation of the neutron star cooling that incorporated PBF processes with
inclusion of correlation effects, as well as other relevant in-medium effects
of the nucleon-nucleon and nucleon-pion interaction, like softening of pion
modes, was performed in [37]. The PBF processes in the quark matter are also
affected by correlation effects but, as for the case of the reaction n → nνν̄, in
the given case the correlation effects are expected to be not so significant.

Order parameter fluctuations allow for extra neutrino processes having no
exponential suppression in a broad region of temperatures near Tc.

Contribution of pairing fluctuations to the specific heat in the hadron shell
is minor for the case of the neutron pairing due to a small value of Tc

<∼ 1MeV
compared to the value of the neutron chemical potential (µn

>∼ 50 MeV).
Therefore in the neutron channel fluctuations of the gap are relevant only in a
very narrow vicinity of the critical point. However this effect might be not so
small for protons, for which the chemical potential is of the order of several
MeV, whereas the gap is of the order of one MeV. Therefore it seems that
fluctuations may smear the phase transition in a rather broad vicinity of the
critical point of the proton superconductivity.

Pairing fluctuation effects in the quark matter are especially important, if the
critical temperature of the CSC phase transition is rather high (Tc

>∼ 50 MeV),
as is estimated for 2SC and CFL cases. Temperatures ∼ 10 ÷ 50 MeV may
indeed arise at an initial stage of the hybrid star cooling. The fluctuation con-
tribution to the total specific heat for T <∼ Tc is evaluated in a line with that we
have done above. As noted in ref. [15], the Aslomasov - Larkin contribution
to the electro-conductivity proves to be the dominant term in the vicinity of
Tc. Analogously, one may expect a significant increase of the heat conductiv-
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ity and viscosity that would result in a delay of the heat transport at the initial
stage of the hybrid star cooling. Moreover, neutrino may efficiently rescatter
on fluctuations that governs their drift to the hadron shell at T <∼ Tc. These
effects may be especially important for the CFL phase, since in that case all
other mechanisms of the heat transport are suppressed at T < Tc. Estimation
of all these effects needs however a separate study.

We would like once more to emphasize that the coefficients of the thermo-
dynamic potential (1) obtained in the weak coupling limit might be essentially
modified, in case if we applied the results to the fireball produced in a heavy
ion collision or to hybrid stars, somehow changing our conclusions. E.g., the
quark chemical potential decreases with the temperature. It results in an ad-
ditional increase of the contribution of fluctuations, cf. dependences of the
coefficients (2) on µq. Thus we may need to analyze the strong coupling limit
instead of the weak coupling limit we discussed. There exist arguments that
the strange quark mass ms is very large and due to that the phase transition
in the CFL phase does not occur up to very high baryon densities [38]. If µq

becomes smaller than the strange quark mass we come from the possible 3SC
phases to the 2SC phases. A more general discussion of modifications beyond
the framework of the weak coupling limit can be found in [24]. A discussion
how the coefficients (1) may in general vary within the Ginzburg - Landau
approach is given in [12]. Our above arguments are admittedly speculative,
and mean only to demonstrate a qualitative possibility of their application to
heavy ion collisions and to an initial stage evolution of the hybrid star. A more
detailed treatment of the problem definitely needs a further work.

Concluding, within the Ginzburg - Landau approach we estimated the fluc-
tuation energy region at the CSC phase transition. The quantitative estimates
are based on the values of parameters derived in the weak coupling limit for
fluctuations of the CFL order parameter. Qualitative results survive also for
fluctuations of other possible phases. We found that the frequency dependence
of fluctuations is important for CSC in a wide temperature region. Fluctua-
tions may contribute essentially to the specific heat even at T rather far be-
low and above Tc. We estimated Tfl,<

<∼ 0.5Tc and Tfl,> ∼ 2Tc. Our rough
estimates show that the high temperature CSC could manifest itself through
fluctuations of the diquark gap in the course of the heavy ion collisions at
SIS300, if the critical temperature of the phase transition is indeed rather high,
Tc

>∼ (50÷70) MeV. The CSC fluctuations are also relevant for an initial stage
of the hybrid star evolution, if Tc is ∼ 50 MeV. However quantitative results
depend on the values of several not sufficiently known parameters and further
studies are still needed to arrive at definite conclusions.

12.      Concluding remarks
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Abstract Hybrid stars with extremely high central energy density in their core are natural
laboratories to investigate the appearance and the properties of compactified ex-
tra dimensions with small compactification radius – if these extra dimensions
exist at all. We introduce the necessary formalism to describe quantitatively
these objects and the properties of the formed hydrostatic equilibrium. Different
scenarios of the extra dimensions are discussed and the characteristic features of
these hybrid stars are calculated.

Keywords: Neutron stars, quark stars, compactified extra dimensions.

1. Introduction
Neutron and quark stars are natural laboratories to investigate the interplay

of strong, electro-weak and gravitational interaction. Many theoretically de-
termined properties of these astrophysical objects were tested by the observed
properties of pulsars, and detailed calculations exist for these stars[1–4].

However, if new perspectives appear in the description and understanding of
the gravitational interaction or in the unification of the above interactions, then
revisiting of the models becomes necessary. Such a reinvestigation was trig-
gered by the refreshed attention on compactified extra dimensions[5]. Extra
dimensions inside neutron stars were investigated earlier[6], but the Kaluza-
Klein (K-K) excitation modes were not considered in the equation of state
(EoS). These modes are important constituents of the recent gravitation theo-
ries. Introducing the K-K modes into the EoS of fermion stars at their central
core, new features and properties emerged [7].

Here we display a few of our ideas about these extra dimensions, their pos-
sible connection to particle physics and their appearance in the core of hybrid
stars. We summarize our numerical results and discuss the observability of
extra dimensions in these objects.
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2. The Fifth Dimension
The introduction of the 5th dimension into the real World has a long history.

We do not have any direct information about the extra dimensions, so we have
an alternative. Either x5 does not exist, or, it is microscopically small and com-
pact. Obviously in the present paper we take the second horn of the alternative,
for details see Refs. [8, 9].

Quantization puts a serious constraint on five-dimensional motion. If there
is an independence on x5, then the particle is freely moving in x5. However,
being that dimension compactified leads to an uncertainty in the position with
the size of 2πRc, where Rc is the compactification radius. Thus a Bohr-type
quantum condition appears formally:

p5 =
n�

Rc
. (1)

Because of the extra motion into the fifth dimension, an extra mass term ap-
pears in 4D descriptions. Considering compactified radius Rc ∼ 10−12−10−13

cm this extra ”mass” is m̂ ∼ 100 MeV; similar values appear in Ref. [5]. A
quite recent approach of hadron spectra by Arkhipov [11] is also worthwhile
to consult with.

An interesting consequence of the existence of 5th dimension is that in the
”4 dimensional” observations an apparent violation of the equivalence prin-
ciple must appear as one can show it by writing the geodesic equation in 5
dimensions and then projecting it into 4 dimensions. Without going into de-
tails, the ± sign of p5 causes the appearance of a ”pseudo-charge” q̂ in the 4
dimensional formalism,

q̂ = n · 2�
√

G

c Rc
, (2)

which acts in a vector-scalar interaction. We can directly see that q̂ is not the
electric charge. Indeed q̂2 < 16πGm2

0, where G is the gravitational constant
and m0 is the rest mass [10]. This is either some familiar quantum number
(e.g. strangeness, S), or some other not yet observed charge.

3. Field Equations
We are interested in final states of stellar evolution. Therefore we can restrict

ourselves to static configurations. Also, fluid-like behavior seems appropriate
in the microscopical dimensions. Therefore we are looking for static config-
urations. Also, some fluid-like behavior is expected in the sense that stresses
in the macroscopical directions freely equilibrate. Then in 3 spatial directions
isotropy is expected and thence spherical symmetry. Finally, in the lack of any
information so far, we may assume symmetry in the extra dimension. Then in
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proper GR language we are looking for solutions with 5 Killing vectors

KAi;k + KAk;i = 0

A = 0, 1, 2, 3, 5, with the commutation relations

[K0,KB ] = 0, [K5,KB ] = 0, [Kα,Kβ ] = εαβγKγ (3)

so that the subgroup 1, 2, 3 acts with 2 dimensional transitivity. Hence the
metric has the unique form

ds2 = e2ν dt2 − e2λ dr2 − r2dΩ2 − e2Φ(dx5)2 , (4)

where the quantities ν , λ and Φ depend only on r. As for the energy-momentum
tensor we get

T ik = diag (ε e2ν , P e2λ, P r2, P r2 sin2 θ, P5 e2Φ) . (5)

Total spatial equipartition of particle momenta is not expected (so P 
= P5);
indeed we shall see that it does not happen generally.

The Einstein equations are read as

−γ ε = e−2λ

[
Φ′′ + Φ′2 − λ′Φ′ +

2Φ′

r
− 2λ′

r
+

1
r2

]
− 1

r2
(6)

−γ P = e−2λ

[
−ν ′Φ′ − 2Φ′

r
− 2ν ′

r
− 1

r2

]
+

1
r2

(7)

−γ P = e−2λ
[
−ν ′′ − ν ′2 + ν ′λ′−Φ′′ − Φ′2 − ν ′Φ′ + λ′Φ′−

−2Φ′

r
− ν ′

r
+

2λ′

r

]
(8)

−γ P5 = e−2λ

[
−ν ′′ − ν ′2 + ν ′λ′ − 2ν ′

r
+

2λ′

r
− 1

r2

]
+

1
r2

(9)

where γ = 8πG/c4 and all quantities can depend only on the radius r.
For final states (T = 0) all local material characteristics of the fluid are

expected to depend on one thermodynamic quantity, say on particle density n.
The material equations,

ε = ε(n); P = P (n); P5 = P5(n) , (10)

and the Einstein equations in Eqs. (6)-(9) are all independent equations, all
further equations are consequences. (Indeed there are some thermodynamical
constraints between ε, P and P5.) Considering the appropriate Bianchi iden-
tity, one obtains

T ir
;r = 0 −→ P ′ = −ν ′(ε + P ) + (P5 − P )Φ′ . (11)
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This equation clearly demonstrates the influence of the extra dimensional be-
havior on the normal pressure, P = P1 = P2 = P3.

The Einstein equations Eqs. (6)-(9) contain two extra variables compared to
the more familiar 4 dimensional case, namely P5 and Φ. However, P5(n) is a
known function of the particle number density and specified by the actual inter-
action in the matter. Thus Φ(r) is the only new degree of freedom determined
by the extra equation.

4. A Special Solution of the Field Equations
For specially chosen pressure P5 there is a unique solution of the Einstein

equations in Eqs. (6)-(9), namely Φ′ = 0. In this case Eqs. (6)-(8) can be
solved separately with Φ = 0 and then the last Eq. (9) gives P5. Although these
solutions do not differ formally from the 4 dimensional neutron star solution
(except for P5), but the extra dimension will have its influence on ε(n) and
P (n) [7].

Let us start with a single massive fermion (”neutron”, N ). Since the minimal
nonzero fifth momentum component is |p5| = �/Rc, then the extra direction of
the phase space is not populated until the Fermi-momentum pF < �/Rc. How-
ever, at the threshold both p5 = ±�/Rc states appear. They mimic another

(”excited”) particle with mass mX =
√

m2
N + (�/Rc)2 (with a nonelectric

”charge” q̂ = ±2�
√

G
cRc

as well). The equations obtain a form as if this second
particle also appeared in complete thermodynamical equilibrium with the neu-
tron: µX = µN . This phenomena is repeated in any case, when p exceeds a
threshold n�/Rc.

Figure 1. The mass and the radius of heavy hadron stars in 4 dimensions and neutron stars
including extradimensional K-K modes into the core (from Ref. [9]).
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Fig. 1. compares two calculations. The solid line is 4 dimensional cal-
culation with neutrons and Λ hyperons, the lightest neutral strange baryon.
(Ambartsumyan and Saakyan calculated such hybrid compact stars as far back
as in 1960 [12].) The dashed and dotted lines come from 5-dimensional calcu-
lations with only neutrons, but moving in the extra dimension, too. The higher
excitations are started from the triangles and they are named as E1, E2, ...,
at compactified radius Rc = 0.33 fm. In this case the 5 dimensional neutron
star is almost indistinguishable from a neutron star with Λ core. However,
choosing another compactification radius (e.g. Rc = 0.66 fm) one obtains rea-
sonable differences, which can be seen on Fig. 1. The F2, F3, ..., indicate the
appearance of the excited modes in the latter case (F1 was left outside of the
figure).

5. On the General Solution of the Field
Equations

In the most generic case it is true that the derivative Φ′ 
= 0. The interior
solution of Eqs. (6)-(9) can be obtained only numerically. In principle there
is no problem to evaluate these equations, but the structure of them must be
understood.

First, there are constraints among the material quantities, which are rather
straightforward for ideal quantum fluids. In case of interacting matter one
can recall the self-consistent description of the interacting fermions in the 4
dimensional analogy [13]. Second, the particle number density in the center,
n(r = 0), is a free initial condition, as it was in the 4 dimensional case. Instead
of density, we may use energy density, ε(r = 0) ≡ ε0, as well.

Third, the metric tensor is determined by the variables Φ, ν, λ. On the other
hand Φ and ν never appear in Eqs.(6)-(9) (reflecting the fact that x0 and x5

constant dilatations are always possible without harming the commutator re-
lations for the Killing motions), so these equations are of first order on Φ′, ν ′

and λ. However, the equations can be rearranged resulting in the following
symbolic structure:

Φ′ = Φ′(λ′, λ, n) (12)

ν ′ = ν ′(λ′, λ, n) (13)

λ′′ = λ′′(λ′, λ, n) (14)

The Eqs. (12)-(13) are algebraic equations for Φ′ and ν ′, but Eq. (14) is a
differential equation of second order and it should be reorganized formally
into 2 equations of first order.

Fourth, initial conditions are needed for Φ, ν, λ and λ′. For the first two
they are free additive constants and for λ and λ′ we can proceed as in 4 dimen-
sions. Anyway, it is clear that even if we choose such initial conditions that
Φ′(r = 0) = 0, then it does not remain zero out of the center.
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6. Matching Conditions on the Surface
The integration must go until the fluid-vacuum interface at rs, where an

exterior vacuum solution continues the interior one. The details of matching
conditions can be found in Ref. [14]. Applying them on the present problem
we get the continuity of certain derivatives of the metric tensor, and those for
the energy-momentum tensor result in the single equation,

P (rs) = 0 . (15)

Observe that no constraint is obtained either for ε or P5.
Although P5 might be anything at rs from the matching conditions, it will

be zero for all general (not very exotic) systems. Namely, P = 0 is expected at
some low particle number density ns on the surface, which is generally much
below p5 = �/Rc. So motions in the 5th dimension cease already somewhere
in the interior of the star.

Henceforth vacuum solutions of Eqs. (6)-(9) are valid until infinity, and
Φ(rs), ν(rs), λ(rs), and λ′(rs) give initial conditions for the external solu-
tion. Interestingly enough, the external solutions can be obtained in analytical
(albeit partly implicit) forms.

7. The External Solution
The external solution of the Einstein equations can be obtained in analytic

form. Equaling the matter contribution with zero on the left hand sides and
using the new variables α and β as

ν ′ ≡ α + β (16)

Φ′ ≡ α − β , (17)

the 4 Einstein equations results in 3 differential equations,

λ′ =
1
r
(1 − e2λ) + 2α (18)

ψ′ = − ψ

r2
(1 + e2λ) , (19)

(where ψ ≡ α, β), and one more equation becomes an identity. Eqs. (18)-(19)
can be integrated as

α =
A

r
e−Y (20)

β =
B

r
e−Y (21)

with two constants A,B. For variable Y Eq.(18) yields the following:

Y ′ =
1
r

[
(A2 + B2)e−2Y + 4Ae−Y + 1

]
(22)
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This last equation can be solved in an implicit form. There are three solutions
according to the sign of the determinant. Here we give the one for positive
determinant:

ln
[

r

r0

]
= ln

[(
y − y+

y0 − y+

)u ( y − y−
y0 − y−

)v]
(23)

where r0 and y0 are constants of integration. Furthermore,

D =
√

3A2 − B2 (24)

y± = −2A ± D (25)

u =
−2A + D

2D
(26)

v =
+2A + D

2D
(27)

and then

Y = ln y (28)

e2λ = (A2 + B2)e−2Y + 4Ae−Y + 1 (29)

Of course, this solution goes to flat space-time as r −→ ∞.
The Φ′ = 0 special solution belongs to A = B. However, as we claimed

earlier, Φ′(rs) 
= 0.

8. Conclusion
We do not know compact stars close to Sun, so the observations are rather

hazy for details. However some data exist for masses and radii. In the previous
Chapters we showed that the calculations are as straightforward in 5 dimen-
sions as in 4. While some problems must be relegated to the next, last Chapter,
in principle one could compare observations with 4- and 5-dimensional calcu-
lations, and try to decide if space is 3 dimensional or 4. The difference comes
from two reasons.

1) At some Fermi momentum the phase space opens up in the 5th direction.
Henceforth pF increases slower, which will be reflected by the M(R) relation.
However note that 5th dimensional effects can mimic particle excitations.

2) Quite new effects can, in principle, be observed around compact stars.
Of course, they may be moderate and the present observational techniques are
probably insufficient. However, consider 2 situations:

You can perform light deflection experiments. Trajectories differ in 4 and 5
dimensions.

You may perform ”free fall” experiments in vacuum but not very far from
the star. Then 1) particles moving also into the extra direction would fall
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”anomalously”, but this is a simple Eotvos-type experiment and can be done
in lab too. However 2) Φ′ 
= 0, so also a ”scalar force” appears for particles
moving in the extra dimension, although we are outside of the exotic interior
of the star. This means that accelerator experiments not too far from compact
stars would show up surprising results if 5th Dimension exists. So not only the
dense source would be different. Gravity is a phenomenon of Space-time and
5-dimensional Space-Time differs from the 4-dimensional one.

Before truly realistic 5-dimensional calculations some problems must be
fully clarified. They are listed in the last Chapter.

9. Outlook
While we can calculate 5-dimensional compact stars in this moment, the

results still depend on parameters to be fixed in the future, We, somewhat ar-
bitrarily, classify problems into 3 groups: factual, technical and fundamental.

1) Factual problems:
The value of the compactification radius, Rc: In the present approach this

radius was a free parameter. For demonstration we chose the radius Rc =
0.33 · 10−13 cm, when the strange Λ baryon could behave as the first excita-
tion of a neutron. Such an extradimensional object can mimics a compact star
with neutrons in the mantle and Λ’s in the core. With smaller Rc the ”exotic”
component appears at larger densities – we may run into the unstable region of
the hybrid star and the extra dimension remains undetectable. However, with
larger Rc the mass gap becomes smaller and the “transition” happens at ”fa-
miliar” neutron star densities. In this way, reliable observations could lead to
an upper bound on Rc.

The quantum number connected with motion in x5: We saw that a neutron,
starting to move in the 5th direction, appears in macroscopic 4-dimensional
description as if a neutral baryon, but with a higher mass. Particle tables men-
tion such particles in abundance. But we also mentioned that 5 dimensional
GR gives that the 4 dimensional projection of the geodesics of such particles
would exhibit a really weak apparent violation of the equivalence principle,
via a vector-scalar force. In first approximation this would mimic a Coulomb-
like force, but approximately 10−39 times weaker. Now, there was one serious
attempt to see the violation of the equivalence principle (in the Eotvos experi-
ment [15] ); there it seemed that the strength was in this range. The tentative
idea was that the violation might be connected with hypercharge Y = B + S,
and there was also a discussion [16] whether the mass difference of K0 and
anti-K0 came from the interaction of Earth’s particles with the kaon in lab.
Now, in some sense the ”first excitation” of n in Y is Λ. It would be a nice
minimal theory if Fifth Dimension would explain the CP-violation of weak
interaction as well, but of course we cannot expect this.
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The way of compactification: Here we chose the simplest compactifica-
tion: x5 ≡ x5 + 2πRc. This is a cylindrical compactification. However more
complicated cases are also possible, albeit not arbitrary ones. A branch of GR
lists all the cases; now we mention only the 2-dimensional example that from
a plane by cut and sew you can produce of course a compact cylinder, but the
mantle of a cone as well.

The number of the extra dimensions: The present example was the sim-
plest nontrivial case. However maybe particle physicists would prefer 6 ex-
tra dimensions appearing with the same length scale in some group structure.
The ”extra forces” appearing from Fifth Dimension are gravitational, the extra
quantum number appearing here cannot be the source of QCD forces [10]. In
Ref. [9] we discussed two extra dimensions with different scales.

2) Technical problems:
Initial conditions: We mentioned that we need to fix 3 initial conditions

in the center: one for the central density of matter (n(0) = n0 or ε(0) =
ε0), and two for the metric, either for λ(0) and λ′(0), or, equivalently, for
λ(0) and Φ′(0). But we cannot properly impose these conditions in r = 0,
and these conditions are somehow not independent. However the technical
problem is well known already in 4 dimensions [1] . First, the proper way
is to approximate the innermost core of radius δ with a homogeneous sphere
of density n0, where the exact value of δ is irrelevant if small enough. Then
n = n0 at r = δ, and e2λ = 1 − 8πδ3ε0/3c2 there.

Interactions: N −N interaction can be taken into account the same way as
in Ref.[13]. Neutrons moving into the extra dimension may interact differently
because of an extra momentum dependence. Such momentum dependence
appears e.g. in Walecka-type [17, 18] construction.

3) Theory:
A consequent 5-dimensional treatment would require Unified Theory of

Quantum Mechanics and General Relativity. This unified theory is not avail-
able now, and we know evidences that present QM is incompatible with present
GR. The well-known demonstrative examples are generally between QFT and
GR (e.g. the notion of Quantum Field Theory vacua is only Lorentz-invariant
and hence come ambiguities about the existence of cosmological Hawking ra-
diations [19]). But also, it is a fundamental problem that the lhs of Einstein
equation is c-number, while the rhs should be a quantum object.

In the present case QM and GR have to be used in a compatible way for the
proper ”Bohr-type” quantization of p5. Our chosen way was intuitive. Sure, it
is correct for Φ′ = 0. Then one can always introduce such a coordinate system
where Φ = 0 and then the circumference is the usual 2πRc. But in the general
case one might use 2πRc in the condition as well as 2πeΦRc. All suggestions
up to now (as. e.g. Ref. [20]) are restricted to the simpler case.
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This paper has displayed the introduction of 5th dimension into astrophysical
description in the framework of GR. The new degrees of freedom may solve
old problems, but open new questions, as well. We think that this attempt is
worthwhile.
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Abstract Gamma-ray bursts are the most luminous and probably the most relativistic
events in the universe. The last few years have seen a tremendous increase in
our knowledge of these events, but the source of the bursts still remains elu-
sive. I will summarize recent progress in this field with special emphasis on our
understanding of the possible progenitor systems.

Keywords: gamma rays: bursts; supernovae; stars: neutron; radiationprocesses: non-thermal;
dense matter; hydrodynamics; neutrinos; magnetic fields

1. Introduction
Like some other spectacular discoveries such as the cosmic microwave back-

ground, gamma-ray bursts (GRBs) were discovered by accident. Meant to
monitor the “outer space treaty”, the American VELA satellites detected in
July 1967 an intense flash of gamma-rays of unknown origin. It took until
1973 before the first detected GRBs were published for the scientific commu-
nity (Klebesadel et al. 1973).
This caused furious research activity and a flurry of often very exotic theo-
retical models. At the Texas conference in 1974, only one year after the first
scientific publication, Malvin Ruderman summarised the situation: “The only
feature that all but one (and perhaps all) of the very many proposed models
have in common is that they will not be the explanation of GRBs. Unfor-
tunately, limitations of time prevent me from telling you which model is the
exception....”. But his favorite model, accretion onto a black hole, is still a
promising horse in today’s race.

2. Observations
GRBs are short flashes of gamma-rays that outshine for short moment the

whole rest of the gamma-ray sky. The BATSE instruments on board the Comp-
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Figure 1. Spectrum of GRB930131 together with a synchrotron model fit (Bromm & Schae-
fer 1999).

ton Gamma-Ray Observatory observed bursts at a rate of around one event per
day (Paciesas et al. 1999). Opposite to initial expectations BATSE detected
an inhomogeneous, but highly isotropic distribution of burst sources. GRB
lightcurves exhibit a tremendous variety ranging from single featureless spikes,
over “FREDS” (fast rise exponential decay) to completely erratic sequences of
pulses. The lightcurves vary on millisecond time scales, the shortest variability
time scale so far being 0.22 ms for GRB920229 (Schaefer and Walker 1999).
The spectra of GRBs are non-thermal (see Figure 1) with high-energy tails
extending up to several GeV. The spectra can be accurately fitted with an ex-
ponentially smoothed, broken powerlaw, the so-called “Band-function” (Band
et al. 1993). The “knee” where both powerlaws are joined is referred to as the
break energy. Typically break energies lie around several hundred keV. Gener-
ally, the lower spectral energy index is compatible with a synchrotron origin of
the radiation (Cohen et al. 1997), there are however some bursts with a lower
energy slope steeper than predicted by the synchrotron model (Preece et al.
1998). The duration distribution of GRBs is bimodal with a first peak at ∼ 0.2
s and a second one at ∼ 30 s. Bursts below (above) 2 s are referred to as “short
(long) bursts” (Kouveliotou et al. 1993). Bursts of the short category exhibit
predominately harder spectra than their long-duration cousins. The hardness is
usually measured via the “hardness ratio”, the ratio of photon counts in a high
and a low energy channel of BATSE.
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The discovery of the first redshifts (Costa et al. 1997) in GRB afterglows
settled a long debate about whether they occur at cosmological distances or
not. By now, the cosmological origin of long GRBs is a well-established fact.
Searches for the host galaxies found long bursts occurring predominantly in
galaxies with active star formation (Bloom et al. 2002), pointing to a rather
short-lived progenitor system, possibly related to the death of massive stars
that die close to their birth-places. A GRB supernova connection had been
suspected when in the localization error box of the BeppoSAX wide field cam-
era of GRB980425 a supernova of type Ib/c was found. By now, “bumps” have
been detected in the optical afterglow lightcurves of several long GRBs (e.g.
Bloom et al. 1999). These bumps were interpreted as the lightcurves from an
underlying supernova that occurred roughly at the same time as the GRB. The
idea of a long GRB supernova connection has convincingly been corroborated
by the detection of a very energetic supernova that occurred temporally and
spatially coincident with GRB030329 (Hjorth et al. 2003, Stanek et al. 2003).
Thus (at least some of the) long bursts seem to go along directly with a core-
collapse supernova.
Short GRBs are usually assumed to be cosmological as well, but we are cur-

rently still lacking direct evidence in the form of afterglow observations. There
are indications that the observed short GRBs occurred possibly at somewhat
shorter distances (Mao et al. 1994). This would be consistent with compact
binary sources that merge relatively late in the age of the universe due to their
long inspiral time (Fryer et al. 1999).
The fluences of typically 10−5 to 10−7 erg/cm2 and cosmological redshifts
observed so far imply isotropic burst energies of up to ∼ 4 · 1054 ergs for
GRB990123, corresponding to twice rest mass energy of the sun in gamma-
rays alone. This “energy crisis” pointed to beamed emission. By now, in sev-
eral GRBs achromatic breaks have been identified from which (under certain
assumptions) jet opening angles of ∼ 5o have been derived (Frail et al. 2001).
Taking beaming angle corrections into account, the energy requirements are al-
leviated, the initially huge range of isotropic energies ranging from a few times
1051 to 4 · 1054 ergs collapses to a narrow distribution around ∼ 5 · 1050 erg.
If true, this allows the use of GRBs as standard candles to infer, for example,
star formation in the high redshift universe (e.g. Lloyd-Ronning et al. 2002).
We briefly want to mention two exciting, but currently still controversial top-
ics: x-ray emission lines and polarization of the prompt GRB-emission. X-ray
emission features have been reported for several x-ray afterglows (e.g. Piro et
al. 2000). The confidence level for these detections, however, is rather low.
The energy contained in these lines is very large, ∼ 1049 erg. Since the effi-
ciency to produce an x-ray emission line cannot exceed 1 % the burst would
have to have ∼ 1051 ergs in x-rays (Ghisellini et al. 2002), which sets a strict
lower limit on the burst energy that is hard to reconcile with the results of Frail
et al. (2001).
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Using RHESSI results Coburn and Boggs (2003) reported on a high linear po-
larisation of the prompt emission of GRB021206, Π = 0.8 ± 0.2. This could
point to the interesting possibility of magnetic fields being advected from the
central source rather than being generated in shocks. A re-analysis of the same
data, however, found a no indication of for polarization of GRB021206 (Rut-
ledge and Fox, 2003).

3. The fireball model
The above listed observational facts impose constraints on the progenitor

system(s) responsible for gamma-ray bursts.
The first one, often referred to as the “compactness-problem” comes from the
non-thermal GRB spectra and was originally used as an argument against a
possible cosmological origin of GRBs (Ruderman 1975, Schmidt 1978). The
millisecond variability of the lightcurves points to a compact source for the
GRB, as from simple causality arguments the dimension of the system should
be D < c · δt ≈ 300 km. But if an energy of ∼ 1051 erg in ∼ 1 MeV photons
is released in such a small volume the optical depth to pair creation must be
huge: τ ∼ 1013 and therefore one would expect a thermal spectrum, in bla-
tant contrast to the observations. The way out of this dilemma is relativistic
motion (Paczynski 1986, Goodman 1986). If the emission is coming from ma-
terial moving with Lorentz factor Γ towards the observer, the source can be
increased by a factor of Γ2. Moreover the photons in the local frame are softer
by a factor of Γ. A detailed analysis (Lithwick and Sari 2001) shows that
the optical depth can be reduced by effects of relativistic motion by a factor
∼ Γ6.5 where the exact value of the exponent depends on the GRB spectrum.
The analysis of Lithwick and Sari yields lower limits on GRB Lorentz factors
of several hundreds, the highest Lorentz factors in the universe.
A second hard constraint is the so-called “baryon loading problem”. The at-
tainable bulk Lorentz factor is determined by the ratio of available energy and
rest mass energy. If an energy of 1051 erg is available the fireball cannot con-
tain more than 10−5 M�in baryonic material, otherwise the required Lorentz-
factors will not be reached. This poses a hard problem for central engine mod-
els: how can a stellar mass object pump so much energy into a region that is
essentially devoid of baryons?

The above reasoning has led to the “fireball” internal-external shocks model.
This model is rather independent of the nature of the central engine. The latter
one is just required to produce highly relativistic outflow, either in the form of
kinetic energy or as Poynting flux. The radiation is produced in (collisionless)
shocks. These can either occur due to interaction of the outflow with the cir-
cumstellar material (“external shocks”) or due to interactions of different por-
tions of the outflow with different Lorentz-factors, so-called “internal shocks”.
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According to the fireball model the GRB is produced via synchrotron radiation
(at least in the most simple model version) in internal shocks. The efficiency
of internal shocks depends on the variability within the outflow (Kobayashi et
al. 1997). A lot of energy remains as kinetic energy in the ejecta and can later
be dissipated via external shocks to produce the much longer lasting multi-
wavelength afterglow. Afterglow had been predicted before its observation by
several researchers (Paczynski and Rhoads (1993), Meszaros and Rees (1993,
1997), Vietri (1997)). The simplest afterglow model with an adiabatic, rel-
ativistic blast wave (Blandford and McKee 1976) and synchrotron radiation,
seems to fit the bulk of afterglow observations reasonably well (for a detailed
discussion see Piran (1999) and Meszaros (2002)).
Detailed investigations of Kobayashi et al. (1997) showed that the GRB lightcurve
reflects essentially the activity of the inner engine that produces the relativistic
outflow. That means that the engine itself has to produce an erratic sequence of
pulses and, whatever the progenitor is, it should be able to produce, depending
on its specific system parameters a large variety of different outcomes. This
result seems to rule out “one-bang” models, e.g. simple phase transitions in
neutron stars.

For an alternative to the fireball model see Dar and De Rujula (2003).

4. Models for the Central Engine
Many many GRB models have been suggested over the years and it is im-

possible to do justice to all of them here. I will therefore just pick out a few
that I consider to be particularly interesting.
When discussing the central engine it is worth keeping in mind that the overall
burst duration, τ , is -both for long and for short bursts- very long in com-
parison to the variability time scale, δt, on which the energy output changes
substantially, δt/τ � 1. This requires the engine to provide (at least) these
two different time scales. One (but not the only) reasonable possibility is that
the central engine consists of a new-born, stellar mass black hole surrounded
by an accretion disk. In this view the dynamical time scale close to the hole
sets the variability while the viscous accretion time scale sets the overall burst
duration. The hole/disk masses then distinguishes between long and short du-
ration bursts. While this is certainly plausible, I want to stress here that plau-
sible models do not necessarily have to involve a black hole, examples of such
alternative models are Usov’s (1992) highly magnetized pulsar formed in an
accretion induced collapse or the temporarily stabilized central object result-
ing in a neutron star coalescence, see below.
One important question is whether there is a single progenitor that produces
(depending on say its initial conditions like the rotation rate) either a short or a
long GRAB or whether the two burst classes result form two different progen-
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itor systems. An example of a model that produces both long and short Grabs
from one progenitor has been suggested by Yo and Blackman (1998). In their
model the GRAB is driven by dissipation of Pointing flux extracted from a
young, highly magnetized millisecond pulsar formed in an accretion-induced
collapse of a white dwarf. If the initial rotation is above a critical rotation rate,
the spin-down time scale is determined by gravitational wave emission leading
to sub-second spin-down, otherwise its is governed by electromagnetic dipole
emission and leads to a much longer duration (� 1 s).
There are, however, reasons to assume that the two GRB classes are caused
by different progenitor systems since there are, apart from the duration further
substantial differences. First, as mentioned above, short GRBs seem to be sys-
tematically harder than their long-duration cousins. Moreover their lightcurves
exhibit fewer sub-pulses and they show a different temporal spectral evolution
(Norris et al. 2000). Apart from that the spectral break energies of short bursts
seem to be larger than for long bursts (Paciesas et al. 2000). As the spectral
break energy is sensitive to the cosmological redshift and the Lorentz-factor of
the ejecta producing the burst, the higher spectral break energies could mean
that either short GRBs have higher Lorentz-factors or/and that their population
is closer, i.e. they have, on average, a lower redshift. Both of these possibil-
ities are compatible with compact binary mergers: due to their inspiral time
they could occur relatively late in the age of the universe and therefore be at
lower redshifts than long GRBs. Moreover, they are not engulfed in a stellar
mantle like in the case of a stellar collapse and the high rotation velocities that
naturally occur will centrifugally evacuate the region around the binary rota-
tion axis. This fact will make it easier to obtain higher Lorentz-factors without
being slowed down by a stellar mantle that has to be penetrated first. Moreover,
the two classes seem to be differently distributed in space (Cohen, Kolatt and
Piran 1994), consistent with short GRBs being closer than their long-duration
cousins. All this hints to two different progenitor systems.

4.1 Long-soft Bursts
Around 70 % of the observed GRBs are the long-soft type. They typically

occur at cosmological redshifts of z ∼ 1 and are believed to be beamed with
half-opening angles of ∼ 5o. Thus, we see on average one burst per 300
beamed GRBs with random jet orientations, i.e. the true rate of long GRBs
is around 1000 per day in the universe.

Collapsars. The probably most popular GRB-model is the “Collapsar/failed
supernova” model (Woosley 1993, MacFadyen and Woosley 1999), sometimes
also referred to as “hypernova” (Paczynski 1998).
The exact supernova mechanism is despite intense research not known with
certainty, but the general believe is that the huge neutrino luminosities from
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Figure 2. Density distribution of a collapsar jet breaking through the stellar surface. From
Zhang, Woosley and Heger 2003.

the newborn proto-neutron star will revive the shock that got stalled in the
stellar mantle and will drive the explosion. If, however, a black hole rather
than a neutron star is formed early on the neutrino source is essentially shut
off and the supernova might “fail”. For a non-/slowly rotating star the stellar
matter can essentially unhindered disappear in the event horizon of the new-
born black hole. If the angular momentum of the star is too high, a disk will
form at too large distances to be hot enough for efficient neutrino emission.
For intermediate values of angular momentum, however, a more compact, hot
accretion disk may form close to the hole. In this case an accretion- rather
than neutrino-driven supernova explosion might occur. Although there is no
generally accepted mechanism for its explanation there seems to be a general
accretion disk-jet connection. Like in many other astrophysical environments
such as active galactic nuclei and young stellar objects the formation of a jet
is plausible in the collapsar case. It might be powered by energy pumped into
the polar region above the hole either via the annihilation of neutrinos emitted
from the inner, hot parts of the accretion disk or via MHD mechanisms. Ini-
tially the density along the original rotation axis is too high for any plausible jet
to overcome the ram pressure of the infalling material. But after a few seconds
a channel along the rotation axis opens up allowing later on for jet propagation
through the star. This channel is expected to collimate the escaping jet. If the
hole, however, has received too large a kick at birth the energy deposition will
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not be along the evacuated channel and the jet may be spoilt.
Apart from having the right amount of angular momentum the progenitor star
is required to have lost its envelope, since a jet powered for the typical dura-
tion of a long burst, ∼ 20 s, could not penetrate a giant star, it would rather
dissipate its energy in the stellar envelope. To penetrate say a red supergiant
it would take around 1000 s and it is hard to see why the burst after having
been on for so long should then suddenly shut down within 20 s after breaking
through the stellar surface. Therefore, the progenitor stars is expected to have
lost its envelope and the GRB is expected to go along with a supernova of type
I (i.e. core-collapse but no hydrogen lines). Resulting from very massive stars,
collapsars would occur naturally in star forming regions and, as observed, to
be associated with a core-collapse supernova of type Ib/c.

The first simulations of the collapsar scenario have been performed using 2D
Newtonian, hydrodynamics (MacFadyen & Woosley 1999) exploring the col-
lapse of helium cores of more than 10 M�. In their 2D simulation MacFadyen
& Woosley found the jet to be collimated by the stellar material into opening
angles of a few degrees and to transverse the star within ∼ 10 s. The accre-
tion process was estimated to occur for a few tens of seconds. In such a model
variability in the lightcurve could result for example from (magneto-) hydrody-
namic instabilities in the accretion disk that would translate into a modulation
of the neutrino emission/annihilation processes or via Kelvin-Helmholtz insta-
bilities at the interface between the jet and the stellar mantle.
These initial, Newtonian simulations were plagued by highly superluminal mo-
tions. Aloy et al. (2000) have improved on this problem using a special rel-
ativistic hydrodynamics code to follow jet propagation through a progenitor
star. Recently Zhang et al. (2003) have simulated the propagation and break-
out of a jet through a Wolf-Rayet star using a 3D, special relativistic grid code.
They particularly addressed the question of jet stability going from 2D to 3D
and found the gross jet features to be robust against this change. Moreover,
they found that even a slowly precessing jet (say a degree per second) is able
to penetrate the star and emerge relativistically at its surface. If the jet pre-
cesses faster, it is dissipated inside the stellar envelope. At outbreak the jet
is surrounded by a mildly relativistic cocoon that will give rise to a transient
signal. If the outbreak is seem at a larger angle with the jet axis it may be seen
as a so-called “X-ray flash” (Heise 2003)

Despite its obvious success there remain several open questions. First and
most important is the progenitor question. Do stars with the right amount
of angular momentum at collapse exist at all? If state of the art progenitor
models in which angular momentum loss through magnetic torques and wind
losses are accounted for (Heger and Woosley 2003) are taken at face value,
then the collapse will not result in a sufficiently massive disk to produce a
collapsar. However, as the progenitor uncertainties are substantial that does
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not necessarily mean a killer argument for collapsars. Another essentially un-
solved problem is the question how the jet is launched. In current numeri-
cal models the jet formation is not modeled, jets are put in by hand and then
their propagation through the star is followed. Further uncertainties come from
the numerical resolution. As short-wavelength perturbations grow fastest in a
Kelvin-Helmholtz instability the question remains whether current models can
already resolve the smallest physically important scales. But this will certainly
be addressed in future work. As in many current astrophysical simulations the
first collapsar models ignored the influence of magnetic fields. Currently a lot
of effort is put into MHD-simulations of this event (see e.g. Proga et al. 2003).

Supranova. Stella and Vietri (1998) have suggested a two stage process
to create a GRB (“supranova”). The massive star collapses in a “traditional”
supernova to form a rotationally supported neutron star that is beyond its non-
rotating upper mass limit. They assume the star to spin down via magnetic
dipole radiation. Using a “standard” magnetic field of 1012 G they estimate a
time scale of several years before the “supra-massive” configuration collapses
into a black hole. The supernova is expected to leave a ∼ 0.1 M�accretion
disk in orbit around the neutron star and, once the neutron star collapses to
form a black hole, the disk might help to extract the rotational energy of the
new-born black hole and to launch the GRB.
The strengths of the model are its natural connection to supernovae and star for-
mation and that the supernova remnant would have enough time to form iron
via the decay of nickel and cobalt to possibly produce the claimed iron lines.
Moreover, it is expected to be a baryon-clean environment. The model is, how-
ever, very sensitive to the fine tuning of parameters. Moreover, GRB030329
places a rather strict limit of a few hours on the delay between the SN and the
GRB and thus rules out the supranova model for at least this particular burst.

Fragmenting Core-collapse. Another two stage process, the fragmen-
tation of a core collapse supernova has been suggested recently by Davies et
al. (2002). The main idea is that, analogous to the fragmentation of a collaps-
ing molecular cloud into several stars, a sufficiently rapidly rotating progenitor
star might undergo fragmentation and form several “lumps” rather than a clean
and more or less spherically symmetric neutron star. The various fragments
would then be driven towards coalescence via gravitational wave emission and
would emit a characteristic chirp signal during inspiral. Once coalesced they
will form a “standard GRB central engine”, a new-born black hole and an ac-
cretion disk. Generally the black hole will receive a kick at birth, a successful
GRB-jet can only be launched if the received kick velocity is small. For plau-
sible system parameters a delay of several hours between supernova and GRB
can be obtained. This is well within the current limits set by GRB030329. This
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model shares with the two previously discussed models its connection with star
formation regions and core-collapse supernovae. The exact conditions under
which such fragmentation can occur and the corresponding fraction of progen-
itor systems remains to be explored in future work.

4.2 Short-hard Bursts
As outlined above, the class of short-hard GRBs probably results from a

different central engine than long bursts. Compact binaries, either two neutron
stars ? or a neutron star and a low mass black hole ?, are the most promising
candidates for the progenitor of this class. Their gravitational binding energy
of a few times 1053 erg is expected to easily satisfy the energy requirements
of a short GRB (the exact energy in the burst is at present not known since so
far no redshift has been detected). As the neutron star dynamical time scale is
τdyn = (Gρ̄)−

1
2 ∼ 3 · 10−4 s there should be no problem in providing even

the shortest time scales observed in bursts. Moreover, the merger remnants are
attractive GRB central engines as the black hole (either preexisting or forming
after a neutron star binary coalescence) is guaranteed to be rapidly rotating,
either from the angular momentum that has been fed into the hole in the form
of neutron star debris or from the orbital motion of a neutron star binary. A
soft equation of state leads to more compact neutron stars, therefore a neutron
star binary system will have higher orbital velocities at contact and thus a more
rapidly rotating black hole will form. The energy stored in the black hole rota-
tion can then possibly be extracted, e.g. via the Blandford-Znajek mechanism
(1977).
With the recent discovery of another highly relativistic binary pulsar (Burgay
et al. 2003) the estimates for neutron star merger rates have, once again, been
increased. With the most likely rates estimated to be as high as ∼ 2 · 10−4

per year and galaxy (Kalogera et al. 2003), neutron star binary mergers will
have no problem to account for all short GRBs, even if substantial beaming is
involved.
Neutron star black hole mergers are most often considered to be just a variant
of the binary neutron star theme in the sense that they will also produce a black
hole plus torus system. It is worth pointing out, however, that the dynamics of
this merger process is much more complex than in the neutron star merger case
as it is governed by the interplay of gravitational radiation (trying to decrease
the orbital separation), mass transfer (trying to increase the orbital separation)
and the reaction of the stellar radius to mass loss. The dynamics of this process
is very sensitive to the mass ratio of the binary components which is much less
constrained than in the binary neutron star case.
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Neutron Star Binary Mergers. Neutron star binaries have for a long
time been the model for the central engine of GRBs (Goodman et al. 1987,
Eichler et al. 1989, Narayan et al. 1992). With the connection of long GRBs
with supernovae being well established by now, compact binary mergers are
these days not usually considered to be responsible for long duration GRBs,
but they are still the leading model for short GRBs.
The coalescence is an intrinsically three-dimensional phenomenon and there-
fore analytical guidance is rare (although very welcome) and one has to resort
to large scale numerical computations. Additional complications arise from
the fact that there is almost no field of astrophysics that does not enter at some
stage during the coalescence process: the last stages and the merger are cer-
tainly dominated by strong-field general relativistic gravity, the neutron star
material follows the laws of hydrodynamics, particle physics enters via possi-
ble condensates of “exotic” matter in the high-density interiors of the neutron
stars and the copiously produced neutrinos in the hot and dense neutron star
debris, questions concerning element formation require detailed information
on nuclear structure and reactions (often far from stability) to be included and
also magnetic fields might play a decisive role since they may, via transport
of angular momentum, determine whether and/or when the central, coalesced
object collapses into a black hole. Moreover, they are expected to be amplified
in the complex fluid motions following the merger to field strengths where they
become dynamically important.
Due to this complexity current investigations follow one of two “orthogonal”
lines: either ignoring microphysics, resorting to the simplest equations of state
(EOS), polytropes, and thereby focusing on solving the complicated set of gen-
eral relativistic fluid dynamics equations (or some approximation to it; e.g.
Shibata and Uryu 2000, Oechslin et al. 2001) or, along the other line, using
accurately treatably (Newtonian) self-gravity of the fluid and investigating the
influences of detailed microphysics and relating the merger event to astrophys-
ical phenomena (e.g. Ruffert et al. 2001, Rosswog et al. 2002).

How can the available energy now be transformed into outflowing relativis-
tic plasma after such a coalescence event? A fraction of the energy released
as neutrinos is expected to be converted, via collisions, into electron-positron
pairs and photons. Neutrinos can give rise to a relativistic, pair-dominated
wind if they are converted into pairs in a region of low baryon density. Alter-
natively, strong magnetic fields anchored in the dense matter could convert the
available energy of the system into a Poynting-dominated outflow.

Neutrino annihilation
The merger remnant emits neutrinos in copious amounts. The total neu-

trino luminosities are typically around 2 · 1053 ergs/s with electron-type anti-
neutrinos carrying away the bulk of the energy. Typical neutrino energies
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Figure 3. Coalescence of a corotating neutron star binary system (1.4 M�each star). Color-
coded is the column density, the axes are in kilometers. The simulations are described in detail
in Rosswog et al. 2002.
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Figure 4. The annihilation of neutrino-antineutrino pairs above the remnant of a neutron
star merger drives relativistic jets along the original binary rotation axis (only upper half-plane
is shown). The x-axis lies in the original binary orbital plane, the dark oval around the origin
is the newly formed, probably unstable, supermassive neutron star formed in the coalescence.
Color-coded is the asymptotic Lorentz-factor. Details can be found in Rosswog et al. 2003.

are not too different from those of type II supernovae, electron neutrinos are
around 8 MeV, their anti-particles around 15 and the heavy lepton (anti-)neutrinos
have energies around 22 MeV (Rosswog and Liebendoerfer 2003).
Neutrino annihilation is an attractive process to launch a fireball as neutrinos
can leave the hot remnant easily and can deposit their energy possibly in a re-
gion devoid of baryons to avoid prohibitive baryon loading. The centrifugally
evacuated funnel region above the remnant is an ideal place for this deposition
to occur because it is close to the central energy source (the energy deposition
rate scales roughly with the inverse fourth power of the distance) but contains
only a small number of baryons (e.g. Ruffert et al. 1997, Rosswog and Davies
2002). Here the νν̄ energy flux can be transformed into a radiation-dominated
fluid with a high entropy per baryon. The thick disk geometry of the remnant
with its steep density gradients in the radial direction does not allow for lateral
expansion. The only escape route is along the initial binary rotation axis. The
disk geometry is therefore responsible for channeling the relativistic outflow
into a pair of anti-parallel jets. This mechanism is similar to that envisaged by
MacFadyen & Woosley (1999) for the collapsar scenario, but offers the advan-
tage that the jets in our case do not have to pierce through a surrounding stellar
mantle.

Neutrino annihilation from full merger simulations has been calculated by
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Ruffert et al. (1997) and Rosswog et al. (2003), Popham et al.(1999) have
studied the annihilation for the case of steady state accretion disks. The re-
sulting bulk Lorentz-factor is determined by the annihilation energy deposited
per rest mass energy. This quantity is displayed in Figure 4 (for details see
Rosswog et al. 2003). The encountered Lorentz-factors range from around
10 (this is a lower limit as finite numerical resolution leads us to overestimate
the funnel density and therefore to underestimate the Lorentz-factor) to a few
times 104 for extreme cases (see Rosswog et al. 2003 for details), so Lorentz
factors of several hundred should not pose any problem for this mechanism.
The total energy in the relativistic outflow, however, is only of order 1048 ergs
and therefore moderate by GRB standards. Ruffert et al. (1997) find some-
what higher values, but agree that neutrino annihilation can only power a rel-
atively weak burst. To account for the observed luminosities of a short GRB,
the relativistic outflow has to remain well-collimated. One such collimation
mechanism (Levinson and Eichler 2000) relies on the beaming of the relatively
weak, relativistic jet by the ram-pressure of the non-relativistic, but powerful
baryonic wind that is blown off the merger remnant via neutrinos (this is very
similar to the neutrino-driven wind of a new-born proto-neutron star). Using
a theoretical neutron star mass distribution Rosswog and Ramirez-Ruiz (2003)
have calculated the resulting beaming angle and the apparent luminosity distri-
bution. They find a broad distribution of apparent luminosities (typical values
for isotropized luminosities of ∼ 5 ·1050 erg/s) with average jet opening angles
of ∼ 5o. These results are compatible with both the observed fluences for short
GRBs and with the estimated neutron star merger rates.

Magnetic mechanisms
Neutron stars are endowed by strong magnetic fields, typically of order 1012

G. Even the sun with its comparatively moderate magnetic fields and fluid mo-
tions produces a large spectrum of different magnetic activities with sometimes
violent outbreaks. Thus it is natural to expect scaled up versions such activity
in an event as vigorous as a neutron star merger. Several magnetic GRB sce-
narios have been discussed over the years, e.g. by Usov (1992, 1994), Narayan
et al. (1992), Duncan and Thompson (1992), Thompson and Duncan (1994),
Meszaros and Rees (1997), Katz (1997), Kluzniak and Ruderman (1998) and
Rosswog et al. (2003).
I want to mention here three different possibilities: first, that the central object
formed in the coalescence remains stable for (at least) a short time of the order
a second before collapsing to black hole. During this time the seed magnetic
fields can be amplified drastically and the central object can, as some kind of
a “superpulsar”, launch a short lived relativistic wind. Second, similar field
amplification processes are expected to occur in the accretion torus around the
central object. Finally, if the central object should collapse immediately into a
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Figure 5. Velocity field (space-fixed frame) inside the central object of the remnant of a
neutron star coalescence. The labels at the contour lines refer to log(ρ), typical fluid velocities
are ∼ 108 cm/s.

black hole (i.e. before its rotational energy can be extracted by the superpulsar
mechanism) its rotational energy can be extracted via a magnetic coupling to
the accretion torus. The latter two processes have been discussed in the liter-
ature (e.g. Blandford and Znajek 1977, Narayan et al. 1992, Rosswog et al.
2003). We will therefore draw attention to the first possibility.
The central object of the remnant is rapidly differentially rotating (see Ross-
wog and Davies 2002 for rotation curves) with rotational periods ranging from
∼ 0.4 to ∼ 2 ms. Differential rotation is known to be very efficient in stabiliz-
ing stars that are substantially more massive than their non-rotating maximum
mass. For example, Ostriker and Bodenheimer (1968) constructed differen-
tially rotating white dwarfs of 4.1 M�. A recent investigation analyzing differ-
entially rotating polytropic neutron stars (Lyford et al. 2002) finds it possible
to stabilize systems even beyond twice the typical neutron star mass of 2.8
M�. The exact time scale of this stabilization is difficult to determine, as all
the poorly known high-density nuclear physics could influence the results, but
for this process to work, only a time scale of about a second is needed (some
authors have estimated time scales of up to years ?).
It is worth pointing out that the fluid flow in our calculations of the merger
(Rosswog et al. 2003) never becomes axisymmetric during the simulation and
therefore Cowlings anti-dynamo theorem does not apply here. When the sur-
faces of the neutron stars come into contact, a vortex sheet forms between them
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across which the tangential velocities exhibit a discontinuity. This vortex sheet
is Kelvin-Helmholtz-unstable with the shortest modes growing fastest. These
fluid instabilities lead complex flow patterns inside the central object of the
merger remnant. In the orbital plane they manifest themselves as strings of
vortex rolls that may merge (see Fig. 8 in Rosswog and Davies 2002). An ex-
ample of the flow pattern perpendicular to the orbital plane is shown in Fig. 5.
This pattern caused by fluid instabilities exhibits “cells” of size lc ∼ 1 km and
velocities of vc ∼ 108 cm/s. Moreover, we expect neutrino emission to drive
convection as in the case of proto-neutron stars. The neutrino optical depth
within the remnant drops very steeply from ∼ 104 at the center to the edge of
the central object (see Fig. 11 in Rosswog and Liebendoerfer 2003). For this
reason the outer layers loose neutrino energy, entropy and lepton number at a
much higher rate than the interior, this leads to a gradual build-up of a nega-
tive entropy and lepton number gradient which will drive vigorous convection
(e.g. Epstein 1979). We expect this to set in after a substantial fraction of
the neutrino cooling time (i.e. on time scales longer than our simulated time)
when a lot of the thermal energy of the remnant has been radiated away. With
neutrinos as dominant viscosity source we find viscous damping time scales of
several tens of seconds, i.e. much longer than the processes we are interested
in (see below).
We expect an efficient α−Ω-dynamo to be at work in the merger remnant. The
differential rotation will wind up initial poloidal into a strong toroidal field
(“Ω-effect”), the fluid instabilities/convection will transform toroidal fields
into poloidal ones and vice versa (“α−effect”). Usually, the Rossby number,
Ro ≡ τrot

τconv
is adopted as a measure of the efficiency of dynamo action in a

star. In the central object we find Rossby numbers well below unity, ∼ 0.4,
and therefore expect an efficient amplification of initial seed magnetic fields.
A convective dynamo amplifies initial fields exponentially with an e-folding
time given approximately by the convective overturn time, τc ≈ 3 ms; the sat-
uration field strength is thereby independent of the initial seed field (Nordlund
et al. 1992).
Adopting the kinematic dynamo approximation we find that, if we start with a
typical neutron star magnetic field, B0 = 1012 G, as seed, equipartition field
strength in the central object will be reached (provided enough kinetic energy
is available, see below) in only ≈ 40 ms. The equipartition field strengths in
the remnant are a few times 1017 G for the central object and around ∼ 1015

G for the surrounding torus (see Fig. 8 in Rosswog et al. 2003). To estimate
the maximum obtainable magnetic field strength (averaged over the central
object) we assume that all of the available kinetic energy can be transformed
into magnetic field energy. Using the kinetic energy stored in the rotation of
the central object, Ekin = 8 · 1052 erg for our generic simulation, we find
〈Bco〉 = (3 ·Ekin/R

3
co)1/2 ≈ 3 · 1017 G, where Rco is the radius of the central
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object (note that if only a fraction of 0.1 of the equipartition pressure should
be reached this would still correspond to ∼ 1017 G).
There are various ways how this huge field strength could be used to produce
a GRB. The fields in the vortex rolls (see Fig. 8 in Rosswog and Davies 2002)
will wind up the magnetic field fastest. Once the field reaches a strength close
to the local equipartition value it will become buoyant, float up, break through
the surface and possibly reconnect in an ultra-relativistic blast (Kluzniak and
Ruderman 1998). The time structure imprinted on the sequence of such blasts
would then reflect the activity of the fluid instabilities inside the central object.
The expected lightcurve of the GRB would therefore be an erratic sequence of
sub-bursts with variations on millisecond time scales.

Simultaneously such an object can act as a scaled-up “super-pulsar” and
drive out an ultra-relativistic wind. A similar configuration, a millisecond
pulsar with a magnetic field of a few times 1015 G, formed for example in
an accretion-induced collapse, has been suggested as a GRB-model by Usov
(1992, 1994). The kinetic energy from the braking of the central object is
mainly transformed into magnetic field energy that is frozen in the outflow-
ing plasma. At some stage the plasma becomes transparent to its own photons
producing a blackbody component. Further out from the remnant the MHD-
approximation breaks down and intense electromagnetic waves of the rotation
frequency of the central engine are produced. These will transfer their energy
partly into accelerating outflowing particles to Lorentz-factors in excess of 106

that can produce an afterglow via interaction with the external medium. The
other part goes into non-thermal synchro-Compton radiation with typical ener-
gies of ∼ 1 MeV (Usov 1994).

Neutron Star Black Hole Mergers. Neutron star black hole mergers
have been estimated to occur at a rate of 10−4 (year Galaxy)−1 ?, i.e. an event
rate comparable to that of neutron star binaries is expected. Moreover, their
gravitational wave signal is stronger and therefore they could possibly domi-
nate the first detectable signals from inspirals of compact binaries.
Simulations of this scenario have been performed by Lee (Lee 2001 and ref-
erences therein) using Newtonian gravity and polytropic equations of state of
varying stiffness. Ruffert, Janka and Eberl performed similar simulations but
with a detailed microphysics input (nuclear equation of state and neutrino leak-
age ?). In our own simulations of NS-BH mergers we used a relativistic mean
field equation of state ? together with three-dimensional smoothed particle hy-
drodynamics and a detailed, multiflavour neutrino treatment.
The interaction of mass transfer, gravitational wave backreaction and the re-
action of the neutron star radius to the mass loss leads to a very complicated
accretion dynamics in a neutron star black hole system. We find in all of our
simulations (apart from an extreme test case with mass ratio q = 0.93, i.e. a
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Figure 6. Tidal disruption of 1.4 M�neutron star by a 14 M�black hole. Color-coded is the
logarithm of the column density (g/cm2). Note the change in the scales (km) of the different
panels. From Rosswog et al. 2004.
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black hole of 1.5 M�and a neutron star of 1.4 M�) that a “mini-neutron star”
survives. A specific example, a black hole with 14 M�, an initially tidally
locked neutron star of 1.4 M�modeled using Newtonian gravity plus gravi-
tational wave backreaction forces is shown in Figure 6. We find initial peak
mass transfer rates of ∼ 500 M�/s (at about the time shown in the first panel
of Figure 6). After that phase the orbit widens, and we find a long sequence of
mass transfer episodes, always transferring mass into an accretion disk around
the hole, moving out, spiraling in again and so on. At the end of the simulation
(after around 64 ms and seven mass transfer phases) the neutron star still has
around 0.2 M�and shows no sign of being disrupted soon (the later mass trans-
fer rates reduce its mass mass only by small amounts). The accretion disk that
forms around the hole is very low in mass (> 10−2 M�) and relatively mod-
erate in temperature (T ∼ 2 MeV). Under these circumstances the neutrino
luminosity is around an order of magnitude smaller than in the binary neutron
star merger case and therefore not very encouraging to power a GRB. Systems
without initial neutron star spins yield somewhat more promising accretion
disks, but details remain to be explored further. These results are sensitive to
the stiffness of the equation of state, a softening of the EOS at higher densities
(e.g. due to the presence of hyperons) could possibly substantially alter the
results.

5. Summary and Prospects
In the last few years the GRB field has seen tremendous progress. The cos-

mological distance scale is now well-established. Moreover, since GRB030329
the connection of (long) GRBs with supernovae, suspected already in the very
first paper on GRBs by Klebesadel et al. (1973), has been put to a firm footing.
This lends further strength to the collapsar model of the long burst category.
But there are still myriards of open questions both related to the astrophys-
ical events/central engines as well as related to the fundamental physics in-
volved. For example, is our picture of stellar evolution wrong if state of the art
progenitor models cannot produce progenitors of sufficient angular momen-
tum for a collapsar? If collapsars result from Wolf-Rayet stars then why does
the expected ambient matter density distribution resulting from a stellar wind
(ρ ∝ r−2) not give better results in interpreting observations than a constant
ambient matter density? What is the connection between GRBs and X-ray
flashes? Is it the same event seen from different angles? Do short GRBs have
afterglows? Why are their spectra harder? Do they also occur close to star
forming regions?
Or from the physics side: by which physical mechanisms are jets launched
from accretion disks? How are the ejecta accelerated to Lorentz factors be-
yond 100? How are the magnetic fields at the emission site created? Are they
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advected from the central engine or are they produced by in shocks?
Hopefully, at least some of the above questions can be answered in the near
future by missions such as SWIFT.
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Mészáros, P. & Rees, M. J., ApJ, 482, L29 (1997)
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Abstract Series of neutron star models with strange quark cores are constructed on the
basis of an extensive set of calculated realistic equations of state of superdense
matter with quark-hadron phase transition. For some models a new local maxi-
mum on the stable branch of the star mass -central pressure diagram is revealed.
This maximum arises along with the appearance of a sharp fracture on the core,
which is characteristic for models of layered stars with λ > 3/2 (λ is the rel-
ativistic parameter of the density jump) and corresponds to the beginning of
formation of a new phase. Such a new local maximum is discovered in the mass
range of about M ∼ 0.08M� in some models, as well as at M ∼ 0.82M�
in others. Stable equilibrium layered neutron stars, located in these ranges, are
characterized also by unusually large values of the stellar radius (from R ∼ 1300
km to R ∼ 2700 km for different equations of state). For such equations of state
accretion onto a neutron star will lead to two successive jumplike transitions to a
quark-core neutron star; as a result, there will be two successive energy releases.

Keywords: Neutron stars, strange quark core, quark phase transition, new branch of stability,
accretion

1. Introduction
At superhigh densities a phase transition is possible from the state in which

quarks are confined within the baryons, to a continuum quark plasma [1]. At
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present an exact theoretical description of matter both in baryon and quark-
gluon density ranges is not possible. This makes it very important to study the
dependence of parameters of superdense stellar objects on the variants of equa-
tion of state (EoS). In many studies models of strange stars were comprehen-
sively analyzed. However, much fewer studies are devoted to configurations
with a density jump [2, 4–9]. The most complete calculations of models with
a mixed phase are in Refs. [11, 13, 12, 10, 14], which contain various quark
configurations in the form of droplet, rodlike, and platelike structures; these
models assume continuous energy and density variations in the quark-phase
formation region [15]. The results of these authors show that the formation
of the mixed phase of quark and nuclear matter may be energetically more
or less favorable than an ordinary first-order nucleon-to-quark phase transi-
tion, depending on the local surface and Coulomb energies associated with
the formation of mixed-phase quark and nuclear structures [11, 13]. Because
of uncertainty in the interface tension of strange quark matter, we presently
cannot unambiguously establish which of the above alternatives is actually re-
alized [10, 16]. Below, we consider the case that assumes an interface tension
that leads to a first-order phase transition with the possible coexistence of the
two phases. In the present work, we study the functional dependence of in-
tegral parameters and structural characteristics of layered neutron stars with a
strange quark core on the form of EoS of superdense matter with first order
phase transition to strange quark state. Series of models of neutron stars with
strange quark cores are constructed, based on an extensive set of calculated re-
alistic equations of state. The parameters of some characteristic configurations
of the calculated series are also presented, and their thorough investigation is
carried out. For some models of EoS the possibility of a new additional range
of stability for neutron stars with strange quark cores is revealed.

2. Equations of state
In the present work we carry out a thorough study of layered configurations

with a density jump, containing strange quark core. By combination of the
three EoS of neutron matter with different variants of strange quark-electron
plasma calculated within the framework of MIT quark ”bag” model [17], we
constructed an extensive set of realistic EoS with a quark phase transition. Ta-
ble 1 gives the variants of the EoS used for the quark component, as well as
the values of the energy per baryon εmin and the baryon density nmin at the
minimum point. If the energy per baryon ε in strange quark phase has a pos-
itive minimum εmin, a thermodynamic equilibrium between the quark matter
and the baryon component may take place that is realized in neutron stars with
a quark core. At subnuclear and supranuclear densities, we used relativistic
EoS for neutron matter that were calculated and tabulated by Weber, Glen-
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ms B αc εmin nmin

MeV MeV/fm3 MeV fm−3

a 175 55 0.5 10.44 0.258

b 200 55 0.5 20.71 0.263

c 175 55 0.6 28.61 0.258

d 175 60 0.5 28.97 0.276

e 200 55 0.6 38.24 0.259

f 200 60 0.5 39.12 0.282

g 175 60 0.6 47.44 0.275

h 200 60 0.6 56.90 0.277

Table 1. The variants of quark-electron plasma

denning and Weigel [18], based on the ”HEA” and ”Bonn” meson-exchange
potentials [19–21], by taking into account two-particle correlations in the λ00-
approximation [22, 23] (3.56 · 1013g/cm3 < ρ < 4.81 · 1014g/cm3). These
EoS and the corresponding EoS for nucleon component of layered neutron star
matter are labeled by ”HEA” and ”Bonn”. These are joined with the EoS of
neutron star matter for lower density ranges [24]. As an example of a more stiff
EoS (compared with the above mentioned HEA and Bonn EoS) the ”BJ−V ”
EoS [25] was used in the same density range.

Note that the conditions for the phase transition to a quark phase and ther-
modynamic equilibrium with the nucleon component, as it is seen from our
analysis, are realized only for eleven EoS from the considered twenty four
ones. Furthermore, for all the three used models of neutron matter the equi-
librium and simultaneous coexistence with the quark EoS variants e, g and h
having high values of εmin, is impossible.

3. Superdense configurations with a strange
quark core. Results and Discussion

The integral and structural parameters for models of calculated series of su-
perdense layered stellar configurations are presented in this section, and their
thorough investigation for some characteristic configurations is carried out.
Among the basic parameters are the calculated stellar radius R, gravitational
mass M , rest mass M0, proper mass Mp, the mass and radius of the strange
quark core Mcore and Rcore, respectively, relativistic moment of inertia I and
gravitational redshift on the surface of the star Zs. Also given here is the ac-
cumulated mass MAen and the radial coordinate RAen, corresponding to the
threshold for evaporation of neutrons from nuclei (ρnd = 4.3 · 1011g/cm3).
In models of EoS with λ < 3/2 (in our work seven) a kink (fracture) on the
M(Pc) curve without a change of derivative sign appears at the beginning of
formation of quark-phase core at the center of the star (the transition to a quark
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phase does not cause instability). In the opposite case (λ > 3/2) at the thresh-
old of formation of quark-phase core a descending branch on the M(Pc) curve
occurs; the configurations on this branch are unstable (the so-called instability
of configurations with small-mass cores); thus, the local toothlike maximum
(kink) arises on the M(Pc) curve. Table 2 gives the basic integral parameters
for the four characteristic configurations A, B, F and G obtained using the
seven EoS with λ < 3/2. It also gives the parameters of the first-order phase
transition – the values of transition pressure P0 and energy densities ρN and
ρQ at the transition point in the nucleon and quark phases, respectively. The
EoS with phase transition are labeled as follows: the numbers refer to the nu-
clear EoS with 1 corresponding to HEA, 2 – to Bonn, 3 – to BJ − V ; the
letters refer to the corresponding quark model (see Table 1). The relativistic
parameter of density jump λ = ρQ/(ρN + P0/c

2) is given as well; its value
determines the stability ranges of layered models on the curve of the depen-
dence of star mass M on the central pressure Pc [26, 28]. The configuration A
corresponds to a point of loss of stability in the low-mass range on the M(Pc)
curve. These configurations have no quark core. The bulk of their mass is
concentrated in ”Aen” plasma (which consists of degenerated neutrons and
electrons, and neutron-rich atomic nuclei). The radius of this range is of the
order of 10− 11 km. However the whole radius of these configurations, which
varies from 200 km to 250 km, is mainly determined by the so-called “Ae” -
matter (matter composed of atomic nuclei and electrons), and the packing fac-
tor α = (M0 − M)/M0 is within the interval (3 ÷ 6) · 10−3, i.e. of the same
order of magnitude as for white dwarfs. Configurations B label the models of
neutron stars with the central pressure corresponding to the threshold for for-
mation of a quark core. For these models the values of the packing factor α are
within (1.8 ÷ 7.5) · 10−2, and the gravitational redshift from the star surface
varies in the interval (3.3 ÷ 13) · 10−2. Configurations F represent the mod-
els of layered neutron stars with the observationally inferred mass 1.44 M�
[27]. Configurations G represent layered neutron stars with a maximal possi-
ble mass, i.e. the mass beyond which the stability loss occurs. The values of
the maximal mass Mmax are within (1.69 ÷ 1.83) M�. For all the four cal-
culated EoS with λ > 3/2 whose critical configurations are given in the Table
3, the transition pressure is much less than in models considered above. The
toothlike kink characteristic for models with λ > 3/2 on the M(Pc) curve is
well seen for all these EoS, however it is located in the low-mass range for
models 1a, 2a and 3b. Apart from this feature, we found that for the three
EoS (1a, 2a and 3a) a new additional local maximum is formed on the M(Pc)
curve after the characteristic kink.

Such models were obtained and calculated for the first time in Refs. [?, ?].
The appearance of the second local maximum implies the existence of a new
family of stable equilibrium stellar configurations - the neutron stars with a
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Pc ρc10−14 Rcore Mcore RAen mAen R M M0 I zs

MeV/fm3 g/cm3 km M� km M� km M� M� M�km2

EoS 1b P0 = 5.98MeV/fm3 , ρN = 3.49 · 1014g/cm3, ρQ = 4.86 · 1014g/cm3, λ = 1.35

A 0.74 2.05 0 0 11.35 0.076 245.01 0.0806 0.0811 9.439 4.9·10−4

B 5.98 4.86 0 0 9.91 0.318 12.22 0.3184 0.3273 8.776 4.1·10−2

F 77.53 9.07 9.751 1.209 11.34 1.441 11.73 1.4411 1.6245 74.628 2.5·10−1

G 321.97 22.80 9.775 1.707 10.67 1.831 10.88 1.8315 2.1431 90.304 4.1·10−1

EoS 2b P0 = 5.67MeV/fm3 , ρN = 3.52 · 1014g/cm3, ρQ = 4.84 · 1014g/cm3, λ = 1.34

A 0.74 2.01 0 0 11.26 0.075 259.07 0.0798 0.0803 10.351 4.5·10−4

B 5.67 4.84 0 0 9.93 0.305 12.40 0.3048 0.3129 8.317 3.8·10−2

F 77.53 9.07 9.786 1.219 11.34 1.440 11.73 1.4400 1.6230 74.466 2.5·10−1

G 322.57 22.83 9.793 1.713 10.66 1.831 10.87 1.8311 2.1425 90.213 4.1·10−1

EoS 2c P0 = 14.11MeV/fm3 , ρN = 4.13 · 1014g/cm3, ρQ = 5.26 · 1014g/cm3, λ = 1.20

A 0.74 2.01 0 0 11.26 0.075 259.07 0.0798 0.0803 10.351 4.5·10−4

B 14.11 4.13 0 0 11.13 0.686 12.22 0.6864 0.7252 28.894 9.5·10−2

F 67.28 8.31 8.723 0.879 11.84 1.440 12.27 1.4400 1.6119 79.270 2.4·10−1

G 170.52 14.07 9.611 1.438 11.58 1.820 11.85 1.8200 2.1075 103.110 3.5·10−1

EoS 3c P0 = 6.01MeV/fm3 , ρN = 4.08 · 1014g/cm3, ρQ = 4.79 · 1014g/cm3, λ = 1.14

A 0.49 1.50 0 0 12.87 0.088 197.84 0.0931 0.0934 9.379 6.9·10−4

B 6.01 4.79 0 0 10.46 0.307 13.21 0.3072 0.3133 8.676 3.6·10−2

F 73.09 8.63 9.818 1.200 11.54 1.442 11.94 1.4419 1.6106 76.082 2.5·10−1

G 170.52 14.07 10.225 1.629 11.38 1.799 11.65 1.7989 2.0760 99.515 3.5·10−1

EoS 2d P0 = 11.22MeV/fm3 , ρN = 3.97 · 1014g/cm3, ρQ = 5.46 · 1014g/cm3, λ = 1.31

A 0.74 2.01 0 0 11.26 0.080 257.43 0.0798 0.0803 10.211 4.6·10−4

B 11.22 3.97 0 0 10.76 0.561 12.07 0.5612 0.5875 21.040 7.7·10−2

F 82.86 9.57 9.004 1.044 11.39 1.440 11.78 1.4400 1.6181 73.480 2.5·10−1

G 335.80 23.59 9.281 1.594 10.60 1.806 10.81 1.8059 2.1029 86.368 4.0·10−1

EoS 3d P0 = 5.29MeV/fm3 , ρN = 3.87 · 1014g/cm3, ρQ = 5.12 · 1014g/cm3, λ = 1.29

A 0.49 1.50 0 0 12.87 0.088 197.84 0.0931 0.0934 9.379 6.9·10−4

B 5.29 5.12 0 0 10.47 0.285 13.54 0.2852 0.2903 7.937 3.3·10−2

F 87.70 9.84 9.667 1.254 11.14 1.440 11.51 1.4402 1.6158 71.301 2.6·10−1

G 345.68 24.13 9.592 1.695 10.44 1.796 10.64 1.7960 2.0873 84.363 4.1·10−1

EoS 2f P0 = 20.27MeV/fm3 , ρN = 4.48 · 1014g/cm3, ρQ = 6.10 · 1014g/cm3, λ = 1.26

A 0.74 2.01 0 0 11.26 0.075 259.07 0.0798 0.0803 10.351 4.5·10−4

B 20.27 6.10 0 0 11.75 0.925 12.57 0.9256 0.9947 46.547 1.3·10−2

F 76.89 9.41 7.854 0.737 11.76 1.440 12.18 1.4401 1.6101 77.138 2.4·10−1

G 148.15 13.46 8.708 1.155 11.47 1.687 11.77 1.6871 1.9289 90.158 3.2·10−1

Table 2: The basic integral and structural parameters of characteristic con-
figurations for equations of state with λ < 3/2.
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Pc ρc10−14 Rcore Mcore RAen mAen R M M0 I Zs

MeV/fm3 g/cm3 km M� km M� km M� M� M�km2

EoS 1a P0 = 0.761MeV/fm3, ρN = 2.08 · 1014g/cm3, ρQ = 4.47 · 1014g/cm3, λ = 2.13
A 0.741 2.060 0 0 11.35 0.076 248.33 0.0806 0.0811 9.70 4.8·10−4

B 0.761 4.467 0 0 11.29 0.077 197.21 0.0807 00812 6.25 6.0·10−4

C 1.086 4.487 1.355 0.002 11.25 0.073 515.51 0.0798 0.0803 58.50 2.3·10−4

D 1.195 4.493 1.562 0.004 11.17 0.072 702.63 0.0799 0.0804 145.04 1.7·10−4

E 1.975 4.539 2.582 0.016 10.02 0.070 131.06 0.0723 0.0727 2.37 8.1·10−4

F 74.469 8.719 10.494 1.408 11.41 1.439 11.05 1.4392 1.6359 74.79 2.6·10−1

G 296.296 21.054 10.332 1.845 10.85 1.863 10.65 1.8626 2.2039 95.49 4.2·10−1

EoS 2a P0 = 0.758MeV/fm3, ρN = 2.03 · 1014g/cm3, ρQ = 4.47 · 1014g/cm3, λ = 2.19
A 0.741 2.014 0 0 11.26 0.075 259.07 0.0798 0.0803 10.35 4.5·10−4

B 0.758 4466 0 0 11.21 0.076 207.21 0.0799 0.0807 6.65 5.7·10−4

C 0.939 4.478 1.012 0.003 11.25 0.074 386.02 0.0795 0.0802 26.41 3.0·10−4

D 1.294 4.498 1.734 0.005 10.99 0.070 1304.5 0.0820 0.0827 1062.00 9.3·10−5

E 1.975 4.539 2.586 0.016 9.95 0.069 133.88 0.0717 0.0724 2.38 7.9·10−4

F 74.568 8.724 10.496 1.409 11.05 1.440 11.41 1.4400 1.6369 74.85 2.6·10−1

G 320.988 22.410 10.264 1.847 10.57 1.863 10.77 1.8635 2.2052 94.12 4.3·10−1

EoS 3a P0 = 0.199MeV/fm3, ρN = 0.86 · 1014g/cm3, ρQ = 4.43 · 1014g/cm3, λ = 5.11
A 0.035 0.277 0 0 18.17 0.052 893.6 0.6101 0.6157 2.4·104 1.0·10−3

B 0.199 4.433 0 0 14.58 0.072 2214.6 0.6386 06444 2.4·104 4.3·10−4

C 0.395 4.445 1.07 0.001 14.90 0.066 1708.3 0.6360 0.6418 1.2·105 5.5·10−4

D 2.123 4.547 3.25 0.032 8.29 0.046 2696.5 0.8200 0.8277 6.3·104 4.5·10−4

E 2.395 4.563 3.46 0.039 7.75 0.051 361.7 0.0534 0.0535 9.20 2.2·10−4

F 74.568 8.724 10.57 1.431 10.93 1.439 11.29 1.4390 1.6356 74.71 2.7·10−1

G 316.049 22.139 10.32 1.900 10.53 1.863 10.72 1.863 2.2047 94.35 4.3·10−1

EoS 3b P0 = 0.796MeV/fm3, ρN = 1.73 · 1014g/cm3, ρQ = 4.54 · 1014g/cm3, λ = 2.61
A 0.494 1.505 0 0 12.87 0.088 197.84 0.0931 0.0934 9.38 6.9·10−4

B 0.796 4.543 0 0 11.95 0.102 48.49 0.1042 0.1047 3.17 3.2·10−3

C 2.222 4.631 2.74 0.020 10.75 0.087 53.78 0.0885 0.0887 1.94 2.4·10−3

F 79.506 9.180 10.39 1.408 11.00 1.439 11.36 1.4393 1.6209 73.28 2.6·10−1

G 325.926 23.019 10.11 1.809 10.47 1.826 10.67 1.8262 2.1348 89.24 4.2·10−1

Table 3: The basic integral and structural parameters of characteristic con-
figurations for equations of state with λ > 3/2.
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Figure 1. Schematic arrangement of characteristic configurations; their parameters are tab-
ulated in Tables 2 and 3.

strange quark core, which may have interesting distinctive features. In particu-
lar, the configurations of this new additional stable branch have radii in excess
of a thousand kilometer. In Table 3 besides the four mentioned critical con-
figurations as above, for EoS 1a, 2a and 3a the parameters of configurations
C , D and E describing this new local maximum, and for EoS 3b– configura-
tion C describing the minimum after the kink attributable to the formation of
quark phase, are given. The branch AB represents stable neutron stars without
a quark core, and CD– stable configurations having small quark core. While
in the case of EoS 1a and 2a the toothlike kink and the new local maximum
are located in the low-mass range (M ≈ 0.08M�), for the model 3a both
the branch AB and the following additional stable branch CD move to the
mass range of ≈ 0.6M�. As it is seen from Fig. 2c, in the density range
3.5 · 1013 g/cm3 ≤ ρc ≤ 8.6 · 1013 g/cm3 the derivative dM/dρc is positive
and corresponds to the stable white dwarfs of medium masses with a small
central region (core), composed of neutron-rich atomic nuclei and degener-
ated neutrons and electrons. The critical (limiting) configuration of this stable
branch (before the transition to the quark phase) has the following parameters:
Mmax = 0.638M� , Rmax = 2195 km, the packing factor α = 9 · 10−3,
MAen = 0.072M�, RAen = 14.6 km.

In the case of EoS 3a, unlike the other EoS with λ > 3/2, the values of
MAen/M and RAen/R for configuration B are equal to 0.11 and 6.6 · 10−3,
respectively, i.e. these models are mainly composed of usual white dwarf mat-
ter. On the both branches AB and CD the packing factor α has the values
typical for massive white dwarfs. While for EoS 1a MB > MD, in the case of
EoS 2a and 3a the opposite is true, MD > MB . This fact makes it possible for
the stars described by the latter two EoS a transition from configuration B to
more dense configurations through two restructurings when there is an accre-
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tion of matter on the star: first to a configuration of the branch CD, and then –
to the main ascending branch of stable neutron stars with a strange quark core.
As a result, there will be two successive energy releases [?, ?].

Figure 2. The dependences of gravitational mass M on central pressure Pc for the sets of
EoS with variants HEA(a), Bonn(b) and BJ − V (c). Solid lines correspond to the models
of neutron stars without a quark core (the variant of nucleon component is indicated). On an
enlarged scale the phase transition area is shown for EoS 3a.

Figure 3. Mass M versus radius R. On an enlarged scale the new additional local mass
maximum is shown for neutron stars with a strange quark core. In the upper left corner of Fig.
3b, the phase transition area is shown for the whole set of EoS.
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Figure 4. The dependences of the radius R on central pressure Pc (the EoS are denoted as
in Fig.2,3).

The dependences of the gravitational mass M on the central pressure Pc,
the mass M on the radius R, and the radius R on the central pressure Pc for
the sets of EoS with nucleon variants HEA (a), Bonn (b) and BJ −V (c) are
presented in Figs. 2, 3, and 4, respectively.

4. Summary
First-order phase transition from a nucleonic matter to the strange quark

state with a transition parameter λ > 3/2 that occurs in superdense nuclear
matter generally gives rise to a toothlike kink on the stable branch of the de-
pendence of stellar mass on central pressure. Based on the extensive set of
calculated realistic equations of state of superdense matter, we revealed a new
stable branch of superdense configurations. The new branch emerges for some
of our models with the transition parameter λ > 3/2 and a small quark core
(Mcore ∼ 0.004 ÷ 0.03M�) on the M(Pc) curve, with Mmax ∼ 0.08M� and
Mmax ∼ 0.82M� for different equations of state. Stable equilibrium layered
neutron stars, located in these additional ranges of stability, are characterized
also by unusually large values of the stellar radius (from R ∼ 1300 km to
∼ 2700 km in different models). It should be noted that for such equations of
state (if MD > MB), accretion onto a neutron star will lead to two successive
jumplike transitions to a quark-core neutron star; as a result, there will be two
successive energy releases.
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Abstract The equation of state for quark matter is derived for a nonlocal, chiral quark
model within the mean field approximation. We investigate the effects of a vari-
ation of the form-factors of the interaction on the phase diagram of quark matter.
Special emphasis is on the occurrence of a diquark condensate which signals
a phase transition to color superconductivity and its effects on the equation of
state under the condition of β- equilibrium and charge neutrality. We calcu-
late the quark star configurations by solving the Tolman- Oppenheimer- Volkoff
equations and obtain for the transition from a hot, normal quark matter core of
a protoneutron star to a cool diquark condensed one a release of binding energy
of the order of ∆Mc2 ∼ 1053 erg. We find that this energy could not serve
as an engine for explosive phenomena since the phase transition is not first or-
der. Contrary to naive expectations the mass defect increases when for a given
temperature we neglect the possibility of diquark condensation.

Keywords: Relativistic stars - structure and stability, Quark-gluon plasma, Nuclear physics
aspects of supernovae evolution

1. Introduction
Color superconductivity (CS) in quark matter [1] is one interesting aspect

of the physics of compact star interiors [2]. Since calculations of the energy
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gap of quark pairing predict a value ∆ ∼ 100 MeV and corresponding critical
temperatures for the phase transition to the superconducting state are expected
to follow the BCS relation Tc = 0.57 ∆, the question arises whether diquark
condensation can lead to remarkable effects on the structure and evolution of
compact objects. If positively answered, CS of quark matter could provide
signatures for the detection of a deconfined phase in the interior of compact
objects (pulsars, low-mass X-ray binaries) along the lines of previously sug-
gested strategies

Diquarks gained popularity in astrophysics about a decade ago, when they
were suggested to influence the supernova collapse and “bounce-off” [8–12],
and to enhance the neutrino cooling of quark-stars. The latter effect is now
subject to much research within improved scenarios Refs. [7, 9, 8].

Hong, Hsu and Sannino have conjectured [16] that the release of binding
energy due to Cooper pairing of quarks in the course of proto-neutron star
evolution could provide an explanation for the unknown source of energy in
supernovae, hypernovae or gamma-ray bursts, see also [17]. which did not
take into account the change in the gravitational binding energy due to the
change in the structure of the stars quark core. In the present work we will
reinvestigate the question of a possible binding energy release due to a CS
transition by taking into account changes in the equation of state (EoS) and the
configuration of the quark star selfconsistently.

As a first step in this direction we will discuss here the two flavor color
superconducting (2SC) quark matter phase which occurs at lower baryon den-
sities than the color-flavor-locking (CFL) one, see [18, 32]. Studies of three-
flavor quark models have revealed a very rich phase structure (see [32] and
references therein). However, for applications to compact stars the omission
of the strange quark flavor within the class of nonlocal chiral quark models
considered here may be justified by the fact that central chemical potentials
in stable star configurations do barely reach the threshold value at which the
mass gap for strange quarks breaks down and they appear in the system [20].
Therefore we will not discuss here first applications to calculate compact star
configurations with color superconducting quark matter phases that have em-
ployed non-dynamical quark models

We will investigate the influence of the form-factor of the interaction on
the phase diagram and the EoS of dense quark matter under the conditions
of charge neutrality and isospin asymmetry due to β-equilibrium relevant for
compact stars.

Finally we consider the question whether the effect of diquark condensation
which occurs in the earlier stages of the compact star evolution (t � 100 s)
[8, 21, 22] at temperatures T ∼ Tc ∼ 20 − 50 MeV can be considered as an
engine for explosive astrophysical phenomena like supernova explosions due
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to the release of a binding energy of about 1052 ÷ 1053 erg [17], as has been
suggested before [16, 17].

2. Thermodynamic potential for asymmetric
2SC quark matter

We consider a nonlocal chiral quark model described by the effective action
which generalizes the approach of Ref. [23] by including the scalar diquark
pairing interaction channel with a coupling strength G2.

The order parameters the diquark gap ∆, which can be seen as the gain in
energy due to diquark condensation, and the mass gaps φu, φd, which indicate
chiral symmetry breaking.

The thermodynamic potential of asymmetric quark matter [27, 26, 29]
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The function g(p) is the formfactor of the separable four-fermion interaction,
depends only on the modulus of the three-momentum. We choice [24] G2 =
0.75 G1 and G2 = G1.The dispersion relation
Eφ =

√
q2 + (m + φ g(q))2 holds for unpaired quarks also in color-symmetry

broken 2SC phase. The quarks with paired colors have a modified dispersion
relation E± = (Eφ ± µq)

√
1 + ∆2 g2(q)/(Eφ ± µq)2 .

For nonvanishing ∆ in Eq. (1) the color symmetry is broken. Two of the
three quark color degrees of freedom are coupled to bosonic Cooper pairs in the
color antitriplet state which can form a Bose condensate.One can combine the
chemical potentials µu, µd of u and d quarks by introducing µq = (µu +µd)/2
and µI = (µu − µd)/2 as the Lagrange multipliers related to, respectively, the
quark number density nq and the isospin asymmetry nI . In thermal equilib-
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rium characterized by a fixed set of thermodynamic variables {µu, µd, T}, the
thermodynamic potential Ωq shall attain a global minimum with respect to all
its order parameters. Satisfying the gap equations is a necessary, but not a
sufficient condition for the thermodynamic equilibrium state.

In Eq. (1), we subtract the term Ωvac
q in order to define the thermodynamic

potential such that the vacuum pressure vanishes, Pq(0, 0, 0) = 0 . On the
mean-field level the present approach is analogous to a flavor- asymmetric gen-
eralization of the instanton-motivated model of Ref. [24] for two-flavor color
superconductivity (2SC).

From BCS theory it is known, that in order to form Cooper pairs at T =
0 in a dense Fermi system, the difference in the chemical potentials of the
Fermions to be paired should not exceed the size of the gap. As previous
calculations within this type of models have shown [24], there is a critical
chemical potential for the occurrence of quark matter µf ≥ 300 MeV and
values of the gap in the region ∆ ≤ 150 MeV have been found. Therefore it
is natural to consider the problem of the color superconducting (2SC) phase
with the assumption, that quark matter is symmetric or very close to being
symmetric (µu � µd).

We will apply this model for the construction of the EoS for stellar matter
in β-equilibrium.

3. EoS for 2SC quark matter in β-equilibrium
We consider stellar matter in the quark core of compact stars consisting of

electrons in chemical equilibrium with u and d quarks. Hence µd = µu + µe,
where µe is the electron chemical potential. The thermodynamic potential of
such matter is

Ω(φ,∆;µq, µI , µe, T ) = Ωq(φ,∆;µq, µI , T ) + Ωe(µe, T ), (2)

with Ωe(µe, T ) for ultrarelativistic electrons. The condition of local charge
neutrality 2/3nu − 1/3nd − ne = 0, In our model we assume the neutrino
chemical potential to be zero, which corresponds to a scenario where the neu-
trinos (and/or antineutrinos) leave the star as soon as they are created. The
limits of such an approximation could be based on the calculations for the case
of trapping of neutrinos in the hot stars interior [18].

In [25, 26] it is shown that at given µq the diquark gap is independent of
the isospin chemical potential for |µI(µq)| < µIc(µq), otherwise vanishes. In-
crease of isospin asymmetry forces the system to pass a first order phase tran-
sition by tunneling through a barrier in the thermodynamic potential (2). Using
this property we choose the absolute minimum of the thermodynamic potential
(2) between two β-equilibrium states, one with and one without condensate for
the given baryochemical potential µB = µu + 2µd.
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4. EoS of quark matter in 2SC phase for finite
temperature

The gaps have been calculated by minimizing the thermodynamic potential
Ω, Eq. (2), in the space of order parameters (φ,∆) and the results are shown
in Figs. 1 and 2.

In order to compare the effects of the quark interaction form-factors on the
EoS, we study:
Gaussian (G) Lorentzian (L) cutoff (NJL) type

form-factors defined as

gL(q) = [1 + (q/ΛL)2α]−1, α > 1 , (3)

gG(q) = exp(−q2/Λ2
G) , (4)

gNJL(q) = θ(1 − q/ΛNJL) . (5)

We will employ parametrisations of the nonlocal quark model which repro-
duce pion properties: mass mπ = 140 MeV, decay constant fπ = 93 MeV and
which have the same quark mass gap φ(T = 0, µ = 0) = 330 MeV in the
vacuum. The results for the parameterization are taken from [23],

0.2 0.3 0.4 0.5 0.6 0.7
µ

q
 [GeV]

0

0.1

0.2

0.3

0.4

 [
G

eV
]

 φ

 ∆

g
G

g
L
α=2

g
L
α=10

g
L
α=50

g
NJL 

Figure 1. Solutions for the chiral gap φ and the diquark gap ∆ for different form-factors at
T = 0 in symmetric quark matter and G2 = 0.75 G1.

Figure 1 displays the T = 0 solutions of the chiral gap φ and diquark gap ∆
for different form-factors. For the densities relevant for stable star configura-
tions, µq ≤ 450 MeV, the critical chemical potential µc

q for the chiral transition
and for the onset of diquark condensation does depend on the type of the form-
factor. The maximal value of the diquark gap ∆ � 150 MeV, however, does
not depend sensitively on it..

Figure 2 shows the solutions for the chiral gap φ and the diquark gap ∆ for
the Gaussian model form-factor at different temperatures T = 0, 20, 40 MeV.
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Figure 2. Solutions of the chiral gap φ and the diquark gap ∆ for the Gaussian model
form-factor in the chiral limit (left panel) and for finite current quark mass m0 = 2.41 MeV
(right panel) at different temperatures T = 0, 20, 40 MeV for symmetric quark matter and
G2 = 0.75 G1.

We compare results in the chiral limit (m0 = 0) with those for finite current
quark mass m0 = 2.41 MeV and observe that the diquark gap is not sensitive
to the presence of the current quark mass, which holds for all form-factors
However, the choice of the form-factor influences the critical values of the
phase transition as displayed in the quark matter phase diagram (µq −T plane)
of Fig. 2, see also Fig. 1. A softer form-factor in momentum space gives lower
critical values for Tc and µc at the borders of chiral symmetry restoration and
diquark condensation.

The inset of Fig. 2 shows that the generalization of the BCS relation Tc �
0.57 ∆(T = 0, µq) g(µq), between the critical temperature Tc of the super-
conducting phase transition and the pairing gap ∆ at T = 0 is satisfactorily
fulfilled in the domain of the phase diagram relevant for compact stars.

At nonzero temperatures the mass gap decreases as a function of the chem-
ical potential already in the phase with broken chiral symmetry. Hence the
model here gives unphysical low-density excitations of quasi-free quarks. A
systematic improvement of this situation should be obtained by including the
phase transition construction to hadronic matter. However, in the present work
we circumvent the confinement problem by considering the quark matter phase
only for densities above the nuclear saturation density n0, i.e. nB > 0.5 n0.

5. Configurations of hot quark stars
Here we compare configurations with and without CS, in order to investigate

the effect of diquark condensation on the total energy of a quark star and to
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Figure 3. Phase diagrams for different form-factor models: Gaussian (solid lines),
Lorentzian α = 2 (dashed lines) and NJL (dash-dotted). In β-equilibrium, the color-

superconducting phase does not exist for G2
<∼ G1. In the inset we show for the Gaussian model

the comparison of the numerical result with the modified BCS formula T∆
c = 0.57 ∆(T =

0, µq) g(µq) for the critical temperature of the superconducting phase transition.

decide whether the corresponding phase transition could serve as an engine for
explosive phenomena like supernovae and gamma ray bursts. The CS transition
can occur during the cooling evolution of a hot proto-neutron star [8, 21]. We
suppose that the approximation of an isothermal temperature distribution [32]
in the star interior is sufficient for the estimate of the mass defect 1. In the
present paper we consider selfbound configurations of pure quark matter as
models for quark cores in hybrid stars which should be the general case to be
discussed in a separate paper, see e.g. Ref. [28] for T = 0 configurations. The
extrapolation from pure quark star configurations to hybrid ones, however, is
strongly model dependent and cannot be done without a calculation. Quark
matter effects are expected to be still valid in hybrid stars when rescaled with
a monotonously rising function of the ratio of the quark core volume to the
quark star volume.

The spherically symmetric, static star configurations are defined by the well
known Tolman-Oppenheimer-Volkoff equations [30] for the mechanical equi-
librium of self-gravitating matter (see also [14, 31])

dP (r)
dr

= − [ε(r) + P (r)][m(r) + 4πr3P (r)]
r[r − 2m(r)]

. (6)

Here ε(r) is the energy density and P (r) the pressure at the distance r from
the center of the star. The mass enclosed in a sphere with radius r is defined

1For a discussion of isentropic hot quark star configurations, see [14].
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by m(r) = 4π
∫ r
0 ε(r′)r′2dr′ . These equations are solved with the boundary
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Figure 4. Stable configurations of quark stars for different temperatures T = 0, 40, 60 MeV.
Mass as a function of central baryon density (left panels) and of the radius (right panels) for the
Gaussian model (left graph) and for the Lorentzian model (right graph).

condition of a given central baryon number density nB(0) defining a config-
uration. In Fig. 3 we show the results for the dependence of the masses on
the central energy density as well as on the radius of the configurations for dif-
ferent temperatures and two form-factor models: a Gaussian and a Lorentzian
one. Stable configurations correspond to the rising branch on the mass-central
density plane. Lorentzian form-factor, respectively. For comparison, we have
included T = 0 configurations for small coupling constants G2 < G1, for
which the diquark condensate does not occur. The comparison shows that the
maximum mass decreases with increasing temperature due to a softening of
the EoS. Also the disappearance of the diquark condensate (in our case due to
lowering of the coupling G2) softens the EoS and lowers the maximum mass.
The Gaussian form-factor has the lowest critical baryochemical potential when
compared with the Lorentzian and the NJL model. Therefore the Gaussian
quark star configuration can extend to larger radii where the density is lower
and can thus carry more mass than the Lorentzian model with the same central
baryon density, see Fig.5.

Here we will discuss two scenarios for the proto-neutron star cooling which
we denote by A and B, where A stands for cooling of a star configuration with
SC whereas B is a scenario without SC. The initial states for both scenarios
are chosen to have the same mass Mi(A) = Mi(B) for a given initial tem-
perature of T = 60 MeV. The final states at T = 0, however, have different
masses Mf (A) 
= Mf (B) while the total baryon number is conserved in the
cooling evolution. The resulting mass differences are ∆M(A) = 0.06 M�,
∆M(B) = 0.09 M� and ∆M(A) = 0.05 M�, ∆M(B) = 0.07 M� for the
Gaussian and Lorentzian models, respectively.

We make the observation that, contrary to naive expectations of the mass
defect as a result of the binding energy from Cooper pairing [16], ∆M c2 ∼
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Figure 5. Hot (T = 40 MeV) versus cold (T = 0) quark star configurations for the Gaussian
model(Left graphic)and Lorentzian(Right graphic); case A: with diquark condensation (dashed
versus full lines) and case B: without diquark condensation (dash-dash-dotted versus dash-
dotted lines). When a quark star with initial mass Mi cools down from T = 40 MeV to
T = 0 at fixed baryon number NB the mass defect ∆M occurs.

(∆/µ)2M� c2 ∝ 1053 erg, the mass defect in the cooling evolution with
diquark condensation (A) is about 40% smaller than in the scenario without
SC (B), regardless of the choice of form-factor. The difference amounts to
� 0.02M� for initial configurations with masses of about 1.4−1.5 M�. There-
fore, we conclude that general relativity effects play an important role in the
estimate of the mass defect since the effects of diquark condensation on the
mass of configurations via the change in the equation of state overcompensate
effects due to the occurrence of the diquark gap in the one-particle energies.

6. Conclusion
We have investigated the influence of diquark condensation on the thermo-

dynamics of quark matter under the conditions of β-equilibrium and charge
neutrality relevant for the discussion of compact stars. The EoS has been de-
rived for a nonlocal chiral quark model in the mean field approximation, and
the influence of different form-factors of the nonlocal, separable interaction
(Gaussian, Lorentzian, NJL) has been studied. The model parameters are cho-
sen such that the same set of hadronic vacuum observable is described. We
have shown that the critical temperatures and chemical potentials for the on-
set of the chiral and the superconducting phase transition are the lower the
smoother the momentum dependence of the interaction form-factor is.

The phase transition to color superconducting quark matter from the lower
density regions at small temperatures (T < 5 ÷ 10 MeV) is of first order,
while the melting of the diquark condensate and the corresponding transition
to normal quark matter at high temperatures is of second order. The presence
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of flavor asymmetry due to β-equilibrium in quark matter does not destroy the
diquark condensate since the electron fraction ne/ntotal < 0.01 is too small
for the cases when the coupling G2 ≥ G1. The masses of the quark core
configurations could be up to 1.8 M� for the Gaussian and up to 1.6 M�
for the Lorentzian form-factor models. The quark core radii with Lorentzian
form-factors are up to 9 km, while for Gaussian models could extend up to 11
km.

Diquark condensation makes the EoS harder, which leads to an increase in
the maximum mass of the quark star configuration when compared to the case
without diquark condensation. For finite temperatures the masses are smaller
than at T = 0. For asymptotically high temperatures and densities the EoS
behaves like a relativistic ideal gas, where the relation pressure versus energy
density is temperature independent. In contrast to the bag model where this be-
havior occurs immediately after the deconfinement transition, our model EoS
has a temperature dependent P (ε) relation also beyond this point.

It has been shown for a hybrid star model which uses the quark matter EoS
presented in this work that the possibility to obtain a stable star configuration
with 2SC quark matter core depends on the form-factor of the quark interaction
[34]. The Gaussian and Lorentzian form-factor models do allow a quark matter
core, whereas the NJL form-factor model does not.

A mass defect of about 0.1 M� occurs in the cooling of a hot configuration
to a cold one already without diquark condensation. It is mainly determined by
the change of the configuration due to changes in the EoS. Cooling the star with
diquark condensation results even in a lowering of the mass defect contrary to
naive expectations.
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Abstract We describe a new model, proposed by Berezhiani et al. (2003), which is able
to explain how a gamma-ray burst (GRB) can take place days or years after a
supernova explosion. We show that above a threshold value of the gravitational
mass a pure hadronic star (“neutron star”) is metastable to the conversion into a
quark star (hybrid star or strange star), i.e. a star made at least in part of decon-
fined quark matter. The stellar conversion process can be delayed if finite size
effects at the interface between hadronic and deconfined quark matter phases are
taken into account. A huge amount of energy, on the order of 1052 – 1053 ergs,
is released during the conversion process and can produce a powerful gamma-
ray burst. The delay between the supernova explosion generating the metastable
neutron star and the new collapse can explain the delay inferred in GRB 990705
and in GRB 011211. Next, we explore the consequences of the metastability of
“massive” neutron stars and of the existence of stable compact quark stars on
the concept of limiting mass of compact stars. Finally, we discuss the implica-
tions of the present scenario on the interpretation of the stellar mass and radius
extracted from the spectra of several X-ray compact sources.

Keywords: Gamma rays: Gamma Ray Burst. Stars: Neutron Stars, Strange Stars. Dense
Matter: equation of state, quark matter.

1. Introduction
Gamma Ray Bursts (GRBs) are one of the most violent and mysterious phe-

nomena in the universe which have challenged astrophysicists for decades (see
e.g. (Piran 1999; Dermer 2001; Zhang & Meszaros 2003) for a general intro-
duction on this subject). During the last ten years a large amount of new obser-
vational data, collected by a variety of instruments on board of various satel-
lites, has revolutionized our understanding of GRBs. The Burst And Transient
Source Experiment (BATSE) on board of the Compton Gamma Ray Observa-
tory (CGRO) has demonstrated that GRBs originate at cosmological distances.
The BeppoSAX satellite discovered the X-ray “afterglow”. This has permitted
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to determine the position of some GRBs, to identify the host galaxy and, in a
number of cases, to measure the red-shift. Accurate determination of the GRB
distance from the measured red-shifts, permitted, for the first time, to derive
the energy Eγ emitted by the GRB. The measured fluency of the bursts implies
an energy of the order of 1053 erg in the case of isotropic emission. There is
now, however, compelling evidence that the γ-ray emission is not isotropic,
but displays a jet-like geometry. For these bursts, the geometrically corrected
gamma-ray energy is about 1051 erg (Frayl et al. 2001).

The time duration Tγ of GRBs appears to have a bimodal distribution. Thus,
according to their time duration, GRBs are classified as “short” GRBs when
Tγ < 2 seconds, and “long” GRBs when Tγ > 2 s. Long GRBs represent
about 75% of the total GRB population. It is believed that the two types of
GRBs may have different progenitors.

Many cosmological models for the energy source (the so-called central en-
gine) of GRBs have been proposed. Presently some of the most popular mod-
els are: the collapsar (hypernova) model, the merging of two neutron stars
(or a neutron star and a black hole) in a binary system, the strong-magnetized
millisecond pulsar model, the supranova model. Here, we will not discuss the
various merits and drawbacks of the many theoretical models for the GRB cen-
tral engine, and we refer the reader to recent review papers on this subject (e.g.
Piran 1999; Dermer 2001; Zhang & Meszaros 2003)). In the following, we
will report some recent research (Berezhiani et al. 2003; Bombaci et al. 2003)
which try to make a connection between GRBs and quark-deconfinement phase
transition.

1.1 The delayed Supernova–GRB connection
A mounting number of observational data suggest a clear connection be-

tween supernova (SN) explosions and GRBs (Bloom et al. 1999; Amati et
al. 2000; Antonelli et al. 2000: Piro et al. 2000; Reeves et al. 2002; Hjorth
et al. 2003; Butler et al. 2003). The detection of X-ray spectral features in
the X-ray afterglow of several GRBs, has given evidence for a possible time
delay between the SN explosion and the associated GRB. Particularly, in the
case of the gamma ray burst of July 5, 1999 (GRB990705) and in the case of
GRB011211, it has been possible to estimate the time delay between the two
events. For GRB990705 the supernova explosion is evaluated to have occurred
a few years before the GRB (Amati et al. 2000; Lazzati et al. 2001), while for
GRB011211 about four days before the burst (Reeves et al. 2002).

The scenario which emerges from these findings is the following two-step
scenario. The first event is the supernova explosion which forms a compact
stellar remnant, i.e. a neutron star (NS); the second catastrophic event is as-
sociated with the NS and it is the energy source for the observed GRB. These
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new observational data, and the two-step scenario outlined above, poses se-
vere problems for most of the current theoretical models for the central energy
source of GRBs. The main difficulty of all these models is to understand the
origin of the second “explosion”, and to explain the long time delay between
the two events.

In the so-called supranova model (Vietri & Stella 1998) for GRBs the sec-
ond catastrophic event is the collapse to a black hole of a supramassive neu-
tron star, i.e. a fast rotating NS with a baryonic mass MB above the maximum
baryonic mass MB,max for non-rotating configurations. In this model, the time
delay between the SN explosion and the GRB is equal to the time needed by
the fast rotating newly formed neutron star to get rid of angular momentum and
to reach the limit for instability against quasi-radial modes where the collapse
to a black hole occurs (Datta et al. 1998). The supranova model needs a fine
tuning in the initial spin period Pin and baryonic stellar mass MB,in to pro-
duce a supramassive neutron star that can be stabilized by rotation up to a few
years. For example, if Pin ≥ 1.5 ms, then the newborn supramassive neutron
star must be formed within ∼ 0.03M� above MB,max (Datta et al. 1998).

1.2 The nature of Neutron Stars: Hadronic
Stars or Quark Stars?

One of the most fascinating enigma in modern astrophysics concerns the
true nature of the ultra-dense compact objects called neutron stars. Different
models for the EOS of dense matter predict a neutron star maximum mass
(Mmax) in the range of 1.4 – 2.2 M�, and a corresponding central density in
range of 4 – 8 times the saturation density (ρ0 ∼ 2.8 × 1014g/cm3) of nuclear
matter (e.g. Shapiro & Teukolsky 1983; Haensel 2003). In the case of a star
with M ∼ 1.4 M�, different EOS models predict a radius in the range of 7 –
16 km (Shapiro & Teukolsky 1983; Haensel 2003; Dey et al. 1998).

In a simplistic and conservative picture the core of a neutron star is modeled
as a uniform fluid of neutron rich nuclear matter in equilibrium with respect to
the weak interaction (β-stable nuclear matter). However, due to the large value
of the stellar central density and to the rapid increase of the nucleon chemical
potentials with density, hyperons (Λ, Σ−, Σ0, Σ+, Ξ− and Ξ0 particles) are
expected to appear in the inner core of the star. Other exotic phases of hadronic
matter such as a Bose-Einstein condensate of negative pion (π−) or negative
kaon (K−) could be present in the inner part of the star.

According to Quantum Chromodynamics (QCD) a phase transition from
hadronic matter to a deconfined quark phase should occur at a density of a
few times nuclear matter saturation density. Consequently, the core of the
more massive neutron stars is one of the best candidates in the Universe where
such deconfined phase of quark matter (QM) could be found. Since β-stable
hadronic matter posses two conserved “charges” (i.e., electric charge and baryon
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number) the quark-deconfinement phase transition proceeds through a mixed
phase over a finite range of pressures and densities according to the Gibbs’
criterion for phase equilibrium (Glendenning 1992). At the onset of the mixed
phase, quark matter droplets form a Coulomb lattice embedded in a sea of
hadrons and in a roughly uniform sea of electrons and muons. As the pressure
increases various geometrical shapes (rods, plates) of the less abundant phase
immersed in the dominant one are expected. Finally the system turns into uni-
form quark matter at the highest pressure of the mixed phase (Heiselberg et
al. 1993; Voskresensky et al. 2003). Compact stars which possess a “quark
matter core” either as a mixed phase of deconfined quarks and hadrons or as
a pure quark matter phase are called Hybrid Neutron Stars or shortly Hybrid
Stars (HyS) (Glendenning 1996). In the following of this paper, the more con-
ventional neutron stars in which no fraction of quark matter is present, will be
referred to as pure Hadronic Stars (HS).

Even more intriguing than the existence of a quark core in a neutron star, is
the possible existence of a new family of compact stars consisting completely
of a deconfined mixture of up (u), down (d) and strange (s) quarks (together
with an appropriate number of electrons to guarantee electrical neutrality) sat-
isfying the Bodmer–Witten hypothesis (Bodmer 1971; Witten 1984; see also
Terazawa 1979). Such compact stars have been called strange quark stars or
shortly strange stars (SS) (Alcock et al. 1986; Haensel et al. 1986) and their
constituent matter as strange quark matter (SQM) (Farhi & Jaffe 1984; Mad-
sen 1999). Presently there is no unambiguous proof about the existence of
strange stars, however, a sizable amount of observational data collected by the
new generations of X-ray satellites, is providing a growing body of evidence
for their possible existence (Bombaci 1997; Cheng et al. 1998; Li et al. 1999a;
Li et al. 1999b; Xu 2002; Drake et al. 2002).

Present accurate determinations of compact star masses in radio pulsar bina-
ries (Thorsett & Chakrabarty 1999) permit to rule out only extremely soft EOS,
i.e. those giving Mmax less than about 1.45 M�. However, in at least two ac-
creting X-ray binaries it has been found evidence for compact stars with higher
masses. The first of these star is Vela X-1, with a reported mass 1.88±0.13M�
(Quaintrell et al. 2003), the second is Cygnus X-2, with a reported mass of
1.78 ± 0.23M� (Orosz & Kuulkers 1999). Unfortunately, mass determina-
tions in X-ray binaries are affected by large uncertainties (van Kerkwijk et al.
1995), therefore the previous quoted “high mass values” should always be han-
dled with care. In addition to mass determination, existing observational data
on the spin frequency of millisecond pulsars and on the thermal evolution of
neutron stars do not put severe constraints on the EOS of dense matter. Fortu-
nately, this situation is improving in the last few years. In fact, the extraordi-
nary spectroscopic capabilities of the instruments on board Chandra X-ray and
XMM-Newton satellites, are giving the unique possibility to perform accurate
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measurements of the gravitational red-shift in the spectral lines of a few com-
pact X-ray sources. This provide informations on the mass to radius ratio for
compact stars and will help us to understand the true nature of these compact
objects.

In this work (see Bombaci et al. 2003), we study the effects of the hadron-
quark deconfinement phase transition in stellar compact objects. We show that
when finite size effects at the interface between the quark- and the hadron-
phase are taken into account, pure Hadronic Stars, above a threshold value of
the central pressure (gravitational mass), are metastable to the decay (conver-
sion) to hybrid neutron stars or to strange stars (depending on the properties of
EOS for quark matter). The mean-life time of the metastable stellar configura-
tion is related to the quantum nucleation time to form a drop of quark matter in
the stellar center, and dramatically depends on the value of the stellar central
pressure. The delayed stellar conversion liberates an enormous amount of en-
ergy, in the range of 0.5–1.7×1053 erg, which could power a GRB. This model
(Berezhiani et al. 2003) explains the SN–GRB association and in particular the
long time delay inferred for GRB990705 and GRB011211. Also, we explore
the consequences of the metastability of “massive” pure Hadronic Stars and
the existence of stable compact “quark” stars (hybrid neutron stars or strange
stars) on the concept of limiting mass of compact stars. Finally, we discuss the
implications of our scenario in the interpretation of the mass-radius constraints
extracted from the spectra of several X-ray compact sources.

2. Quantum nucleation of quark matter in
hadronic stars

In the following, we assume that the compact star survives the early stages
of its evolution as a pure hadronic star, and we study quark matter nucleation in
cold (T = 0) neutrino-free hadronic matter. The thermal effects on quark matter
nucleation in newly formed neutron stars (protoneutron stars) are discussed in
Bombaci et al. (2003).

In bulk matter the quark-hadron mixed phase begins at the static transition
point defined according to the Gibbs’ criterion for phase equilibrium

µH = µQ ≡ µ0 , PH(µ0) = PQ(µ0) ≡ P0 (1)

where

µH =
εH + PH

nb,H
, µQ =

εQ + PQ

nb,Q
(2)

are the chemical potentials for the hadron and quark phase respectively, εH

(εQ), PH (PQ) and nb,H (nb,Q) denote respectively the total (i.e., including
leptonic contributions) energy density, the total pressure and baryon number
density for the hadron (quark) phase, in the case of cold matter.

Let us now consider the more realistic situation in which one takes into ac-
count the energy cost due to finite size effects in creating a drop of deconfined
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Figure 1. Chemical potentials of the three phases of matter (H, Q, and Q∗), as defined by
Eq. (2) as a function of the total pressure (left panel); and energy density of the H- and Q-phase
as a function of the baryon number density (right panel). The hadronic phase is described with
the GM3 model whereas for the Q and Q∗ phases is employed the MIT-like bag model with
ms = 150 MeV, B = 152.45 MeV/fm3 and αs = 0. The vertical lines arrows on the right
panel indicate the beginning and the end of the mixed hadron-quark phase defined according
to the Gibbs criterion for phase equilibrium. On the left panel P ∗

0 denotes the static transition
point.
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quark matter in the hadronic environment. As a consequence of these effects,
the formation of a critical-size drop of QM is not immediate and it is necessary
to have an overpressure ∆P = P−P0 with respect to the static transition point.
Thus, above P0, hadronic matter is in a metastable state, and the formation of a
real drop of quark matter occurs via a quantum nucleation mechanism. A sub-
critical (virtual) droplet of deconfined quark matter moves back and forth in the
potential energy well separating the two matter phases (see discussion below)
on a time scale ν−1

0 ∼ 10−23 seconds, which is set by the strong interactions.
This time scale is many orders of magnitude shorter than the typical time scale
for the weak interactions, therefore quark flavor must be conserved during the
deconfinement transition. We will refer to this form of deconfined matter, in
which the flavor content is equal to that of the β-stable hadronic system at the
same pressure, as the Q*-phase. Soon afterwards a critical size drop of quark
matter is formed the weak interactions will have enough time to act, changing
the quark flavor fraction of the deconfined droplet to lower its energy, and a
droplet of β-stable SQM is formed (hereafter the Q-phase).

We have adopted rather common models for describing both the hadronic
and the quark phase of dense matter. For the hadronic phase we used models
which are based on a relativistic Lagrangian of hadrons interacting via the
exchange of sigma, rho and omega mesons. The parameters adopted are the
standard ones (Glendenning & Moszkowski 1991). Hereafter we refer to this
model as the GM equation of state (EOS). For the quark phase we have adopted
a phenomenological EOS (Farhi & Jaffe 1984) which is based on the MIT bag
model for hadrons. The parameters here are: the mass ms of the strange quark,
the so-called pressure of the vacuum B (bag constant) and the QCD structure
constant αs. For all the quark matter model used in the present work, we take
mu = md = 0, ms = 150 MeV and αs = 0.

In the left panel of Fig. 1, we show the chemical potentials, defined accord-
ing to Eq. (2), as a function of the total pressure for the three phases of matter
(H, Q*, and Q) discussed above. In the right panel of the same figure, we plot
the energy densities for the H- and Q*-phase as a function of the corresponding
baryon number densities. Both panels in Fig. 1 are relative to the GM3 model
for the EOS for the H-phase and to the MIT bag model EOS for the Q and Q*
phases with B = 152.45 MeV/fm3.

To calculate the nucleation rate of quark matter in the hadronic medium we
use the Lifshitz–Kagan quantum nucleation theory (Lifshitz & Kagan 1972) in
the relativistic form given by Iida & Sato (1997). The QM droplet is supposed
to be a sphere of radius R and its quantum fluctuations are described by the
Lagrangian

L(R, Ṙ) = −M(R)c2
√

1 − (Ṙ/c)2 + M(R)c2 − U(R) , (3)
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where M(R) is the effective mass of the QM droplet, and U(R) its potential
energy. Within the Lifshitz–Kagan quantum nucleation theory, one assumes
that the phase boundary (i.e. the droplet surface) moves slowly compared to
the high sound velocity of the medium (Ṙ << vs ∼ c). Thus the number
density of each phase adjust adiabatically to the fluctuations of the droplet
radius, and the system retains pressure equilibrium between the two phases.
Thus, the droplet effective mass is given by (Lifshitz & Kagan 1972; Iida &
Sato 1997)

M(R) = 4πρH

(
1 − nb,Q∗

nb,H

)2
R3 , (4)

ρH being the hadronic mass density, nb,H and nb,Q∗ are the baryonic number
densities at a same pressure in the hadronic and Q*-phase, respectively. The
potential energy is given by (Lifshitz & Kagan 1972; Iida & Sato 1997)

U(R) =
4
3
πR3nb,Q∗(µQ∗ − µH) + 4πσR2 , (5)

where µH and µQ∗ are the hadronic and quark chemical potentials at a fixed
pressure P and σ is the surface tension for the surface separating the quark
phase from the hadronic phase. The value of the surface tension σ is poorly
known, and typical values used in the literature range within 10–50 MeV/fm2

(Heiselberg et al. 1993; Iida & Sato 1997).
For sake of simplicity and to make our present discussion more transparent,

in the previous expression (5) for the droplet potential energy, we neglected the
terms connected with the electrostatic energy and with the so-called curvature
energy. The inclusion of these terms will not modifies the conclusions of the
present study (Iida & Sato 1997; Bombaci et al. 2003).

The process of formation of a bubble having a critical radius, can be com-
puted using a semiclassical approximation. The procedure is rather straightfor-
ward. First one computes, using the well known Wentzel–Kramers–Brillouin
(WKB) approximation, the ground state energy E0 and the oscillation fre-
quency ν0 of the virtual QM drop in the potential well U(R). Then it is
possible to calculate in a relativistic framework the probability of tunneling
as (Iida & Sato 1997)

p0 = exp
[
− A(E0)

�

]
(6)

where A is the action under the potential barrier

A(E) =
2
c

∫ R+

R−

{
[2M(R)c2 + E − U(R)] × [U(R) − E]R

}1/2
dR , (7)

R± being the classical turning points.
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Figure 2. Nucleation time as a function of the maximum gravitational mass of the hadronic
star. Solid lines correspond to a value of σ = 30 MeV/fm2 whereas dashed ones are for σ = 10
MeV/fm2. The nucleation time corresponding to one year is shown by the dotted horizontal
line. The different values of the bag constant (in units of MeV/fm3) are plotted next to each
curve. The hadronic phase is described with the GM1 model.

The nucleation time is then equal to

τ = (ν0p0Nc)−1 , (8)

where Nc is the number of virtual centers of droplet formation in the innermost
region of the star. Following the simple estimate given in Iida & Sato (1997),
we take Nc = 1048. The uncertainty in the value of Nc is expected to be within
one or two orders of magnitude. In any case, all the qualitative features of our
scenario will be not affected by the uncertainty in the value of Nc.

3. Results
In our scenario, we consider a purely hadronic star whose central pressure

is increasing due to spin-down or due to mass accretion, e.g., from the material
left by the supernova explosion (fallback disc), from a companion star or from
the interstellar medium. As the central pressure exceeds the threshold value
P ∗

0 at static transition point, a virtual drop of quark matter in the Q*-phase
can be formed in the central region of the star. As soon as a real drop of Q*-
matter is formed, it will grow very rapidly and the original Hadronic Star will
be converted to and Hybrid Star or to a Strange Star, depending on the detail of
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Table 1. The critical mass and energy released in the conversion process of an HS into a
QS for several values of the Bag constant and the surface tension. Column labeled MQS,max

denotes the maximum gravitational mass of the final QS sequence. The value of the critical
gravitational mass of the initial HS is reported on column labeled Mcr whereas those of the
mass of the final QS and the energy released in the stellar conversion process are shown on
columns labeled Mfin and Econv respectively. BH denotes those cases in which the baryonic
mass of the critical mass configuration is larger than the maximum baryonic mass of the QS
sequence (Mb

cr > Mb
QS,max). In these cases the stellar conversion process leads to the forma-

tion of a black hole. Units of B and σ are MeV/fm3 and MeV/fm2 respectively. All masses are
given in solar mass units and the energy released is given in units of 1051 erg. The hadronic
phase is described with the GM1 model, ms and αs are always taken equal to 150 MeV and 0
respectively. The GM1 model predicts a maximum mass for the pure HS of 1.807 M�.

σ = 10 σ = 30

B MQS,max Mcr Mfin Econv Mcr Mfin Econv

208.24 1.769 1.798 BH 1.805 BH
169.61 1.633 1.754 BH 1.778 BH
136.63 1.415 1.668 BH 1.719 BH
108.70 1.426 1.510 BH 1.615 BH
106.17 1.433 1.490 BH 1.602 BH
103.68 1.441 1.469 1.434 62.5 1.588 BH
101.23 1.449 1.447 1.411 64.0 1.574 BH
98.83 1.459 1.425 1.388 66.0 1.559 BH
96.47 1.470 1.402 1.364 68.5 1.543 BH
94.15 1.481 1.378 1.339 71.1 1.527 1.474 94.8
91.87 1.494 1.354 1.313 74.2 1.511 1.456 98.1
89.64 1.507 1.329 1.285 77.3 1.495 1.438 101.8
87.45 1.552 1.302 1.257 80.7 1.477 1.417 105.9
85.29 1.538 1.275 1.228 84.4 1.458 1.397 110.4
80.09 1.581 1.196 1.144 92.9 1.410 1.342 122.7
75.12 1.631 1.082 1.029 93.8 1.359 1.284 133.1
65.89 1.734 0.820 0.764 100.6 1.212 1.123 159.9
63.12 1.770 0.727 0.672 98.1 1.160 1.067 166.5
59.95 1.814 0.545 0.501 79.7 1.081 0.986 168.8

the EOS for quark matter employed to model the phase transition (particularly
depending on the value of the parameter B within the model adopted in the
present study).

The nucleation time τ , i.e., the time needed to form a critical droplet of
deconfined quark matter, can be calculated for different values of the stellar
central pressure Pc which enters in the expression of the energy barrier in Eq.
(5). The nucleation time can be plotted as a function of the gravitational mass
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MHS of the HS corresponding to the given value of the central pressure, as
implied by the solution of the Tolmann-Oppeneimer-Volkov equations for the
pure Hadronic Star sequences. The results of our calculations are reported in
Fig. 2 which is relative to the GM1 EOS for the hadronic phase. Each curve
refers to a different value of the bag constant and the surface tension.

As we can see, from the results in Fig. 2, a metastable hadronic star can have
a mean-life time many orders of magnitude larger than the age of the universe
Tuniv = (13.7± 0.2)× 109 yr = (4.32± 0.06)× 1017 s (Spergel et al. 2003).
As the star accretes a small amount of mass (of the order of a few per cent of
the mass of the sun), the consequential increase of the central pressure lead to
a huge reduction of the nucleation time and, as a result, to a dramatic reduction
of the HS mean-life time.

To summarize, in the present scenario pure hadronic stars having a central
pressure larger than the static transition pressure for the formation of the Q*-
phase are metastable to the “decay” (conversion) to a more compact stellar
configuration in which deconfined quark matter is present (i.e., HyS or SS).
These metastable HS have a mean-life time which is related to the nucleation
time to form the first critical-size drop of deconfined matter in their interior
(the actual mean-life time of the HS will depend on the mass accretion or on
the spin-down rate which modifies the nucleation time via an explicit time de-
pendence of the stellar central pressure). We define as critical mass Mcr of
the metastable HS, the value of the gravitational mass for which the nucle-
ation time is equal to one year: Mcr ≡ MHS(τ = 1yr). Pure hadronic stars
with MH > Mcr are very unlikely to be observed. Mcr plays the role of
an effective maximum mass for the hadronic branch of compact stars. While
the Oppenheimer–Volkov maximum mass MHS,max (Oppenheimer & Volkov
1939) is determined by the overall stiffness of the EOS for hadronic matter,
the value of Mcr will depend in addition on the bulk properties of the EOS for
quark matter and on the properties at the interface between the confined and
deconfined phases of matter (e.g., the surface tension σ).

To explore how the outcome of our scenario depends on the details of the
stellar matter EOS, we have considered two different parameterizations (GM1
and GM3) for the EOS of the hadronic phase, and we have varied the value of
the bag constant B. Moreover, we have considered two different values for the
surface tension: σ = 10 MeV/fm2 and σ = 30 MeV/fm2. These results, in the
case of the GM1 EOS, are summarized in Tab. 1.

In Fig. 3, we show the MR curve for pure HS within the GM1 model for the
EOS of the hadronic phase, and that for hybrid stars or strange stars for differ-
ent values of the bag constant B. The configuration marked with an asterisk
on the hadronic MR curves represents the hadronic star for which the central
pressure is equal to P ∗

0 . The full circle on the hadronic star sequence repre-
sents the critical mass configuration, in the case σ = 30 MeV/fm2. The full
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circle on the HyS (SS) mass-radius curve represents the hybrid (strange) star
which is formed from the conversion of the hadronic star with MHS = Mcr.
We assume (Bombaci & Datta 2000) that during the stellar conversion process
the total number of baryons in the star (or in other words the stellar baryonic
mass) is conserved. Thus the total energy liberated in the stellar conversion is
given by the difference between the gravitational mass of the initial hadronic
star (Min ≡ Mcr) and that of the final hybrid or strange stellar configuration
with the same baryonic mass (Mfin ≡ MQS(M b

cr) ):

Econv = (Min − Mfin)c2 . (9)

The stellar conversion process, described so far, will start to populate the
new branch of quark stars (the part of the QS sequence plotted as a continuous
curve in Fig. 3). Long term accretion on the QS can next produce stars with
masses up to the limiting mass MQS,max for the quark star configurations.

As we can see from the results reported in Tab. 1, within the present model
for the EOS, we can distinguish several ranges for the value of the bag con-
stant, which gives a different astrophysical output for our scenario. To be more
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specific, in Fig. 4 we plot the maximum mass of the QS sequence, the critical
mass and the corresponding final mass Mfin as a function of B, in the par-
ticular case of the GM3 model for the EOS of the hadronic phase and taking
σ = 30MeV/fm2. Let us start the following discussion from “high” values of
B down to the minimum possible value BV (∼ 57.5MeV/fm3 for αs = 0) for
which atomic nuclei will be unstable to the decay to a drop of deconfined u,d
quark matter (non-strange QM) (Farhi & Jaffe 1984).
(1) B > BI . These “high” values of the bag constant do not allow the quark
deconfinement to occur in the maximum mass hadronic star either. Here BI

denotes the value of the bag constant for which the central density of the maxi-
mum mass hadronic star is equal to the critical density for the beginning of the
mixed quark-hadron phase. For these values of B, all compact stars are pure
hadronic stars.
(2) BII < B < BI . Now, in addition to pure HS, there is a new branch of
compact stars, the hybrid stars; but the nucleation time τ(MHS,max) to form
a droplet of Q*-matter in the maximum mass hadronic star, is of the same
order or much larger than the age of the Universe. Therefore, it is extremely
unlikely to populate the hybrid star branch. Once again, the compact star we
can observe are, in this case, pure HS.
(3) BIII < B < BII . In this case, the critical mass for the pure hadronic
star sequence is less than the maximum mass for the same stellar sequence,
i.e., Mcr < MHS,max. Nevertheless (for the present EOS model), the baryonic
mass M b(Mcr) of the hadronic star with the critical mass is larger than the
maximum baryonic mass M b

QS,max of the hybrid star sequence. In this case,
the formation of a critical size droplet of deconfined matter in the core of the
hadronic star with the critical mass, will trigger off a stellar conversion process
which will produce, at the end, a black hole (see cases marked as “BH” in Tab.
1 and Tab. 2). As in the previous case, it is extremely unlikely to populate the
hybrid star branch. The compact star predicted by these EOS models are pure
HS. Hadronic stars with a gravitational mass in the range MHS(M b

QS,max) <

MHS < Mcr (where M b
QS,max is the baryonic mass of the maximum mass

configuration for the hybrid star sequence) are metastable with respect to a
conversion to a black hole.
(4) BIV < B < BIII . In this range for B one has Mcr < MHS(M b

QS,max).
There are now two different branches of compact stars: pure hadronic stars
with MHS < Mcr, and hybrid stars with MQS(M b

cr) < MQS < MQS,max

(here MQS(M b
cr) ≡ Mfin is the gravitational mass of the hybrid star with the

same baryonic mass of the critical mass hadronic star).
(5) BV < B < BIV . Finally, as B falls below the value BIV , the Bodmer-
Witten hypothesis starts to be fulfilled. Now the stable quark stars formed in
the stellar conversion process are strange stars.
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3.1 The limiting mass of compact stars
The possibility to have metastable hadronic stars, together with the feasible

existence of two distinct families of compact stars, demands an extension of
the concept of maximum mass of a “neutron star” with respect to the classi-
cal one introduced by Oppenheimer & Volkoff (1939). Since metastable HS
with a “short” mean-life time are very unlikely to be observed, the extended
concept of maximum mass must be introduced in view of the comparison with
the values of the mass of compact stars deduced from direct astrophysical ob-
servation. Having in mind this operational definition, we call limiting mass
of a compact star, and denote it as Mlim, the physical quantity defined in the
following way:
(a) if the nucleation time τ(MHS,max) associated to the maximum mass con-
figuration for the hadronic star sequence is of the same order or much larger
than the age of the universe Tuniv, then

Mlim = MHS,max , (10)

in other words, the limiting mass in this case coincides with the Oppenheimer–
Volkoff maximum mass for the hadronic star sequence.
(b) If the critical mass Mcr is smaller than MHS,max (i.e. τ(MHS,max) <
1 yr), thus the limiting mass for compact stars is equal to the largest value
between the critical mass for the HS and the maximum mass for the quark star
(HyS or SS) sequence

Mlim = max
[
Mcr ,MQS,max

]
. (11)

(c) Finally, one must consider an “intermediate” situation for which 1yr <
τ(MHS,max) < Tuniv. As the reader can easily realize, now

Mlim = max
[
MHS,max ,MQS,max

]
, (12)

depending on the details of the EOS which could give MHS,max > MQS,max

or vice versa.
In Fig. 5, we show the limiting mass Mlim calculated in the case of the

GM1+Bag model (dashed line) and in the case of the GM3+Bag model (contin-
uous line) as a function of the bag constant B. In the same figure, we compare
our theoretical determination for Mlim with some of the “measured” masses of
compact stars in radio pulsar binaries (Thorsett & Chakrabarty 1999) and for
the compact stars Vela X-1 (Quaintrell et al. 2003) and Cygnus X-2 (Orosz &
Kuulkers 1999).
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Figure 5. The limiting (gravitational) mass Mlim, according to generalized definition given
in the present work, is plotted as a function of the Bag constant. Solid (dashed) lines show
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The values of some “measured” masses of compact stars in radio pulsars and in Vela X-1 and
Cygnus X-2 are also reported for comparison.

4. Mass-to-radius ratio and internal constitution
of compact stars

An accurate measure of the radius and the mass of an individual “neutron
star” will be of fundamental importance to discriminate between different mod-
els for the equation of state of dense hadronic matter. Unfortunately such a
crucial information is still not available. A decisive step in such a direction has
been done thanks to the instruments on board of the last generation of X-ray
satellites. These are providing a large amount of fresh and accurate observa-
tional data, which are giving us the possibility to extract very tight constraints
on the radius and the mass for some compact stars.

The analysis of different astrophysical phenomena associated with compact
X-ray sources, seems to indicate in some case the existence of neutron stars
with “large” radii in the range of 12 – 20 km and in some other cases the ex-
istence of compact stars with “small” radii in the range of 6 – 9 km (Bombaci
1997; Li et al. 1999a; Poutanen & Gierlinski 2003; Bombaci 2003). Clearly,
this possibility is a natural outcome of our scenario, where two different fami-
lies of compact stars, the pure hadronic stars and the quark stars (HyS or SS),
may exist in the universe.
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In the following of this section, we will consider some of the most recent
constraints on the mass-to-radius ratio for compact stars extracted from the ob-
servational data for a few X-ray sources, and we will try make an interpretation
of these results within our scenario.

In Fig. 6, we report the radius an the mass of the compact star RX J1856.5-
3754 inferred by Walter & Lattimer (2002) (see also Kaplan et al. 2002) from
the fit of the full spectral energy distribution for this isolated radio-quite “neu-
tron star”, after a revised parallax determination (Kaplan et al. 2002) which
implies a distance to the source of 117 ± 12 pc. Comparing the mass-radius
box for RX J1856.5-3754 reported in Fig. 6 with the theoretical determina-
tion of the MR relation for different equations of state, one concludes that
RX J1856.5-3754 could be (see e.g. Fig. 2 in Walter & Lattimer, 2002) either
an hadronic star or an hybrid or strange star (see also Drake et al. 2002).

Next we consider the compact star in the low mass X-ray binary 4U 1728-
34. In a very recent paper Shaposhnikov et al. (2003) (hereafter STH) have
analyzed a set of 26 Type-I X-ray bursts for this source. The data were col-
lected by the Proportional Counter Array on board of the Rossi X-ray Timing
Explorer (RXTE) satellite. For the interpretation of these observational data
Shaposhnikov et al. 2003 used a model of the X-ray burst spectral formation
developed by Titarchuk (1994) and Shaposhnikov & Titarchuk (2002). Within
this model, STH were able to extract very stringent constrain on the radius and
the mass of the compact star in this bursting source. The radius and mass for
4U 1728-34, extracted by STH for different best-fits of the burst data, are de-
picted in Fig. 6 by the filled squares. Each of the four MR points is relative
to a different value of the distance to the source (d = 4.0, 4.25, 4.50, 4.75 kpc,
for the fit which produces the smallest values of the mass, up to the one which
gives the largest mass). The error bars on each point represent the error con-
tour for 90% confidence level. It has been pointed out (Bombaci 2003) that the
semi-empirical MR relation for the compact star in 4U 1728-34 obtained by
STH is not compatible with models pure hadronic stars, while it is consistent
with strange stars or hybrid stars.

Assuming RX J1856.5-3754 to be a pure hadronic star and 4U 1728-34 an
hybrid or a strange star, we see from our results plotted in Fig. 6, that this
possibility can be realized as a natural consequence of our scenario. Thus, we
find that the existence of quark stars (with “small” radii) does not exclude the
possible existence of pure hadronic stars (with “large” radii), and vice versa.

Decisive informations on the mass-to-radius ratio can be provided by mea-
suring the gravitational redshift of lines in the spectrum emitted from the com-
pact star atmosphere. Very recently, redshifted spectral lines features have
been reported for two different X-ray sources (Cottam et al. 2002; Sanwal et
al. 2002). The first of these sources is the compact star in the low mass X-
ray binary EXO 0748-676 . Studying the spectra of 28 type-I X-ray bursts in
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EXO 0748-676 , Cottam et al. (2002) have found absorption spectral line fea-
tures, which they identify as signatures of Fe XXVI (25-time ionized hydrogen-
like Fe) and Fe XXV from the n = 2 → 3 atomic transition, and of O VIII
(n = 1 → 2 transition). All of these lines are redshifted, with a unique value of
the redshift z = 0.35. Interpreting the measured redshift as due to the strong
gravitational field at the surface of the compact star (thus neglecting general
relativistic effects due to stellar rotation on the spectral lines (Öezel & Psaltis
2003) ), one obtains a relation for the stellar mass-to-radius ratio:

M/M� =
(
1 − 1

(z + 1)2
)
R/Rg� , (13)

(Rg� = 2GM�/c2 = 2.953 km) which is reported in Fig. 3 as a dashed line
labeled z = 0.35. Comparing with the theoretical MR relations for different
EOS (see e.g. Fig. 3, and also Xu 2003) it is clear that all three possible families
of compact stars discussed in the present paper are completely consistent with
a redshift z = 0.35.
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Figure 6. The radius and the mass for RX J1856.5-3754 (full circle with error bars labeled
RX J1856.5-3754) obtained by Walter & Lattimer (2002) from fitting the multi-wave length
spectral energy distribution. The radius and mass for 4U 1728-34, extracted by Shaposhnikov
et al. (2003) for different best-fits of the X-ray burst data, is shown by the filled circles with error
bars (error contour for 90% confidence level). The curves labeled HS represents the MR relation
for pure hadronic star with the GM3 equation of state. The curves labeled HyS1 and HyS2 are
the MR curves for hybrid stars with the GM3+Bag model EOS, for B = 85.29MeV/fm3

and ms = 150 MeV (HyS1), and B = 100MeV/fm3 and ms = 0 MeV (HyS2). The full
circles and diamonds on the MR curves represent the critical mass configuration (symbols on the
HS curve) and the corresponding hybrid star configurations after the stellar conversion process
(symbols on the HyS1 and HyS2 curves).
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The second source for which it has been claimed the detection of redshifted
spectral lines is 1E 1207.4-5209, a radio-quite compact star located in the cen-
ter of the supernova remnant PSK 1209-51/52. 1E 1207.4-5209 has been ob-
served by the Chandra X-ray observatory. Two absorption features have been
detected in the source spectrum and have been interpreted (Sanwal et al. 2002)
as spectral lines associated with atomic transitions of once-ionized helium in
the atmosphere of a strong magnetized (B ∼ 1.5× 1014 G) compact star. This
interpretation gives for the gravitational redshift at the star surface z = 0.12 –
0.23 (Sanwal et al. 2002), which is reported in Fig. 3 and by the two dashed
lines labeled z = 0.12 and z = 0.23.

A different interpretation of similar data, collected by the XMM-Newton
satellite, has been recently given by Bignami et al. (2003), who interpreted the
absorption features in the spectrum of 1E 1207.4-5209 as electron cyclotron
lines in the stellar magnetic field. Within this interpretation and assuming the
gravitational redshift of a “canonical neutron star” with M = 1.4M� and R =
10 km Bignami et al. (2003) derived a magnetic field strength B = 8×1010 G
for the compact star in 1E 1207.4-5209 .

The two values of the stellar magnetic field inferred in the above quoted
papers (Sanwal et al. 2002; Bignami et al. 2003) are in disagreement to each
other and in disagreement with the B field deduced from the 1E 1207.4-5209
timing parameters (P and Ṗ ), which give B = (2 – 3) ×1012 G within the
rotating magnetic dipole model. However, the latter value of the magnetic
field strength presents serious problems since the current values of the timing
parameters implies a characteristic pulsar age τc = P/(2Ṗ ) ∼ 4.8 × 105 yr
(Bignami et al. 2003) which is not compatible with the age τSNR = (3–
20) × 103 yr (Roger et al. 1988). Clearly this source needs a more accurate
study before any final and unambiguous interpretations of the observed spec-
tral features can be drawn. Here, we will assume that the interpretation of the
spectral feature given by Sanwal et al. (2002) and by Cottam et al. (2002)
is correct. In that case, how it is possible to reconcile the gravitational red-
shift z =012–0.23 for 1E 1207.4-5209 with that (z = 0.35) deduced for EXO
0748-676? Within the commonly accepted view, in which there exist in nature
only one family of compact stars (the “neutron stars”), different values of the
gravitational redshift could be a consequence of a different mass of the two
stars. In our scenario, we can give a different interpretation: 1E 1207.4-5209
is a pure hadronic star whereas EXO 0748-676 is an hybrid star or a strange
star. This is illustrated in Fig. 3 by comparing our calculated MR relations with
the redshifts deduced for the two compact X-ray sources.
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5. Quark Deconfinement Nova and GRBs
The delayed stellar conversion process, described so far, represents the sec-

ond “explosion” – the Quark Deconfinement Nova (QDN) (Bombaci et al.
2003) – in the two-step scenario proposed by Berezhiani et al. (2003) to ex-
plain the delayed SN-GRB connection.

As we can see from the results reported in Tab. 1, the total energy (Econv)
liberated during the stellar conversion process is in the range 0.5–1.7×1053 erg.
This huge amount of energy will be mainly carried out by the neutrinos pro-
duced during the stellar conversion process. It has been shown by Salmonson
& Wilson (1999) that near the surface of a compact stellar object, due to gen-
eral relativity effects, the efficiency of the neutrino-antineutrino annihilation
into e+e− pairs is strongly enhanced with respect to the Newtonian case, and
it could be as high as 10%. The total energy deposited into the electron-photon
plasma can therefore be of the order of 1051–1052 erg.

The strong magnetic field of the compact star will affect the motion of the
electrons and positrons, and in turn could generate an anisotropic γ-ray emis-
sion along the stellar magnetic axis. This picture is strongly supported by
the analysis of the early optical afterglow for GRB990123 and GRB021211
(Zhang et al. 2003), and by the recent discovery of an ultra-relativistic outflow
from a “neutron star” in a binary stellar system (Fender et al. 2004). More-
over, it has been recently shown (Lugones et al. 2002) that the stellar magnetic
field could influence the velocity of the “burning front” of hadronic matter into
quark matter. This results in a strong geometrical asymmetry of the forming
quark matter core along the direction of the stellar magnetic axis, thus provid-
ing a suitable mechanism to produce a collimated GRB (Lugones et al. 2002).
Other anisotropies in the GRB could be generated by the rotation of the star.
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6. Summary
In this report, we have investigated the consequences of the hadron-quark

deconfinement phase transition in stellar compact objects when finite size ef-
fects between the deconfined quark phase and the hadronic phase are taken
into account. We have found that above a threshold value of the gravitational
mass a pure hadronic star is metastable to the decay (conversion) to a hybrid
neutron star or to a strange star. We have calculated the mean-life time of
these metastable stellar configurations, the critical mass for the hadronic star
sequence, and have explored how these quantities depend on the details of
the EOS for dense matter. We have introduced an extension of the concept
of limiting mass of compact stars, with respect to the classical one given by
Oppenheimer & Volkov (1939). We have demonstrated that, within the astro-
physical scenario proposed in the present work, the existence of compact stars
with “small” radii (quark stars) does not exclude the existence of compact stars
with “large” radii (pure hadronic stars), and vice versa. We have shown that the
present scenario implies, as a natural consequence a two step-process which is
able to explain the inferred “delayed” connection between supernova explo-
sions and GRBs, giving also the correct energy to power GRBs.

There are various specific features and predictions of the present model,
which we briefly mention in the following. The second explosion (QDN) take
place in a “baryon-clean” environment due to the previous SN explosion. Is is
possible to have different time delays between the two events since the mean-
life time of the metastable hadronic star depends on the value of the stellar
central pressure. Thus the model of Berezhiani et al. (2003) is able to interpret
a time delay of a few years (as observed in GRB990705 (Amati et al. 2000;
Lazzati et al. 2001)), of a few months (as in the case of GRB020813 (Butler
et al. 2003)), of a few days (as deduced for GRB011211 (Reeves et al. 2002)),
or the nearly simultaneity of the two events (as in the case of SN2003dh and
GRB030329 (Hjorth et al. 2003).
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Abstract We investigate a nonlocal chiral quark model with separable 4-fermion interac-
tion for the case of U(3) flavor symmetry and show that strange quark matter is
unlikely to occur in a large enough volume of a compact star to entail remark-
able observational consequences. The phase diagram in the two-flavor sector of
such model has a critical end point of the line of first order chiral/deconfinement
phase transitions on which a triple point marks the junction with the critical line
for second order phase transitions to two-flavor color superconductivity (2SC)
below T ∼ 80 MeV. Stable hybrid star configurations with large quark matter
core in a color superconducting phase can exist. We suggest that for accreting
compact stars in Low-mass X-ray binary (LMXB) systems a population gap in
the phase diagram (Ω-M plane) for rotating compact star configurations would
be an observable indicator of such a quark matter core. A consistent cooling
phenomenology for such hybrid stars requires that no direct Urca type fast cool-
ing process in the hadronic shell occurs and that all quark species be gapped,
with the minimum pairing gap being a decreasing function of the chemical po-
tential in the range of 1 MeV to 10 keV. We discuss possible implications of a
QCD phase transition for the early evolution of hot proto-neutron stars regard-
ing delayed energy release by neutrinos and a possible gamma-ray burst (GRB)
mechanism.

Keywords: dense matter equation of state, quark matter superconductivity, rotating neutron
stars, cooling evolution, neutrino trapping, gamma ray bursts
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1. Introduction
The investigation of the QCD phase diagram has become a research topic

of highest priority. Relativistic heavy ion collisions in the RHIC era have
provided results which confirm previous information about the critical tem-
perature Tc ∼ 170 MeV of the hadronization transition in the approximately
baryon-free regime [1], which parallels the situation a few microseconds af-
ter the big bang. This value is in agreement with the deconfinement transition
temperature calculated in 2+1 flavor Lattice QCD [2]. These simulations are
now extended into the region of (small) finite chemical potentials where one
of the characteristic features is a critical endpoint of first order phase transi-
tions (tricritical point). Future heavy-ion collision experiments planned at GSI
Darmstadt (FAIR) will explore the phase diagram in the finite density domain
and hope to find experimental signatures of the tricritical point. In dense quark
matter at temperatures below ∼ 50 MeV, due to attractive interaction chan-
nels, the Cooper pairing instability is expected to occur which should lead to
a variety of possible quark pair condensates corresponding to color supercon-
ductivity (CSC) phases, see [3] for a review. Since it is difficult to provide low
enough temperatures for CSC phases in heavy-ion collisions, only precursor
phenomena [4, 5] are expected under these conditions. CSC phases may occur
in neutron star interiors [6] and could manifest themselves, e.g., in the cooling
behavior [7–10].

However, the domain of the QCD phase diagram where neutron star condi-
tions are met is not yet accessible to Lattice QCD studies and theoretical ap-
proaches have to rely on nonperturbative QCD modeling. The class of models
closest to QCD are Dyson-Schwinger equation (DSE) approaches which have
been extended recently to finite temperatures and densities [11–13]. Within
simple, infrared-dominant DSE models early studies of quark stars [14] and
diquark condensation [15] have been performed.

The present contribution will be based on results which have been obtained
within a nonlocal chiral quark model (NCQM) using a covariant, separable
representation of the gluon propagator [16] with formfactors suitable for an
extension to finite temperatures and chemical potentials [17–19]. Alterna-
tive approaches to separable chiral quark models are based on the instanton
approach [20–22]. As a limiting case, the well-known Nambu–Jona-Lasinio
(NJL) model is obtained for a cutoff formfactor. For recent applications of the
NJL model to QCD at high density in compact stars, see [23] and references
therein. A different class of QCD-models is of the bag-model type. These
models do not describe the chiral phase transition in a self-consistent way and
will not be considered here. We will consider within a NCQM the following
questions: (i) Is strange quark matter relevant for structure and evolution of
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compact stars? (ii) Are stable hybrid stars with quark matter interior possible?
(iii) What can we learn about possible CSC phases from neutron star cooling?

2. Nonlocal chiral quark model (NCQM)
In order to answer the question whether strange quark matter phases should

be expected in the neutron star interiors, we consider here a three-flavor gener-
alization of a NCQM with the action

S[q, q̄] =
∫

k

{
q̄(k)(
 k − m̂)q(k)

+G1

∫
k′

8∑
α=0

[jα
s (k)jα

s (k′) + jα
p (k)jα

p (k′)]
}
, (1)

where
∫
k =

∫
d4k

(2π)4 and G1 the coupling constant in the scalar/pseudoscalar
channel. We restrict us here to the scalar current jα

s (k) = q̄(k)λαf(k)q(k)
and the pseudoscalar current jα

p (k) = q̄(k)iγ5λαf(k)q(k) in Dirac space with
q(k) and q̄(k) being quark 4-spinors and the formfactor f(k) accounts for the
nonlocality of the interaction. For the applications to compact stars, the quark
matter equation of state is needed and can be obtained from the partition func-
tion in Feynman’s path integral representation

Z[T, µ̂] =
∫

Dq̄Dq exp
(
S[q, q̄] −

∫
k
µ̂γ0q̄q

)
, (2)

where the constraint of baryon number conservation is realized by the diag-
onal matrix of chemical potentials µ̂ (Lagrange multipliers). Further details
concerning the notation and the parametrization of this model can be found in
Ref. [24].

In order to perform the functional integrations over the quark fields q̄ and q
we use the formalism of bosonisation which is based on the Hubbard-Stratono-
vich transformation of the four-fermion interaction. The resulting transformed
partition function in terms of bosonic variables will be considered in the mean-
field approximation

(3)

with the 4-vector k̃f = (k0 − µf , �k) and the effective quark masses Mf =
Mf (k̃) = mf + φff(k̃) containing the flavor dependent mass gaps φf . In the
mean field approximation, the grand canonical thermodynamical potential is

Ω(T, {µ}) =
T

V
ln {Z[T, {µf}]/Z[0, {0}]} , (4)
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where fluctuations are neglected and the divergent vacuum contribution has
been subtracted. The quark mass gaps φf are determined by solving the gap
equations which correspond to the minimization conditions ∂Ω/∂φf = 0 and
read

φf = 8G1Nc

∫
d4k

(2π)4
2Mff(k̃)
M2

f − k̃2
f

. (5)

As can be seen from (5), for the chiral U(3) quark model the three gap equa-
tions for φu, φd, φs are decoupled and can be solved separately.

In the remainder of this section we consider the case T = 0 only. All
thermodynamical quantities can now be derived from Eq. (4), for details see
[24]. For instance, pressure, density and the chiral condensate are given by

p = −Ω , nf = − ∂Ω
∂µf

, < q̄q>= − ∂Ω
∂mq

, (6)

the energy density follows from ε = −p +
∑

f µfnf . For most of the numeri-
cal investigations within the NCQM described above we will employ a simple
Gaussian formfactor f(k) = exp(k2/Λ2) , which has been used previously for
studies of meson and baryon properties in the vacuum [21] as well as quark de-
confinement and mesons at finite temperature [17, 19]. A systematic extension
to other choices of formfactors can be found in [22]. The Gaussian model has
four free parameters to be defined: the coupling constant G1, the interaction
range Λ, and the current quark masses mu = md, ms. These are fixed by the
pion mass mπ = 140 MeV, kaon mass mK = 494 MeV, pion decay constant
fπ = 93 MeV and the chiral condensate − < q̄q >= (240 MeV)4. Fig. 1
shows the behavior of the thermodynamic potential as a function of the light
quark mass gap φq = φu = φd for different values of the chemical potential
µ. For µ < µc = 330 MeV the argument and the value of the global minimum
is independent of µ which corresponds to a vanishing quark density (confine-
ment). At µ = µc a phase transition from the massive, confining phase to a
deconfining phase with negligibly small mass gap occurs. In Fig. 2 we show
that the quark pressure vanishes for µ < µc (confinement) and can be well
described by a two-flavor bag model with a bag constant B = 81.3 MeV/fm3

in the region of chemical potentials 330 MeV ≤ µ ≤ 492 MeV where the
third flavor is still confined. A three-flavor bag model adjusted to describe the
same critical chemical potential for quark matter deconfinement as the NCQM
does not give an acceptable description of the EoS, even above the onset of
strangeness.

In Ref. [24] it has been investigated whether with the above three- flavor
quark matter EoS of the NCQM strange quark matter can appear in the inte-
rior of compact stars. The constraints of β equilibrium and charge neutrality
have been applied (see below) in order to constrain the partial densities of elec-
trons and up-, down-, strange quarks, see Fig. 3. It can be seen that strange
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Figure 1. Dependence of the thermodynamic potential on the light flavor gap φq = φu = φd

(order parameter) for different values of the chemical potential, φs = 682 MeV.

quarks appear only above energy densities of about 1 GeV/fm3 and the ques-
tion arises whether they can play a significant role in the structure and com-
position of compact star interiors. To answer this question, solutions of the
Tolman-Oppenheimer-Volkoff (TOV) equation has been performed and the re-
sulting NCQM quark star solutions are shown in Fig. 4. A comparison of the
Nf = 3 with Nf = 2 mass-radius relations for NCQM quark stars shows
that the third flavor appears only for configurations very close to the maximum
mass above which the solutions become unstable against gravitational collaps
to black holes. Even at the maximum mass the volume of strange quark matter
in the quark star is to small to produce significant observable effects. There-
fore we conclude that for the discussion of quark matter in compact stars it is
sufficient to discuss below the two-flavor case only.

3. EoS for nonstrange compact stars
Two-flavor color superconductivity. The quark-quark interaction
in the color anti-triplet scalar diquark channel is attractive driving the pairing
with a large zero-temperature pairing gap ∆ ∼ 100 MeV for the quark chem-
ical potential µq ∼ 300 − 500 MeV. Therefore, we consider now a NCQM



382 SUPERDENSE QCD MATTER AND COMPACT STARS

0 0.2 0.4

µ[GeV]

-0.2

0

0.2

0.4

0.6

0.8

p[
G

eV
/f

m
3 ]

Separable model with 3 flavors

2 fl. Bag model B= 81.3 MeV/fm
3

3 fl. Bag model B= 100.7 MeV/fm
3

Figure 2. Pressure of the NCQM as a function of the chemical potential for the separable
model (solid line) compared to a three-flavor (dotted line) and a two-flavor (dashed line) bag
model. All models have the same critical chemical potential µc = 330 MeV for (light) quark
deconfinement.

described by the effective action

S2SC [q̄, q] = S[q̄, q] + G2

∫
k,k′

j†d(k)jd(k′), (7)

where jd(k) = qT (k)Ciγ5τ2λ2f(k)q(k) is the scalar diquark current with the
charge conjugation matrix C = iγ0γ2. After bosonization, the mean field
approximation introduces a new order parameter: the diquark gap ∆, which
can be seen as the gain in energy due to diquark condensation. The mass gaps
φu, φd indicate dynamical chiral symmetry breaking. The grand canonical
thermodynamic potential per volume can be obtained as

Ωq(φu, φd,∆;µu, µd, T ) =
φ2

u + φ2
d

8 G1
+

|∆|2
4 G2

−T

2

∑
n

∫
d3k

(2π)3
Tr ln

[
1
T

G−1(iωn, �k)
]

,(8)

where ωn = (2n + 1)πT are the Matsubara frequencies for fermions and the
inverse Nambu-Gorkov quark propagator is

G−1 =
(


k − M̂ − µ̂γ0 ∆γ5τ2λ2f(k)
−∆∗γ5τ2λ2f(k) 
k − M̂ + µ̂γ0

)
. (9)
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Figure 3. Composition of three-flavor quark matter in β equilibrium with electrons.

The resulting phase diagram is shown in Fig. 5. It includes a 2-flavor color
superconductivity (2SC) phase for which quarks of one color, say blue, re-
main unpaired. The color-flavor locking (CFL) phase [25] requires approxi-
mate SU(3) flavor symmetry and can be excluded from our discussion since
strange quarks remain confined up to the highest densities occuring in a com-
pact star configuration [24].

Thermodynamic potential in the instantaneous approximation.
In the instantaneous approximation, see [26], the formfactor of the nonlocal

interaction depends on the three-momentum only and the Matsubara summa-
tion in Eq. (7) can be performed analytically using standard methods.

The resulting grand canonical thermodynamic potential for 2SC quark mat-
ter within the instantaneous nonlocal chiral quark model (INCQM) [27, 28] in
the mean field approximation is given by
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Figure 4. Stability for compact stars composed of three-flavor quark matter in the NCQM.

Ωq({φf},∆; {µfc}, T ) =
∑
c,f

Ωc,f (φf ,∆;µfc, T ) , (10)

where T is the temperature and µfc the chemical potential for the quark with
flavor (f ∈ {u, d}) and color (c ∈ {r, b, g}).

The contribution of quarks with given color c and flavor f to the thermody-
namic potential is

Ωc,f(φf ,∆;µfc, T ) + Ωc
vac =

φ2
f

24 G1
+

∆2

24 G2

− 1
π2

∫ ∞

0
dqq2{ω [εc(Ef (q) + µfc), T ] + ω [εc(Ef (q) − µfc), T ]} ,(11)
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Figure 5. Phase diagram for Nf = 2 quark matter in the NCQM. The critical temperature
for color superconductivity (2SC phase) can be high enough for this phase to reach close to the
tricritical point which shall be explored in future heavy-ion collision experiments.

where the dispersion relation for unpaired quarks with dynamical mass func-
tion mf (q) = mf + g(q)φf is given by

Ef (q) =
√

q2 + m2
f (q) , (12)

and we use the notation

ω [εc, T ] = T ln
[
1 + exp

(
−εc

T

)]
+

εc

2
, (13)

with the first argument given by

εc(ξ) = ξ
√

1 + ∆2
c/ξ

2 . (14)

When we choose the green and blue colors to be paired and the red ones to
remain unpaired, we have

∆c = g(q)∆(δc,b + δc,g). (15)
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For a homogeneous system in equilibrium, the minimum of the thermo-
dynamic potential Ωq with respect to the order parameters {φf} and ∆ cor-
responds to a negative pressure; therefore the constant Ωvac =

∑
c Ωc

vac is
chosen such that the pressure of the physical vacuum vanishes.

The nonlocality of the interaction between the quarks in both channels qq̄
and qq is implemented via the same formfactor functions g(q) in the momen-
tum space. In our calculations we use the Gaussian (G), Lorentzian (L) and
cutoff (NJL) type of formfactors defined as

gG(q) = exp(−q2/Λ2
G) , (16)

gL(q) = [1 + (q/ΛL)2]−1, (17)

gNJL(q) = θ(1 − q/ΛNJL) . (18)

Following Ref. [29] we introduce the quark chemical potential for the color
c, µqc and the chemical potential of the isospin asymmetry, µI , defined as

µqc = (µuc + µdc)/2 (19)

µI = (µuc − µdc)/2, (20)

where the latter is color independent.
The diquark condensation in the 2SC phase induces a color asymmetry

which is proportional to the chemical potential µ8. Therefore we can write

µqc = µq +
µ8

3
(δc,b + δc,g − 2δc,r) , (21)

where µq and µ8 are conjugate to the quark number density and the color
charge density, respectively. As has been shown in [30] for the 2SC phase
the relation φu = φd = φ holds so that the quark thermodynamic potential is
[31]
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Ωq(φ,∆;µq, µI , µ8, T ) + Ωvac =
φ2

4G1
+

∆2

4G2

− 1
π2

∫ ∞

0
dqq2{ω

[
εr(E(q) − µq +

2
3
µ8 − µI), T

]

+ω

[
εr(E(q) + µq −

2
3
µ8 − µI), T

]
+ ω

[
εr(E(q) − µq +

2
3
µ8 + µI), T

]

+ω

[
εr(E(q) + µq −

2
3
µ8 + µI), T

]
}

− 2
π2

∫ ∞

0
dqq2{ω

[
εb(E(q) − µq −

1
3
µ8) − µI , T

]

+ω

[
εb(E(q) + µq +

1
3
µ8) − µI , T

]
+ ω

[
εb(E(q) − µq −

1
3
µ8) + µI , T

]

+ω

[
εb(E(q) + µq +

1
3
µ8) + µI , T

]
} , (22)

where the factor 2 in the last integral comes from the degeneracy of the blue
and green colors (εb = εg). The total thermodynamic potential Ω contains
besides the quark contribution Ωq also that of the leptons Ωid

Ω(φ,∆;µq, µI , µ8, µl, T ) = Ωq(φ,∆;µq, µI , µ8, T )

+
∑

l=e,e+,ν̄e,νe

Ωid(µl, T ) . (23)

where latter is assumed to be that of an ideal mixture of massless, noninter-
acting Fermi gas degrees of freedom with

Ωid(µ, T ) = − 1
12π2

µ4 − 1
6
µ2T 2 − 7

180
π2T 4 . (24)

At the present stage, we include only contributions of the first family of leptons
in the thermodynamic potential. The conditions for the local extremum of Ωq

correspond to coupled gap equations for the two order parameters φ and ∆

∂Ω
∂φ

∣∣∣∣
φ=φ0,∆=∆0

=
∂Ω
∂∆

∣∣∣∣
φ=φ0,∆=∆0

= 0 . (25)

The global minimum of Ωq represents the state of thermodynamic equilibrium
from which all equations of state can be obtained by derivation.

Beta equilibrium, neutrino trapping, charge and color neu-
trality. The stellar matter in equilibrium has to obey the constraints of
β-equilibrium (d −→ u + e− + ν̄e,u + e− −→ d + νe), expressed as
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µdc = µuc + µe + µν̄e , (26)

color and electric charge neutrality and baryon number conservation. We use
in the following the electric charge density

Q =
2
3

∑
c

nuc −
1
3

∑
c

ndc − ne , (27)

the baryon number density

nB =
1
3

∑
f,c

nfc , (28)

and the color charge density

n8 =
1
3

∑
f

(nfb + nfg − 2nfr) (29)

as conserved densities. During the regime of neutrino trapping in hot compact
star configurations (T ∼> 1 MeV) also the lepton number density

nL = ne + nνe − ne+ − nν̄e (30)

is conserved. The number densities nj occuring on the right hand sides of
the above Eqs. (27) - (29) are defined as derivatives of the thermodynamic
potential (22) with respect to corresponding chemical potentials µj

nj = − ∂Ω
∂µj

∣∣∣∣
φ0,∆0;T,{µj ,j �=i}

, (31)

Here the index j stands for the particle species.
In order to express the Gibbs free enthalpy density G in terms of those chem-

ical potentials which are conjugate to the conserved densities and to implement
the β−equilibrium condition (26) we make the following algebraic transforma-
tions

G =
∑
f,c

µfcnfc +
∑

l

µlnl = µB nB + µQ Q + µ8 n8 + µL nL , (32)

where we have defined the chemical potential µB = 3µq − µI conjugate to
the baryon number density nB in the same way as µQ = −µe is the chemical
potential conjugate to Q, µ8 to n8, and µL to nL. Then, the electric and color
charge neutrality conditions read,

Q = 0 , (33)

n8 = 0 , (34)

at given nB . In the neutrino untrapping transition, neutrinos leave the star and
their chemical potential drops to zero µL = −µν̄e → 0. The solution of the
gap equations (25) can be performed under these constraints.
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The solution of the color neutrality condition shows that µ8 is about 5 ÷ 7
MeV in the region of relevant densities (µq � 300÷500 MeV). Since µI is in-
dependent of µ8 we consider µqc � µq (µ8 � 0) in our following calculations.

To demonstrate how to define a charge neutral state of quark star matter in-
cluding neutrino trapping and color superconductivity we plot in Fig. 6 the
charge neutrality condition and the β- equilibrium condition as a function of
µI and µe for different fixed values of µB , when the system is in the global
minimum of the thermodynamic potential and G2 = G1. As has been shown
before in Ref. [32] for the NJL model case, the pure phases (∆ > 0: super-
conducting, ∆ = 0: normal) in general are charged. These branches end at
critical values of µI where their pressure is equal and the corresponding states
are degenerate

P = P∆=0(µB , µI , µe, T ) = P∆>0(µB , µI , µe, T ) . (35)

In order to fulfill the charge neutrality condition one can construct a homoge-
neous mixed phase of these states using the Gibbs conditions [33].

The volume fraction that is occupied by the subphase with diquark conden-
sation is defined by the charges in the subphases

χ = Q∆>0/(Q∆>0 − Q∆=0) (36)

and is plotted in Fig. 7 for the different formfactor functions as a function of
µB.

In the same way, the number densities for the different particle species j and
the energy density are given by

nj = χnj∆>0
+ (1 − χ)nj∆=0

(37)

ε = χε∆>0 + (1 − χ)ε∆=0 . (38)

The formulas (35)-(38) define a complete set of thermodynamic relations
and can be evaluated numerically. We display the results for the pressure in a
form remniscent of a bag model

P (s) = Pid(µB) − B(s)(µB) , (39)

where Pid(µB) is the ideal gas pressure of quarks and B(s)(µB) a density de-
pendent bag pressure, see Fig. 8. The occurrence of diquark condensation
depends on the value of G2 and the superscript s ∈ {S,N} indicates whether
we consider the matter in the superconducting mixed phase (G2 = G1) or in
the normal phase (G2 = 0), respectively.

Note that the mean-field EoS of the two-flavor INCQM in the normal phase
can be described by a bag model with a small, and almost constant bag func-
tion whereas in the superconducting phase the bag function decreases with the
density, see Fig. 8. Such a behavior has been parametrized in heuristic quark
matter models, see e.g. [34].
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Figure 6. Solutions of the gap equations and the charge neutrality condition (solid black line)
in the µI vs µe plane. Two branches are shown: states with diquark condensation on the upper
right (∆ > 0) and normal quark matter states (∆ = 0) on the lower left. The plateau in between
corresponds to a mixed phase. The lines for the β-equilibium condition are also shown (solid
and dashed straight lines) for different values of the (anti-)neutrino chemical potential. Matter
under stellar conditions should fulfill both conditions and therefore for µν̄e = 0 a 2SC-normal
quark matter mixed phase is preferable.

Hadronic EoS and phase transition. In describing the hadronic
shell of a hybrid star we exploit a parametrized form [35] of the Argonne V 18+
δv + UIX∗ model of the EoS given in [36], which is based on the most recent
models for the nucleon-nucleon interaction with the inclusion of a parameter-
ized three-body force and relativistic boost corrections. All details concerning
the EoS and the hadronic cooling processes are given in [37]. As we have seen
in the previous section, it may be sufficient to discuss only two-flavor quark
matter for applications to compact stars. We will focus on the model of the
quark EoS developed in [27] as an instantaneous approximation to the covari-
ant NCQM. In some density interval at the first order phase transition there may
appear the region of the mixed phase, see [33]. Ref. [33] disregarded finite size
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Figure 7. Volume fraction χ of the phase with nonvanishing diquark condensate obtained
by a Glendenning construction of a charge-neutral mixed phase. Results are shown for three
different formfactors introduced in the text.

effects, such as surface tension and charge screening. In Refs. [38] it has been
demonstrated on the example of the hadron-quark mixed phase that finite size
effects might play a crucial role by substantially narrowing the region of the
mixed phase or even preventing its appearance. Therefore we omit the pos-
sibility of the hadron-quark mixed phase in our model where the quark phase
arises by the Maxwell construction. For the case of the instantaneous Gaussian
formfactor with 2SC phase the quark core appears for M > 1.21 M�. Without
2SC phase or for the Lorentzian or NJL formfactor no stable hybrid stars are
obtained, see Fig. 9.

Phase diagram for rotating compact stars. We treat rotating
compact stars in the framework of General Relativity theory for the axially
symmetric case within a perturbative expansion with respect to the angular
velocity Ω up to order Ω2, see [39]. The account of the centrifugal forces due
to the rotation of the star changes the stability curves for the configurations as
shown in the Fig. 10. As a result, the maximum mass of a star rotating at the
mass shedding limit is about 10 % larger than that of the nonrotating one. The
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Figure 8. Bag pressure Bs for different formfactors of the quark interaction in dependence
on the baryon chemical potential for normal (s = N ) and superconducting (s = S, G2 = G1)
quark matter under neutron star constraints.

radius of the rotating configurations can be larger than that of the static ones
by approximately 2 to 3 km.

We have performed the calculation using the same EoS as in Fig. 9 and show
the results in Fig. 10. From that Figure it can be seen that the stability state of
the star depends uniquely on the value of the central density irrespective of the
angular velocity.

The information about the structure of the compact star configurations as
thermodynamical systems in dependence on their “thermodynamic variables”,
mass M and angular velocity Ω, is summarized in the phase diagram for ro-
tating star configurations [40], which displays the situation for the three model
EoS of Fig. 9, see Fig. 10.

These phase diagrams have four regions: (i) the region above the maximum
frequency Ω > ΩK(N) where no stationary rotating configurations are found,
(ii) the region of black holes N > Nmax(Ω), and the region of stable compact
stars which is subdivided by the critical line Ncrit(Ω) into (iii) the region of
hybrid stars for N > Ncrit(Ω) where configurations contain a core with a
quark matter phase and (iv) the region of hadronic stars without such a core.

The critical line Ncrit(Ω) may manifest itself in observations by a popula-
tion clustering of compact objects in LMXBs [41]. A population gap in the
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phase diagram of compact stars appears as a detectable indicator for hybrid
star configurations.

The EoS HHJ - INCQM with 2SC quark matter phase has a type of hard -
soft - hard EoS [40]. Therefore critical line is mainly orthogonal to the mass
axis and the expected population clustering seems to be not frequency but mass
clustering. As already reported by M.C. Miller at this conference, there is ob-
servational evidence that the population of LMXB’s is mainly homogeneous.



394 SUPERDENSE QCD MATTER AND COMPACT STARS

9 10 11 12 13 14 15

R
e
 [km]

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

M
 [

 M
su

n]

Ω = 0
Ω = Ω

max

2SC
normal
RMF_

500 1000 1500 2000

 ε(0) [MeV/fm
3
]

Figure 10. The Mass - radius relation and mass - central energy density dependencies for
rotating (dashed lines) and nonrotating (solid lines) hybrid star configurations

In the following chapter we show the cooling behavior of hybrid stars very
sensitive to the value of critical mass of phase transition. For our choice of
EoS the critical mass is M = 0.8M� for non rotating configurations, which is
smaller than that expected from the observations of pulsars, see next Section.
From the critical line Mcrit(Ω) on the phase diagram in Fig. 11 one sees that
the mass increases as a function of angular velocity and reaches M = 1.2M�
at the mass shedding limit. This value is already comparable with the recently
observed mass value M = 1.25M�. As it has already been shown above
in Fig. 9 the critical value may change in the band M = 0.8 − 1.2M� due
to tiny changes in the model parameters. So to fix the critical mass we have
one additional parameter Ω. Therefore, to make a robust conclusion about the
constraints on the EoS from observational data one needs to make complex
investigations of the rotational and cooling evolution.
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4. Cooling of compact stars
In order to describe the cooling of stable hybrid star configurations, we use

the approach to the hadronic cooling developed recently in Ref. [37] and add
the contribution due to the quark core, see [10]. Once in the quark matter core
of a hybrid star unpaired quarks are present the dominant quark direct Urca
(QDU) process is operative and cools the star too fast in disagreement with the
observational data [10]. If one allows for a residual weak pairing channel as,
e.g., the CSL one with typical gaps of ∆ ∼ 10 keV - 10 MeV, see [42], the
hybrid star configuration will not be affected but the QDU cooling process will
be efficiently suppressed as is required for a successful description of compact
star cooling. Since we don’t know yet the exact pairing pattern for which
also the residual (in 2SC unpaired) quarks are paired in the 2-flavor quark
matter, we will call this hypothetical phase “2SC+X”. In such a way all the
quarks may get paired, either strongly in the 2SC channel or weakly in the X
channel. If now the X-gap is of the order of 1 MeV, then the QDU process
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will be effectively switched off and the cooling becomes too slow, again in
disagreement with the data [10]. This seems to be a weak point and we would
like to explore whether a density-dependent X-gap could allow a description
of the cooling data within a larger interval of compact star masses. For such a
density-dependent X-gap function we employ the ansatz

∆X(µ) = ∆c exp[−α(µ − µc)/µc] . (40)

In Fig. 12 we show the resulting cooling curves for the parameters ∆c = 1.0
MeV and α = 10. We observe that the mass interval for compact stars which
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obey the cooling data constraint ranges now from M = 1.32 M� for slow
coolers up to M = 1.75 M� for fast coolers such as Vela.
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5.

Energy release due to (anti)neutrino untrapping. The config-
urations for the quark stars are obtained by solving the Tolman-Oppenheimer-
Volkoff equations for a set of central quark number densities nq for which the
stars are stable. In Fig. 13 the configurations for different antineutrino chemi-
cal potentials are shown. The equations of state with trapped antineutrinos are
softer and therefore this allows more compact configurations. The presence of
antineutrinos tends to increase the mass for a given central density.

A reference configuration with total baryon number NB = 1.51 N� (where
N� is the total baryon number of the sun) is chosen and the case with (con-
figurations A and B in Fig. 13) and without antineutrinos (f in Fig. 13) are
compared. A mass defect can be calculated between the configurations with
trapped antineutrinos and without it at a constant total baryon number and the
result is shown in Fig. 14). The mass defect could be interpreted as an energy
release if the configurations A,B with antineutrinos are initial states and the
configuration f without them is the final state of a protoneutron star evolution.
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Figure 13. Quark star configurations for different antineutrino chemical potentials µν̄e =
0, 100, 150 MeV. The total mass M in solar masses (Msun ≡ M� in the text) is shown as a
function of the radius R (left panel) and of the central number density nq in units of the nuclear
saturation density n0 (right panel). Asterisks denote two different sets of configurations (A,B,f)
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After the collapse of a protoneutron star the star cools down by surface
emission of photons and antineutrinos. Antineutrinos are trapped because they
were generated by the direct β-process in the hot and dense matter and could

Protoquark star evolution 
and Gamma Ray Bursts
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not escape due to their small mean free path. The region of the star where the
temperature falls below the density dependent critical value for diquark con-
densation, will transform to the color superconducting state which is almost
transparent to (anti)neutrinos. But nevertheless due to the trapped antineutri-
nos there is a dilute normal quark matter shell which prevents neutrino escape
from the superconducting bulk of the star, see Fig. 15 and Fig. 16. The
criterion for the neutrino untrapping transition is to cool the star below a tem-
perature of about 1 MeV when the mean free path of neutrinos becomes larger
than the shell radius [47]. If at this temperature the antineutrino chemical po-
tential is still large then the neutrinos can escape in a sudden outburst. If it is
small then there will be only a gradual increase in the luminosity. An estimate
for the possible release of energy within the outburst scenario can be given via
the mass defect defined in the previous subsection between an initial configu-
ration with trapped neutrinos (state A or B) and a final configuration without
neutrinos (state f ).

Cooling delay due to neutrino trapping. Estimates of the time
interval after which an explosive effect of energy release like a GRB could
be observed, depend on the possible structure of a compact object after the
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leptonization stage. As it has been discussed in the previous Section the com-
pact star can be a quark or a hybrid one, where for T < Tc the quark matter is
expected to be in a color superconducting state. The possibility of pure quark
stars has been extensively discussed in the literature, see [43] and references
therein. We also can deal with a hybrid star instead of a pure quark star. How-
ever, in that case the experimental constraint of a low baryon loading of the
GRB [44] with a mass

<∼ 10−4M� should be obeyed. Therefore the hadronic
shell and the crust should be rather thin or there is a special reason for a low
baryon loading.
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In the previous Section we noted that the typical temperature, above which
the star becomes opaque to neutrinos is Topac ∼ 0.4 ÷ 3 MeV, where we
ignore here the differences in the absorption/production properties of different
neutrino flavors [45]. Saying neutrino we actually will not distinguish neutrino
and antineutrino, although their absorption/production could be different. If
we assume an initial temperature of T0 < T ν

opac, the star radiates neutrinos
directly from the interior region. For T0 > T ν

opac, the neutrino transport to the
surface is operative and leads to a delay of the cooling evolution.

Energy content. Let us estimate the energy content of different species.
The total quark thermal energy is related to the temperature as [45]

Eq
T ∼ 5 · 1047(nB/n0)2/3(R/10 km)3T 2

9 erg, (41)

where nB is the baryon density, T9 is the temperature in units of 109 K.
For ∆ � µq the pairing does not significantly change this estimate. Thus,

the superconducting quark matter phase contains a thermal energy of Eq
T

<∼
1053 erg for an initial temperature T0 ∼ 30 ÷ 50 MeV.

Neutrinos are degenerate within the first second, if T ∼ 10÷30 MeV. Their
energy content is

Eν � µ4
ν

4π2

NB

nB
, (42)

where µν is the neutrino non-equilibrium chemical potential. This estimate
yields Eν ∼ 1051 ÷ 1052 erg for relevant values of µν ∼ 100 ÷ 200 MeV.

Energy radiation for T > T ν
opac. The neutrino/antineutrino collisions

produce e−e+ pairs outside the star, which efficiently convert to photons. We
use the estimate of Ref. [45] for the νν̄ → e−e+ conversion rate:

Ee−e+ ∼ 5 · 1032T 9
s,9(R/10 km)(∆t/s) erg, (43)

where Ts is the surface temperature. For Ts of the order of several MeV we
would get only Ee−e+

<∼ 1046 ÷ 1048 erg for ∆t ∼ 1 ÷ 100 s in the range of
our interest. However, for Ts ∼ 30÷50 MeV most of the total thermal energy
can be converted in e−e+ with an energy of Ee−e+ ∼ several · 1053 erg within
a short time interval ∆t ∼ 10−3 ÷ 10−1 s.

In the case of the neutron star Ts is significantly smaller than the internal
temperature. Then only a few percent of the νν̄ energy is converted to photons,
on a time scale appropriate for GRB. Ref. [46] demonstrated that the presence
of a strong gravitational field near the star may increase this efficiently by an
order of magnitude and Eγ/Ee−e+ becomes ∼ 0.1. Moreover, in the presence
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of baryons the ν/ν̄ absorption on baryons is efficient, further decreasing the
νν̄ → e−e+ rate.

The advantage of the quark star model is that the quark star has a thin hadron
shell and a tiny crust, if any. In this case we may assume that the surface
temperature is of the same order of magnitude as the internal temperature.
Thus for T ∼ 10÷ 50 MeV the neutrino energy of the order of Eν ∼ 1053 erg
can be converted to e−e+ during a short time t ∼ 10−3 ÷ 10−1 s. Then all
the e−e+ energy is converted to photons. In the presence of beaming already
Eγ ∼ 1051 erg produced on a time scale ∆t ∼ 10−3÷100 s would be sufficient
to explain GRB.

Moreover, e−e+ pairs are accelerated in the strong magnetic field, which
we assume to be present, increasing the hard component of the γ-ray spectrum,
that is in coincidence with experimental findings.

Now let us discuss how efficiently the energy can be radiated from the quark
star.

If the phase transition is somewhat stronger than we have discussed in the
previous subsection, the initial temperature is higher, T0

>∼ 10 MeV. Neutrinos
are trapped for a while in the interior of the newly formed quark star. For
lower densities, where the quark matter contains trapped neutrinos the direct
Urca process is operative and neutrino cooling is a surface effect.

Only at smaller temperature T ≈ 1 MeV when the emissivity of the direct
Urca process has dropped according to the typical T 6 dependence, most of the
neutrino energy will be released within a small time. Neutrinos in the diffusion
regime can escape from the surface in the time

tR ∼ R2

λ c
, (44)

where λ is the mean free path of neutrinos in matter. If λ is of the order of
the star radius, then they can leave the star within tR ∼ 3 × 10−5 s. From
the surface of the remaining trapped area neutrinos are released by blackbody
radiation, with a time delay due to the heat transport. When the neutrinos
reach the surface then they can be converted to electron - positron pairs by
νν̄ ↔ e−e+ with the above described rate [45]. A quark star has, if at all, only
a very thin hadronic shell and crust. Therefore the surface temperature should
be of the order of the inner surface temperature. At a surface temperature of
Ts ∼ 10 − 30 MeV within only 10−3 − 10−1s the neutrino energy of up to
1052erg can be transformed in e−e+ pairs, which can convert with nearly 100
% efficiency to photons. These photons have energies of several MeV and
cover the energy range of gamma radiation in GRBs.
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6. Conclusions
We have presented the QCD phase diagram obtained within the NCQM ap-

proach. We find that in the framework of our model for neutron star applica-
tions it is sufficient to consider only two quark flavors since the critical densi-
ties of strange quark deconfinement are not accessible in typical compact star
interiors. We investigate the phase transition between superconducting quark
matter and hadronic matter under neutron star constraints and find that stable
hybrid stars are possible with large quark matter cores in the 2SC phase. We
suggest that the population of compact stars in LMXBs should show a mass
clustering rather than a frequency clustering with mass values around the criti-
cal mass for a deconfinement phase transition in the star interior. The solution
of the cooling evolution equations for hybrid star configurations shows that the
presence of ungapped quark species entails too fast cooling due to the QDU
process in disagreement with modern neutron star cooling data. A successful
description of hybrid star cooling requires that direct Urca-like processes be
excluded in the hadronic shell and that a pairing pattern in the quark matter
core occurs where all quarks are gapped and a weak pairing channel with a
decreasing density dependence of the gap in the range of 1 MeV to 10 keV
is present. A precise microscopic model for this conjectured ”2SC+X” phase
is still lacking. Possible candidate for a weak pairing channel is the color-
spin-locking (CSL) phase. We have demonstrated on the example of hybrid
star cooling how astrophysical observations could provide constraints for mi-
croscopic approaches to the QCD phase diagram in the domain of cold dense
matter presently not accessible to heavy-ion collision experiments and lattice
QCD simulations.
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Abstract For the case of small matter effects: V � ∆m2/2E, where V is the matter
potential, we develop the perturbation theory using ε ≡ 2V E/∆m2 as the ex-
pansion parameter. We derive simple and physically transparent formulas for
the oscillation probabilities in the lowest order in ε which are valid for an arbi-
trary density profile. They can be applied for the solar and supernova neutrinos
propagating in matter of the Earth. Using these formulas we study features of
averaging of the oscillation effects over the neutrino energy. Sensitivity of these
effects to remote (from a detector), d > lνE/∆E, structures of the density
profile is suppressed.

1. Introduction
For the LMA parameters the oscillations of solar and supernova (low en-

ergy) neutrinos inside the Earth occur in the vacuum (kinetic) energy dominat-
ing regime. This means that the matter potential V is much smaller than the
kinetic energy of the neutrino system:

V � ∆m2

2E
, (1)

where
V (x) =

√
2GF Ne(x), (2)

GF is the Fermi constant, Ne(x) is the number density of the electrons, ∆m2 =
m2

2 − m2
1 is the mass squared difference.
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In this case we can introduce a small parameter [1]:

ε(x) =
2EV (x)
∆m2

� 1 (3)

and develop the corresponding perturbation theory.
Neutrino oscillations in the weak matter effect regime have been discussed

extensively before [1-13], in particular, for the solar and supernovae neutri-
nos propagating in the matter of the Earth. The previous work has been done
mainly in the approximation of constant density profile which consists of sev-
eral layers with constant density.

Here we derive general formula which is valid for arbitrary density profile
provided that the condition (1) is satisfied.

2. ε- perturbation theory and oscillation
probabilities

We will consider two active neutrino mixing

νf = U(θ)νmass, (4)

where νf ≡ (νe, νa)T , νmass ≡ (ν1, ν2)T , and

U =
(

cos θ sin θ
-sin θ cos θ

)
. (5)

νa is in general a combination of νµ and ντ .
We will first find the evolution matrix for the mass eigenstates and then make

projection onto the flavor states. In the mass eigenstate basis the Hamiltonian
has the following form

H(x) =
(

0 0

0 ∆m2

2E

)
+ U †

(
V (x) 0

0 0

)
U (6)

It can be rewritten as

H(x) = U ′(x)
(

0 0

0 ∆m2
m(x)

2E

)
U ′†(x), (7)

where

∆m2
m(x) ≡ ∆m2

√
(cos 2θ − ε(x))2 + sin2 2θ

is the energy split in matter and U ′ is the unitary matrix which diagonalizes the
Hamiltonian (6). U ′ is the mixing matrix of the mass states in matter, so that
νmass = U ′νm, where νm ≡ (ν1m, ν2m)T are the eigenstates in matter. The
matrix U ′ has the form of (5) with the angle determined by

sin 2θ′(x) =
ε(x) sin 2θ√

(cos 2θ − ε(x))2
. (8)
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where in the last expression we have taken the zero and the first order terms in
ε only.

Using the evolution matrix in mass states basis (21) we can calculate the
amplitudes and probabilities for different transitions. Notice that the evolution
matrix in the flavor basis, Sf , can be obtained immediately:

Sf = USU †. (23)

The evolution matrix from the mass states to the flavor states Sfm is then

Sfm = US, (24)

and U is the vacuum mixing matrix (5).
Let us consider the most important examples. The amplitude of mass to

flavor transition, νi → να, on the way from x0 to xf is given by

Aνi→να = UαjSji. (25)

In particular, inserting the matrix (21) in this expression we find the amplitude
of the ν1 → νe oscillations in the first order in V :

ginequationAν1→νe = cos θ +
i

2
sin 2θ sin θ

∫ xf

x0

dx V e
iφm

x→xf . (26)

Probability of the ν1 → νe oscillations equals

Pν1→νe = cos2 θ − 1
2

sin2 2θ
∫ xf

x0

dx V sin φm
x→xf

. (27)

Inserting the expression for phase (15) up to the first order in V we obtain

Pν1→νe ≈ cos2 θ−1
2

sin2 2θ
∫ xf

x0

dx V sin
(

∆m2

2E
(xf − x) − cos 2θ

∫ xf

x
V dy

)

(28)
The probability of ν2 → νe transition relevant for the solar neutrino oscilla-

tions in the Earth can be obtained immediately from the unitarily condition:

Pν2→νe = sin2 θ +
1
2

sin2 2θ
∫ xf

x0

dx V sin φm
x→xf

. (29)

Then the regeneration parameter (freg ≡ Pν2→νe − sin2 θ) equals

freg =
1
2

sin2 2θ
∫ xf

x0

dx V sin φm
x→xf

. (30)

and φm
x→xf

is given in eq.(15)

Looking inside theEarth with solarand supernova neutrinos:An analytic approach



410 SUPERDENSE QCD MATTER AND COMPACT STARS

–0.2

0

0.2

0.4

0.6

0.8

1

F

2000 4000 6000 8000 10000

d

Figure 1. The averaging factor F as function of d ≡ xf − x for E=10 MeV, ∆E = 2 MeV,
and ∆m2 = 7 10−5 eV2.

3. Effect of averaging over neutrino energy
The formulas obtained in section 2 can be used to estimate a sensitivity of

oscillation experiments to different structures in the density profile. Appar-
ently, an integration over the neutrino energy leads to averaging of oscillations
and therefore to lost of the sensitivity. To estimate this effect we introduce the
energy resolution function f(E′, E) and perform averaging of the probability:

P ν1→νe =
∫

dE′f(E′, E) Pν1→νe = cos2 θ−1
2

sin2 2θ
∫ xf

x0

dx V F sin φx→xf
.

(31)
Here we have parameterized the effect of averaging by the averaging factor
F (d), so that in the absence of averaging F = 1. The factor is a function of
distance from the “detection” point xf : d ≡ xf − x.

Let us take for simplicity the box like resolution function f(E′, E), so that

P ν1→νe =
1

∆E

∫ E+∆E
2

E−∆E
2

dEPν1→νe. (32)
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Then assuming that ∆E � E and making use of the approximation ∆m2
m �

∆m2[1 − cos(2θ)ε] we find

F =
1
π

lν
d

E

∆E
sin

πd∆E

lνE
, (33)

where lν ≈ lm is the oscillation length (see Fig. 1).
As follows from the Fig. 1, F (d) is a decreasing function of the distance

from the detector. The decrease of F means that contributions from the large
distances to the integral (31) are suppressed. According to Fig.1 which corre-
sponds to ∆E/E = 0.2, the contributions from distances above 1500 km are
attenuated by F at least by factor 5 in comparison with those from structures
situated near the detector. Correspondingly, the sensitivity to remote structures
is much weaker.

The larger ∆E, the smaller the width of the first peak which produces main
effect. As follows from (33), the width of the peak and therefore the region of
unsuppressed contributions due averaging is given by

d < lν
E

∆E
. (34)

4. Conclusions
We have derived expressions for the oscillation probabilities in matter with

arbitrary density profile for the vacuum dominated case: V � ∆m2/2E.
An accuracy of the expressions is determined by the parameter ε and does not
depend on the length of neutrino trajectory.

The results can be applied for the solar and supernova (low energy) neutrinos
crossing the Earth.

The obtained formulas reproduce the known probabilities for particular den-
sity distributions (one layer with constant density, several layers, etc.).

The formulas have very simple structure which allows us to use them effi-
ciently for analysis of various phenomena. In particular, the effect of averaging
over the neutrino energy can be easily traced. Averaging reduces sensitivity of
the oscillation effects observed at the detector to remote structures of density
profile.

Appendix: Effect of higher order corrections
Let us show that the S(2) term of the evolution matrix in eq. (21) is not

proportional to the full length of the neutrino trajectory in matter, xf − x0, as
it happens in the ordinary perturbation theory. So that S(2) can be neglected
for any value of the length provided that ε � 1.

Looking inside theEarth with solarand supernova neutrinos:An analytic approach
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According to (20) the correction S(2) can be written as
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Abstract We consider the influence of the deconfinement phase transition on gravitational
waves (GW) emitted in a binary neutron star merger. We perform 3D hydrody-
namic simulations based on the conformally flat approximation to general rela-
tivity and the GW signal extracted up to quadrupole order. We vary the initial
constituent masses of the binary by use of physically-motivated equations of
state (EoS) at zero temperature in two ways - allowing stellar matter to undergo
or not the hadron-quark phase transition. It has been shown, that for a binary
system close to the innermost stable circular orbit (ISCO) with constituent grav-
itational masses larger than M∞ 
 1.5 M� the EoS dependent effects in GW
signals begin to play a role. The difference in the gravitational wave frequency
at the ISCO is to up to 
 10% for the maximal allowed mass given by the used
model EsoS - M∞ 
 1.75 M�. We determine the characteristic GW frequen-
cies of the merger remnants, where the pronounced implications of quark matter
show up as a phase difference in the post-merger GW signal, for stellar matter
undergoing or not the deconfinement phase transition and collapse does not take
place immediately after merger.

Keywords: hydrodynamics, gravitational waves, equation of state, neutron stars, quark stars
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1. Introduction
Since the discovery of the parton substructure of nucleons and its interpre-

tation within the constituent quark model, much effort has been spent to ex-
plain the properties of these particles and the structure of high density phases
of matter is under current experimental investigation in heavy-ion collisions
[17]. While the diagnostics of a phase transition in experiments with heavy-
ion beams faces the problems of strong non-equilibrium and finite size, the
dense matter in a compact star forms a macroscopic system in thermal and
chemical equilibrium for which effects signalling a phase transition shall be
most pronounced [8].

The influence of the appearance of such exotic states like quarks in stellar
matter is topic of the study of quasi-stationary simulations of the evolution
of isolated compact stars [15, 12, 7, 23] and accreting systems, where one
companion is a superdense compact object [9, 27]. In this work we investigate
the observability of the hadron-quark deconfinement phase transition in the
dynamical evolution of a neutron star merger.

Binary neutron star mergers are considered to be among the strongest sources
of GW signals for interferometer-type gravitational wave observatories as LIGO
[1], VIRGO [10], GEO600 [21] and TAMA [2]. After a long inspiral process
which lasts millions of years, the final merger phase takes place on a millisec-
ond timescale. The onset of the merger phase occurs when the two companions
become dynamically unstable near the innermost stable circular orbit (ISCO)
and mass transfer starts. Combining lower-frequency narrow-band detectors
with broadband LIGO measurements appears extremely feasible, and may be
the technique which allows to learn about high density stellar matter from GW
signals. This will require networks of broadband detectors combined with nar-
rowband detectors that have good sensitivity at high frequencies, as suggested
in [18].

It has been pointed out that the gravitational wave frequency fGW relates
to the compactness (M/R)∞ of a neutron star as fGW ∼ (M/R)3/2

∞ near
the ISCO, meaning that the gravitational wave frequency just before merger
carries information on the radius of the neutron star ([28]). Especially, decon-
finement hadron-quark phase transition being one of the most dramatic phe-
nomena, which changs the compactness of neutron stars ([27]), could result to
clearly observed signals in the GW spectrum of both inspiralling and merged
binary systems.

The neutron star formed after the merger may be supported by rapid and dif-
ferential rotation even if its mass exceeds 60% of the maximum mass of a sin-
gle non-rotating neutron star, and the GWs are emitted due to non-axisymmetric
andquasiradial oscillations of the remnant for longer than the dynamicaltimescale
[30]. If these oscillations persist for a longer time, the integrated GW may be
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detectable. Our investigation shows, that this type of GW is carrying most
pronounced information on the high density matter.

Due to the complexity of taking into account many aspects of the binary
neutron star merger problem [26], such as general relativistic gravity, the mi-
croscopic physics as a physically motivated EoS including neutrino physics
[29] and magnetic fields, the present investigations have been concentrated
either on the relativistic aspects of the problem using a simple EoS [22, 25,
13, 30], or on the microphysical aspects while treating gravity in a Newtonian
framework [3, 14]. For a review on the topic, see [28]. We constrain the
constituent stars of binary system by physically motivated EoS allowing or
not stellar matter to undergo a hadron-quark deconfinement phase transition
[12]. We assume the binary to be symmetric, initially irrotational, in a quasi-
equilibrium state, at slightly wide initial orbits, and need about half an orbit to
begin with the inspiral. The merger problem is then solved in the conformally
flat approximation.

2. Equation of State
For the simulations of astrophysical systems with the goal to find extraor-

dinary changes in macroscopic parameters of the system, due to processes in
stellar matter at microscopic levels, the Equation of State (EoS) plays not the
last role, if not say the main. Ideally for description of stellar matter, one
would like to have a single theory that describes both phases: the confined
hadronic phase and locally deconfined quark matter phase. We construct an
EoS connecting the hadronic EoS based on Relativistic Mean Field (RMF)
approximation [34] and the quark EoS given by the MIT BaG model [11] via
variable pressure phase transition construction [16] and neglect the influence of
strangeness - hyperons in the hadronic and strange quarks in the quark phase.

The generalized Lagrangian density of the non-linear σ-ω-model in the
RMF approximation used for modeling the phase of uniform nuclear matter
containing interacting neutrons, protons, muons and electrons can be written
as

L =
∑

B={n,p}
ψ̄B [iγµ∂µ − (mB − gσBσ) − (gωBω + gρBτ3ρ) γ0

]
ψB

+
1
2
m2

ωω2 +
a

4
ω4−1

2
m2

σσ2 − b

3
σ3 − c

4
σ4+

1
2
m2

ρρ
2

+
∑

l={e−,µ−}
ψ̄l (iγµ∂µ − ml)ψl ,

σ scalar and ω,ρ vector mean fields and related coupling constants g(σ,ω,ρ)B

must be defined to fit finite nuclear properties. We use the TM1 parameter set,
which is motivated by a least-square fit to experimental results including stable
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Figure 1. Comparison of the considered nuclear EoS. The hybrid EoS (dashed curve) has
a phase transition region (1.8ρ0 < ρ < 3.5ρ0) where adiabatic indices are substantially lower,
followed by a quark phase which is has a similar stiffness as the nuclear matter at those densities.

and unstable nuclei [31]. For densities above ρ � 1014 g/cm3 this is a good
approximation.

Using the MIT BaG model with massless up and down quarks and a Bag
constant B = 90 MeV/fm3, we describe an exotic phase of nuclear matter
at high - supranuclear densities. The resulting EoS describing stellar matter
undergoing a phase transition to quark matter at very high densities we call
hybrid EoS and hadronic EoS is same model excluding appearance of quarks.
The resulting hybrid EoS (see fig.1) describes three physical phases

A pure hadronic phase below ≈ 5 × 1014g/cm3 ≈ 1.8ρ0 where the EoS
coincides with the hadronic matter. The stiffness in this region varies
between Γ ≈ 3 and Γ ≈ 2.5.

A quark-hadron mixed phase between ≈ 5×1014g/cm3 and ≈ 1015g/cm3

≈ 3.5ρ0 where both quark and hadrons are present. In this phase transi-
tion region, the EoS substantially softens with Γ ≈ 1 − 1.5.

A pure quark phase above ≈ 1015g/cm3 where the MIT-bag-model EoS
applied.Γ ≈ 4/3
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Here, ρ0 is the nuclear saturation density 2.8×1014g/cm3 ⇔ 0.16 fm−3. We
neglect temperature effects considering cold T=0 matter in any phase, which is
a good approximation in the high-density regime where thermal effects to the
pressure are rather small. For densities below 0.5 ρ0, we use the approach of
polytropic EoS [32] P = KρΓ where κ and Γ are adjusted to fulfill smooth-
ness of pressure and internal energy for transition between uniform and non-
uniform nuclear matter as well as fit common physically motivated EoSs used
for this density regime. This limits our investigation of realistic microscopical-
physical effects to low densities, that could be found in merger event, in partic-
ular at outflowing matter, in the disk around the merger remnant and in the crust
of neutron stars, where everywhere also the thermal component is certainly not
negligible.

3. Summary
To investigate the different consequences of the EoSs in details, we split

the discussion on whole merger event in a pre-merger evolution, where the
binary still consists of two tidally stretched objects and in a following post-
merger evolution where a merger remnant, a NS or BH is forming. We use
the waveless approximation to general relativity proposed by [20], where the
conformally flat condition for the spatial geometry suggested. This bring to a
considerable simplification of the Einstein equations, allowing to solve the sys-
tem of hydrodynamic equations using the Smoothed Particle Hydrodynamics
method (SPH; [6, 24, 25, 13]).

To model the pre-merger evolution, we apply the method of Uryū & Eriguchi
(2000) to construct an initial configuration varying the EoS and the gravita-
tional mass M∞ - the mass of a single NS in isolation. The lowest value we
use 1.2M� is at the lower limit of the observational range and M∞ = 1.75M�
is the maximal gravitational mass of hybrid star. We observe a pronounced

Table 1. Here are summarized the used models. The letter (A-E) indicates the mass and
number part indicates the 1-hadronic and 2-hybrid Equations of State (EsoS). M∞ denotes the
gravitational mass of one NS in isolation, C is the compactness, P the orbital period, fGW,0 the
corresponding GW frequency, d0 the initial orbital separation and R∞ the radius of one single
isolated NS measured in Schwarzschild coordinates.

Model M∞[M�] C = (M/R)∞ P [ms] fGW,0 = 2/P d0[km] R∞[km]

A1 1.2 0.1276 2.92 685 38.00 13.88
B1,B2 1.35 0.1424 2.72 737 36.93 13.99
C1,C2 1.4 0.1475 2.65 756 36.71 14.01
D1 1.5 0.1577 2.57 777 36.19 14.03
D2 1.5 0.1579 2.57 777 36.19 14.02
E1 1.75 0.1853 2.20 909 33.40 13.93
E2 1.75 0.1959 1.97 1058 31.14 13.07
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EoS impact on pre-merger evolution of the quasi-equilibrium binary only for
the most massive cases D and E. The orbital frequency and the gravitational
wave frequency of a binary system depends on the compactness of its compo-
nents [33], as it could be seen in Fig. 2 the GW frequency of the hybrid EoS
binary is up to 10% larger than that of the hadronic EoS binary. Such a change
of tendency for increasing gravitational wave frequency may suggest the ex-
istence of a drastic change of EoS, for our EoS it is a deconfinement phase
transition. For lower stellar masses, the stellar matter does not reach even
the phase transition density necessary to form a ”mixed” hadron-quark matter
1.8ρ0 in our model EoS (see Fig. 3) and drastic changes in compactness and
therefore in the GW frequencies are not expected.

Following the evolution of the maximum density of merger - maximum of a
statistical average over the particles densities, that results to values with a small
numerical noise, one could see a slow decrease during the pre-merger phase,
when the two stars become tidally stretched and reaches its minimum during
the actual merger. This is the case when the GW luminosity either approaches
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Figure 2. Left: GW frequencies depending on the gravitational mass in isolation at the
ISCO. Right: compactness of an isolated neutron star with respect to the gravitational mass.
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its maximum and the constituent stars are maximally tidally stretched. Later
when a new merger remnant has already formed, but a twin-core structure is
still present, three possible evolutionary scenarios of ρmax could be distin-
guished: the remnant can be stabilized by pressure and centrifugal forces -
ρmax slowly increases, becoming approximately constant (A1,B1,B2,C1,D1);
or the delayed collapse is possible - ρmax slowly increases on several dynam-
ical timescales, then this fragile equilibrium is concluded by a final collapse,
which is visible as a steep rise of ρmax in C2 and D2 models. The last scenario
is the immediate collapse just after the merger - ρmax increases without delay
on a dynamical timescale E1 and E2. We consider that the second scenario
of delayed collaps caused by the EoS, as of appearing when ρmax crosses the
mixedphase - pure quark phase transition density 3.5ρ0 in C2 and D2 models,
this could be seen also for B2 most realistic model with 1.4M� constituent
stars, if the numerical simulation of collapsing remnant could be followed at
more time steps.
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Since the waveform of GW is sensitive to dynamical mass motions we ex-
pect that all mentioned maximal density differences are reflected in the GW
signal mainly in the form of different frequencies, that could help to con-
strain an observable scenario of EoS effects based on possible GW signals from
mergers. For that, like the Newtonian and the first-order post-Newtonian (1PN)
approximation, the CF approximation does not include gravitational radiation
and its reaction by construction. We therefore have to add an additional grav-
itational wave (GW) extraction scheme and a radiation reaction force which
accounts for the angular momentum and energy carried away by GW. The
waveform in transverse-traceless gauge is extracted in the slow-motion limit
and up to quadrupole order [25].

In Fig. 4 we plot the waveforms of all models sorted according to the initial
mass. Model E1/E2, the most massive one is the only one where a significant
pre-merger EoS difference in the waveform are most pronounced. D1/D2, does
not show any EoS differences in the GW frequency at pre-merger phase, may
be for larger binary distances and therefore smaller tidal interaction, GW fre-
quency differences could be seen already in that phase. The more interesting
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Figure 4. Gravitational waveforms of all models sorted according to their initial mass. The
origin of the time axis has been shifted to the GW luminosity maximum. Solid lines correspond
to hadronic models, dashed lines to hybrid models.
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part of this model is the different collapse behaviour and therefore the totally
different waveform. While the hybrid model D2 only produces a short, high-
frequent burst before the collapse, the hadronic model emits a long wavetrain
which decreases slowly in amplitude. Models C1/C2 and B1/B2 emit both
a quasi-periodic (QP) GW-signal which is characteristic for the rotation and
oscillation mode in the merger remnant. EoS-differences in the waveform do
not appear until a considerable mixed matter core has formed in the hybrid
case. As a consequence, the first part of the post-merger GW signal, which is
the strongest in our simulations, will not be affected by any EoS difference.
However, when the mixed matter core becomes large enough, an accumulat-
ing phase shift in the waveform becomes clearly visible. In the C1/C2-model
the shift adds up to more than half a period before the collapse of the hybrid
remnant happens, in the B1/B2 model, the shift is only very small, but visible.
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Fourier spectrum of the GW waveform - the truncated wavesignals, which
only contain the first few oscillations of the post-merger signals, plotted in
Fig.5, shows EoS-differences via different frequency peaks of different mod-
els. The difference is most obvious in the D1/D2-model. For the hadronic
EoS model D1, a distinct Fourier peak is clearly visible, whereas the hybrid
EoS model D2 leads only to a much weaker and very broad Fourier peak since
the remnant is collapsing very soon after merging producing a much shorter
post-merger GW signal. In the C1/C2-model, both the hadronic and the hy-
brid models have strong QP peaks where the one of the C2-model is slightly
shifted to higher frequencies due to the more compact remnant. The same can
be seen for the model B1/B2. However, effects here are smaller and a mea-
surement may be difficult. The EoS-effects are this tiny because the spectrum
is dominated by the first GW burst after merging which is insensible to EoS-
differences.

Whether there will be observered the gravitational wave signal form a binary
system merger, the exact constituent masses of which will be determined, it
will allow to constrain mass and radius of the system and then simulate the
merger with a different EoS trying to fit the maximum time of existence of
gravitational wave signal, that connected to type of stellar matter, as shown
above.
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